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Workshop  on  Time-Dependent  Quantum  Molecular  Dynamics 

Brian  Head  Utah,  March  13-17,  1999 
Organizers:  Gregory  A.  Voth  and  Jack  Simons 


During  the  period  March  13—17,  1999,  the  Henry  Eyring 
Center  for  Theoretical  Chemistry  organized  and  hosted  a 
workshop  on  time-dependent  quantum  molecular  dynamics  in 
Brian  Head,  Utah.  The  workshop  was  financially  co-sponsored 
by  the  Henry  Eyring  Center,  the  Office  of  Naval  Research,  the 
IBM  Corporation,  the  University  of  Florida  Quantum  Theory 
Project,  and  the  University  of  Utah  Center  for  High  Performance 
Computing.  The  goal  of  the  workshop  was  to  bring  together 
leading  researchers  from  the  theoretical  chemistry  community 
in  the  general  area  of  quantum  molecular  dynamics.  The 
underlying  concept  behind  the  meeting,  however,  was  the  notion 
that  the  solution  of  the  time-dependent  Schrodinger  equation, 
in  a  variety  of  different  contexts,  is  likely  to  become  one  of  the 
central  efforts  in  theoretical  chemistry  in  the  21st  century.  It 
was  felt  by  the  two  workshop  organizers.  Jack  Simons  and 
myself,  that  a  “critical  mass”  of  researchers  and  ideas  is  now 
in  place  in  order  for  this  effort  to  progress  forward  in  full  force. 
In  addition,  there  seems  to  be  no  doubt  that  the  effort  to  deal 
with  quantum  dynamics  through  both  accurate  and  efficient 
theoretical  and  numerical  methods  is  timely  in  light  of  the 
demands  of  the  larger  chemistry  community.  One  needs  only 
to  explore  the  rapidly  growing  experimental  literature  in  the 
areas  of  charge  migration  (e.g.,  electron  and  proton  transfer), 
vibrational  dynamics  and  energy  relaxation,  nonadiabatic  transi¬ 
tions,  chemical  reaction  dynamics,  and  surface  and  bulk 
diffusion,  to  name  a  few.  These  fundamental  processes  occur 
not  only  in  the  traditional  areas  of  chemistry,  but  they  are  also 
increasingly  being  revealed  as  important  in  biological,  atmo¬ 
spheric,  and  materials  science  research.  A  common  underlying 
theme  in  all  of  these  important  research  areas  is  the  need  to 
solve  the  time-dependent  Schrodinger  equation,  or  at  least  a 
requirement  to  extract  some  degree  of  useful  information  from 
it. 

During  the  latter  half  of  this  century,  a  primary  concern  of 
many  theoretical  chemists  has  been  the  solution  of  the  time- 
independent  Schrodinger  equation  for  electrons  in  atoms  and 
molecules,  i.e.,  quantum  chemistry.  While  much  remains  to  be 


done  on  that  very  important  problem,  one  can  confidently  assert 
that  much  has  already  been  accomplished  over  50  or  more  years 
of  research.  Evidence  for  this  assertion  may  be  found  from  many 
sources,  and  the  recent  Nobel  Prize  to  John  Pople  and  Walter 
Kohn  is  but  one  example.  The  time-dependent  Schrodinger 
equation,  however,  has  yielded  significantly  less  progress  to 
researchers  (though  no  doubt  there  has  been  significant  progress). 
In  no  small  part,  this  lack  of  progress  is  because  of  the  vast 
diversity  of  contexts  in  which  the  equation  is  found.  To  put  it 
more  technically,  the  potential  energy  functions  which  serve  as 
input  into  the  equation  vary  widely  from  system  to  system. 
Usually,  they  are  the  result  of  the  application  of  the  Bom— 
Oppenheimer  approximation  and,  as  such,  have  few  general 
principles  which  govern  their  final  form  and  behavior.  It  is  an 
inescapable  fact  that  in  most  important  cases  the  potential  energy 
function  is  highly  nonlinear  and  many-dimensional.  The  normal 
mode  (harmonic)  approximation  for  which  exact  solutions  exist 
was  found  many  years  ago  to  be  severely  limited  in  real 
applications.  It  is  also  well  known  that  a  frontal  numerical 
assault  on  the  quantum  dynamics  problem  runs  into  complica¬ 
tions  extremely  rapidly  as  the  dimensionality  of  the  system 
increases.  In  fact,  the  numerical  effort  becomes  “exponentially 
complex.”  Therefore,  the  need  for  insightful,  accurate,  and 
efficient  approximation  schemes  becomes  very  great,  perhaps 
like  few  other  problems  in  the  field  of  theoretical  chemistry. 

In  this  special  issue  of  The  Journal  of  Physical  Chemistry, 
one  will  find  contributions  submitted  by  many  of  the  invited 
workshop  participants,  as  well  as  from  others  who  attended  the 
meeting.  Taken  as  a  whole,  the  various  methods  and  problems 
described  herein  provide  an  overview  of  the  state-of-the-art  in 
the  very  challenging  and  rapidly  evolving  field  of  time- 
dependent  quantum  molecular  dynamics. 

Gregory  A.  Voth 

Director,  Henry  Eyring  Center  for  Theoretical  Chemistry, 

University  of  Utah 
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The  semiclassical  (SC)  initial  value  representation  (IVR)  provides  a  general  and  practical  approach  for  including 
quantum  effects  in  classical  molecular  dynamics  simulations.  The  linearized  approximation  (LA)  to  the  SC- 
rVR  simplifies  the  description  much  further,  reducing  it  to  the  well-known  classical  Wigner  model  (i.e.,  a 
classical  trajectory  calculation  with  a  Wigner  distribution  of  initial  conditions);  the  LA  is  able  to  describe 
quantum  effects  well  for  short  times  (t  ^  ft/3)  but  not  so  for  longer  times.  It  is  shown  here  how  the  full 
SC-IVR  approach,  which  is  able  to  describe  quantum  effects  for  long  times,  can  be  cast  in  a  form  very 
similar  in  structure  to  the  LA,  with  specific  application  to  flux  correlation  functions  relevant  to  chemical 
reaction  rates.  This  formulation  may  thus  make  it  possible  to  carry  out  full  SC-IVR  calculations  while  still 
retaining  much  of  the  simplifying  aspects  of  its  linearized  approximation. 


I.  Introduction 

There  has  been  a  rebirth  of  interest  among  several  research 
groups  in  using  semiclassical  (SC)  theory  as  a  practical  way 
for  including  quantum  interference  and  tunneling  effects  in 
classical  molecular  dynamics  (CMD)  simulations.^"^  These 
recent  efforts  make  use  of  an  initial  value  representation  (IVR)^ 
to  implement  the  semiclassical  approximation,  thus  reducing 
the  calculation  to  an  average  over  the  initial  conditions  of 
classical  trajectories.  The  primary  difference  of  an  SC-IVR 
calculation  from  a  conventional  CMD  one  is  that  there  is  phase 
information  in  the  semiclassical  calculation,  from  which  the 
quantum  effects  arise  but  which  also  makes  the  calculation  more 
difficult.  Applications^"^  to  a  number  of  simple  molecular 
systems  have  shown  that  the  SC-IVR  provides  a  very  useful 
description  of  essentially  all  quantum  effects  in  molecular 
dynamics,  so  there  is  an  intense  ongoing  effort  to  make  these 
calculations  as  practical  as  possible  so  that  they  can  be  used 
for  more  complex  molecular  systems. 

In  a  previous  paper^^  it  was  shown  that  a  particular  kind  of 
linearization  of  the  general  SC-IVR  expression  for  the  reactive 
flux  correlation  function  (which  is  related^®  to  thermal  rate 
constants  for  chemical  reactions)  leads  to  an  extremely  simple 
result  for  the  correlation  function,  namely,  the  classical  Wigner 
model  that  has  been  obtained  many  times  before  from  a  variety 
of  approaches.^ Within  this  approximation  the  only  differ¬ 
ence  from  a  conventional  CMD,  or  classical  trajectory  calcula¬ 
tion,  is  that  the  initial  conditions  are  weighted  by  the  Wigner 
function  corresponding  to  the  Boltzmannized  flux  operator  rather 
than  the  classical  Boltzmann  and  flux  functions  themselves. 
(This  is  reviewed  in  section  n  below.)  This  linearized  ap¬ 
proximation  to  the  SC-IVR  is  thus  practical  for  systems  with 
many  degrees  of  freedom,  and  in  fact  it  has  been  applied^^’*  to 


several  problems  involving  a  reaction  coordinate  (or  a  two  level 
system^*^)  coupled  to  an  infinite  bath  of  harmonic  oscillators 
and  found  to  give  excellent  results  for  the  thermal  rate  constant 
(by  comparison  to  accurate  quantum  path  integral  calcula- 
tions^^’^^).  A  more  detailed  study however,  showed  that  though 
the  linearized  approximation  to  the  SC-IVR  describes  quantum 
effects  in  the  flux  correlation  function  accurately  for  short  times 
{t  ^  ft/?),  its  description  of  longer  time  dynamics  is  that  of 
classical,  not  quantum,  mechanics.  This  means  that  it  is  good 
for  describing  quantum  effects  in  direct  barrier-crossing  dynam¬ 
ics,  i.e.,  transition  state  theory-type  dynamics,  but  not  for 
describing  quantum  effects  in  more  complex  phenomena,  e.g., 
recrossing  dynamics  that  violate  transition-state  theory  behavior. 

Because  the  linearized  approximation  to  the  SC-IVR,  i.e.,  the 
classical  Wigner  model,  does  some  things  quite  well,  it  is 
desirable  to  exploit  its  possibilities  and  build  thereon.  In  this 
paper  I  thus  show  how  the  full  SC-IVR  expression  for  the  flux 
correlation  function  can  be  written  in  the  same  form  as  its 
linearized  approximation,  with  a  generalized  distribution  func¬ 
tion  replacing  the  Wigner  function.  This  development  is  carried 
out  in  section  II,  and  section  III  concludes  with  a  discussion  of 
further  ways  one  may  be  able  to  simplify  and  implement  it. 

II.  SC-IVR  for  the  Flux-Side  Correlation  Function 

The  flux-side  correlation  function  is  defined  by  the  following 
quantum  trace  expression:^® 

CfeW  =  Tr[F03)  (2.1) 

The  thermal  rate  constant  k{T)  for  a  chemical  reaction  is  given 
by  its  long  time  limit 
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k{T)  =  QlT)  ‘limCf,(f)  (2.2) 

t — “oo 

where  Qr  is  the  reactant  partition  function  (per  unit  volume  for 
a  bimolecular  reaction).  In  eq  2.1  H  is  the  total  molecular 
Hamiltonian  and  h  =  h(s()  is  a  Heaviside  function  that  is  0  (1) 
on  the  reactant  (product)  side  of  a  surface  that  divides  reactants 
from  products,  where  q  denotes  all  the  coordinates  of  the  system. 
F{p)  is  the  Boltzmannized  flux  operator, 

=  (2.3) 

where  P  is  related  to  temperature  in  the  usual  way,  p  =  (A:b7)"\ 
and  F  is  the  flux  operator 

F  =  ^[H,h]  (2.4) 

The  standard  expression  for  the  coordinate  space,  or  Van 
Vleck  SC-IVR  for  the  time  evolution  operator,  is^^ 

-iHt/h  C  A  r  A 

dPo/dqo  ■  KZnrh)  I  x 

e‘®'(PO’‘'o>'^|q.>(qol  (2.5) 

where  the  integration  variables  (po,qo)  are  the  initial  conditions 
for  classical  trajectories,  =  q(po,qo,0  is  the  coordinate  at  time 
t  that  results  from  these  initial  conditions,  and  St  the  action 
integral  along  it, 

5,(Po.qo)  =  /o'  df'  [p(f')-q(0  -  m  (2.6) 

(F  is  the  number  of  degrees  of  freedom  of  the  system.)  For 
present  purposes,  however,  it  /s  useful  for  the  moment  to 
consider  trajectories  running  backward  in  time  from  ?  to  0;  thus, 
the  operator 

(2.6a) 

propagates  from  r  to  0,  and  use  of  eq  2.5  gives 


iHt/h  _  r  J_  r 

e  -JdpJdq|— ^ 


9qo(Pr>qr)| 


/i2mh)‘ 


IqoXqJ  (2.6b) 


where  here  (pr,qr)  are  thought  of  as  the  initial  conditions  and 
qo  =  qo(pr,qf)  the  final  position;  the  action  integral  S~t  is 

5-/Pcq,)  =  r  [p(f')'4(0  -  (2-7) 

where  the  integrand  is  the  trajectory  determined  by  the  “initial 
conditions”  (pr,qf).  By  adjointing  eq  2.6b,  one  has 


e^“  =  /dp;/(iq; 


\l{-2mhy  X 


-i5-,(pAq/)/^. 


q/)(qo'|  (2.8) 


where  we  have  used  primed  variables  as  the  integration  variables 
and  qo'  =  qo(p/,q/)-  (Equation  2.8  is  also  obtainable  directly 
from  the  “standard”  expression,  eq  2.5,  by  using  Liouville’s 
theorem,  i.e.,  that  /  dpo  /  dqo  ==  /  dp^  /  dpt,  and  also  that  dqj 
3po  =  -SqofSpt.) 

Equations  2.6b  and  2.8  are  now  used  for  the  propagators  in 
the  flux  correlation  function,  eq  2.1,  to  give 


Qs(0  = 


/  dq,  /  dp,  /  dp,'  aqo(p„q,)  aqo(p,',q,)  2 
(2^f  '  9P,  '  '  9P/  '  "" 

A(q,)(qo'|F03)|qo)e''^-'<'’'’'’'^"^-'^‘’'''‘^»''‘  (2.9) 


with  qo  =  qo(Pr,q?),  qo'  =  qo(p/»qf)-  Next  one  performs  a  sum 
and  difference  transformation  of  the  integration  variables  p/ 
and  p/. 

d=6-^ 

Vt  Vi  2 

/  -  I  AP 

Pr  =  P,  +  2 


to  give 


fdqjdp  V,i/2  9qo“i/2 

h(q,)  (qo^\Fm%l  (2. 10a) 


qo^  =  qo(p<±^-q,) 

=  ‘5-r(p,±^>qr) 


(2.10b) 


(2.10c) 


Finally,  we  use  Liouville’s  theorem  to  change  integration 
variables  in  eq  2.10a  from  (p^q^)  to  (po,qo)»  which  are  connected 
to  (Pf,q/)  by  the  trajectory  from  0  to  t,  giving 

/  dPo  /  dqo 

~  ^[qr(Po.qo)]  7"eff(Po.qo)  (2- 1 1  a) 

(zjtn) 


Feff(Po’(lo)  ^  f  dAp  1-^1 


9qo  ,1/2  |9qo  ,1/2 

ap, ' 


(qo^|F05)|qo')e“"-'"-'-"^'^  (2.11b) 

with  q^  =  q/(po,qo),  p/Po,qo),  and  qo=^  and  S-^  from  eqs  2.10b 
and  2.10c.  The  meaning  of  eq  2.11  is  indicated  pictorially  in 
Figure  1.  Given  initial  conditions  (po,qo)  (at  time  t  =  0),  one 
integrates  to  time  t,  arriving  at  the  phase  point  (p?,q/);  one  now 
integrates  back  to  time  0  with  “initial  conditions”  (at  time  t) 
(p,±Ap/2,qr)  arriving  at  positions  qo^.  The  action  integrals 
are  along  the  two  “backward”  trajectories. 

The  linearized  approximation^^  is  obtained  by  linearizing  qo"^ 
and  S-p"  in  the  variable  Ap: 


qo*  =  qo(p,±^>qt) 


,  1  9qo(P„q,)  , 
^qo(Prq,)±2— 


(2.12a) 


S-t  =  ‘5'-(p,±^.q, 


„  ,  ,  1  ,  9qo(p„q,) 

1 5_,(p„q,)  ±  ^PoCPr-q^) - — Ap 


(2.12b) 
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Figure  1.  Schematic  depiction  of  the  classical  trajectories  relevant  to 
eq  2.11.  The  trajectory  begins  at  time  0  with  initial  conditions  (qo,po) 
and  evolves  to  the  phase  point  (qr,pr)  at  time  t;  two  trajectories  are 
then  integrated  backward  in  time,  from  t  to  0,  starting  from  position  q^ 
but  with  momenta  p^  ±  Ap/2,  arriving  at  positions  qo^. 

and  we  note  that  qo(p^qf)  and  po(Pf,qf)  are  equal  to  qo  and  po, 
respectively,  the  integration  variables  in  eq  2.11a.  With  the 
linearized  approximations  in  eq  2.12,  and  neglecting  the  Ap 
dependence  of  the  Jacobian  determinants  in  eq  2.11b,  the 
function  Feff  of  eq  2.11b  becomes 


^eff(Po-qo)  =  /  dAp 


1^1 

ap, 


,  1 9qo  . 

q.  +  j3p-4p 


Qo 


2  3p/ 


Ap)e 


^-ipo*(3qo/9p,)  Ap/h 


(2.13a) 


Changing  integration  variables  from  Ap  to  Aq, 


Another  possibly  useful  variation  is  to  use  the  Kubo  version 
of  F(fi)  rather  than  the  split  operator  version  in  eq  2.3.  This 
isi9 


'^Kubo(/S)  =  ^[/*,e- 


SO  that  eq  2.11b  becomes 

^eff(Po.qo)  =  dAp  (A(q/)  -  h{q-)) 

<qo^|e“^"iqo“)e«"-'-^-"]'^  (2.11c) 

with  qt  =  qXpo,qo),  pt  =  Pr(Po,qo).  In  this  case  one  would  first 
integrate  the  trajectory  with  initial  conditions  (po,qo)  from  0  to 
t.  From  eq  2.1  la,  it  is  required  that  q^  be  on  the  product  side  of 
the  dividing  surface.  One  then  integrates  from  t  back  to  0,  with 
initial  conditions  (pf±Ap/2,q^);  qo*^  and  qo“  must  lie  on  different 
sides  of  the  dividing  surface,  or  else  the  integrand  of  eq  2.11c 
is  zero.  These  conditions,  along  with  the  matrix  element  of  the 
Boltzmann  operator,  limit  the  range  of  the  integration  variables. 

Finally,  it  is  useful  to  illustrate  the  basic  result  for  Feff,  eq 
2.11b,  for  the  elementary  example  of  a  one-dimensional  free 
particle.  Here,  the  0  — ^  f  trajectory  gives 


A  A 

Aq-^-Ap 


(2.13c) 


Pt  =  Po 

and  the  two  backward  trajectories,  t  0,  give 


then  gives  the  Wigner  function'*  for  Feff  in  this  linearized  ,  ^ 

approximation,  +  (ft  ±  2  )(~w) 


^w(Po>qo)  =  /  dAq  (qo  +  ^Aq 


F(P) 


qo-We-Po-^o"' 

(2.13c) 


The  linearized  approximation  has  the  great  advantage  that  the 
Jacobian  factor  19qo(Pf,qf)/9pf|  completely  cancels  out;  not  only 
does  this  simplify  matters  by  not  having  to  calculate  it  but  it 
also  eliminates  problems  that  arise  in  long-time  and/or  chaotic 
dynamics  when  this  factor  becomes  very  large.  The  fact  that  it 
totally  cancels  out  in  the  linearized  approximation  suggests  that 
its  effects  may  be  small  even  in  the  full  version  of  the  SC-IVR 
if  it  is  handled  appropriately. 

Equation  2. 1 1  is  thus  the  desired  result  of  the  present  work. 
It  expresses  the  full  SC-IVR  for  the  flux-side  correlation 
function,  i.e.,  there  are  no  approximations  involved  in  going 
from  eq  2.9  to  eq.  2.11,  in  precisely  the  same  form  as  its 
linearized  approximation,  with  the  function  Feff(po,qo)  replacing 
the  Wigner  function.  This  formulation  also  suggests  a  convenient 
way  of  evaluating  eq  2.1 1.  Using  Monte  Carlo  sampling  based 
on  the  Wigner  function  Fw(po,qo),  eq  2.11a  can  be  written  as 


QsW  =  C«-AC(0  (2.14a) 

where  C4^(r)  is  the  linearized  approximation  for  the  correla- 
tion  function  (i.e.,  the  classical  Wigner  model)  and  the  correction 
factor  AC(0  is  given  by  a  Monte  Carlo  average  of 


so  that 


and 


±  _  -r  Ap  f 

2  m 


5-/ 


With  the  split  operator  version  of  F(J3),  for  example,  eq  2.11b 
thus  gives 


itpoAp/(fim) 


or  with  the  change  of  integration  variable  to  Aq  =  Apt/m, 


exp 


“m, 


( W + 


-ipQAqlh 


(2.14b) 


which  is  identical  to  the  Wigner  function  in  this  case.  The 
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important  thing  to  notice  is  that  the  integration  over  Ap  (or  Aq) 
is  well  localized. 

in.  Concluding  Remarks 

The  purpose  of  this  short  note  has  been  to  show  that  the  SC- 
IVR  expression  for  the  flux-side  correlation  function  can  be 
cast  in  a  form  very  similar  to  its  linearized  approximation.  This 
suggests  new  computational  approaches  that  may  have  advan¬ 
tages  over  existing  ones.  We  also  note  some  similarities  in 
structure  of  the  present  formulation  to  the  “forward— backward” 
IVR  presented  before, though  it  is  not  equivalent  to  it.  At  the 
present  time  one  is  still  investigating  various  strategies  for 
implementing  the  SC-IVR  approach,  so  various  formulations 
may  suggest  useful  approaches  or  other  approximations. 

For  example,  it  may  be  useful  to  make  part  of  the  linearized 
approximation  but  not  all  of  it.  Thus,  suppose  one  neglects  the 
Ap  dependence  in  the  Jacobian  factors  in  eq  2. 1  lb  but  retains 
it  elsewhere,  then 

_  9qo(p,.qr)  _  9qXPo.qo) 

3p,  3p,  .  9po 

SO  that  one  can  change  integration  variables  in  eq  2.11b  from 
Ap  to  Aq, 


,  9qo(p„q,) 

Aq^^^Ap 

9q/Po’qo) 


9Po 


Ap 


and  the  expression  for  the  effective  distribution  function 
becomes 


^eff(Po-qo)  =  /  dAq  <qo+|F(^)|qo  (3.1) 


with  qo"*"  and  still  given  by  eqs  2.10b  and  2.10c,  and 


p,=pXPo>qo) 


q,  =  qXPo>qo) 


One  expects  the  dependence  on  the  Jacobian  factor,  9q//9po,  to 
be  weak,  since  there  is  no  dependence  at  all  in  the  linearized 
approximation. 
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Multireference  configuration  interaction  based  quantum  chemical  estimates  are  directly  implemented  in  a 
variational  transition  state  theory  based  analysis  of  the  kinetics  of  methyl  radical  recombination.  Separations 
ranging  from  5.5  to  1.9  A  are  considered  for  two  separate  forms  for  the  reaction  coordinate.  The  a  priori 
prediction  for  the  high-pressure  limit  rate  constant  gradually  decreases  with  increasing  temperature,  with  a 
net  decrease  of  a  factor  of  1.7  from  300  to  1700  K.  Near  room  temperature,  this  theoretical  estimate  is  in 
quantitative  agreement  with  the  experimental  data.  At  higher  temperatures,  comparison  between  theory  and 
experiment  requires  a  model  for  the  pressure  dependence.  Master  equation  calculations  employing  the 
exponential  down  energy  transfer  model  suggest  that  the  theoretical  and  experimental  high-pressure  limits 
gradually  diverge  with  increasing  temperature,  with  the  former  being  about  3  times  greater  than  the  latter  at 
1700  K.  The  comparison  with  experiment  also  suggests  that  the  energy  transfer  coefficient,  (A^down),  increases 
with  increasing  temperature. 


I.  Introduction 

The  accurate  a  priori  prediction  of  rate  constants  for  reactions 
of  polyatomic  species  remains  a  difficult  and  important  goal. 
One  of  the  primary  difficulties  involves  the  development  of 
sufficiently  accurate  representations  of  the  multidimensional 
potential  energy  surface.  Direct  dynamics  approaches  (see,  e.g., 
refs  1—3)  bypass  one  aspect  of  this  difficulty  by  obtaining  an 
ab  initio  quantum  chemical  estimate  of  the  potential  for  each 
configuration  sampled  in  the  dynamics.  One  is  then  limited  only 
by  the  accuracy  of  the  underlying  quantum  chemical  evaluations 
and  dynamical  simulations.  Unfortunately,  such  direct  dynamical 
procedures  generally  require  vast  CPU  times  due  to  the 
enormous  number  of  potential  energy  evaluations  in  typical 
dynamical  simulation  procedures.  The  representation  of  the 
potential  in  terms  of  an  expansion  about  some  selected 
geometries  provides  one  route  for  reducing  the  number  of  ab 
initio  energetic  evaluations.^’^ 

Alternatively,  replacing  the  dynamical  simulation  with  a 
transition  state  theory  (TST)  based  simulation  can  yield  an  even 
greater  reduction  in  the  number  of  required  calls  to  the  potential. 
For  example,  within  reaction  path  Hamiltonian  based  ap¬ 
proaches,  one  typically  requires  only  the  potential,  its  gradient, 
and  its  second  derivative,  at  a  limited  number  of  points  along 
the  reaction  path.^’^  For  bairierless  reactions  the  situation  is  more 
complicated  since  many  of  the  modes  are  in  the  process  of 
changing  from  free  rotors  to  nearly  harmonic  bending  motions. 
As  a  result,  simple  quadratic  representations  of  the  potential 
and  the  corresponding  rigid-rotor  harmonic  oscillator  estimates 
for  the  energetics  seem  inadequate. 

Phase  space  integral  based  representations  of  the  transition 
state  partition  function  have  provided  a  means  for  accurately 
treating  the  anharmonicities  and  kinetic  couplings  of  these 
“transitional”  modes,  but  require  a  global  potential  for  them.^’^ 
However,  with  Monte  Carlo  integration  techniques  one  may 
obtain  reasonably  well  converged  results  with  only  a  limited 
number  of  configurational  samplings  and  corresponding  poten¬ 


tial  energy  evaluations.  For  example,  convergence  to  about  10% 
can  be  obtained  with  simple  random  sampling  of  about  1000 
sets  of  the  transitional  mode  coordinates.^®  Consideration  of 
about  10  different  reaction  coordinates  will  often  provide  a 
reasonably  satisfactory  optimization  of  the  transition  state 
dividing  surface.  Thus,  a  total  of  about  10"^  ab  initio  evaluations 
may  be  used  to  obtain  direct  variational  TST  estimates  for  the 
rate  constant  which  include  the  full  anharmonicity  and  mode- 
mode  couplings  for  the  transitional  modes.  Also,  importance 
sampling  schemes  may  provide  a  means  for  further  reducing 
the  number  of  required  potential  energy  calls. 

In  this  work,  we  present  a  direct  TST-based  study  of  the 
prototypical  methyl— methyl  radical  recombination  reaction.  This 
reaction,  which  is  of  considerable  importance  in  combustion 
processes,  has  been  the  subject  of  a  large  number  of  both 
experimental and  theoretical^^’^^”^^  studies.  Currently  avail¬ 
able  experimental  measurements  span  the  range  from  200  to 
1700  K  with  pressures  ranging  from  0.3  to  10^  Torr."^^  This  wide 
ranging  experimental  data  set  provides  a  valuable  database  for 
examining  the  quantitative  accuracy  of  the  theoretical  predic¬ 
tions. 

The  present  study  focuses  on  the  temperature  dependence  for 
the  high-pressure  limiting  rate  constants  [ko^{T)]  since  an  accurate 
understanding  of  this  behavior  is  of  some  utility  in  extrapolating 
related  experimental  data  from  room  temperature  to  the  higher 
temperatures  of  interest  in  combustion  chemistry.  Unfortunately, 
the  experimental  studies  are  unable  to  reach  the  high-pressure 
limit  for  temperatures  above  about  400  Thus,  a  direct 
comparison  with  experiment  requires  a  model  for  the  pressure 
dependence.  This  pressure  dependence  is  treated  here  via  a  one¬ 
dimensional  master  equation^^  employing  a  range  of  energy 
transfer  coefficients  within  the  exponential  down  model. 

The  accuracy  of  the  theoretical  predictions  for  koo(T)  depends 
on  both  the  accuracy  of  the  ab  initio  estimates  for  the  potential 
energy  surface  and  the  validity  of  the  statistical  assumptions 
inherent  in  TST.  In  this  work  we  strive  to  minimize  the  errors 
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in  the  former  in  order  to  address  the  latter  accuracy  in  as 
meaningful  a  fashion  as  feasible.  Thus,  multireference  config¬ 
uration  interaction  (MR-CI)  based  techniques  have  been  em¬ 
ployed  in  the  determination  of  the  energetics  and  various 
corrections  for  basis  set  and  geometry  relaxation  effects  are 
incorporated.  A  detailed  description  of  the  quantum  chemical 
methodology  employed  here  is  provided  in  section  II.  The 
qualitative  characteristics  of  the  potential  are  also  summarized 
therein. 

A  meaningful  analysis  of  the  validity  of  TST  requires  an 
accurate  procedure  for  evaluating  the  transition  state  partition 
functions.  In  this  work,  we  employ  the  variable  reaction 
coordinate  TST  formalism.^’45  MR-CI  calculated  energetics 
are  directly  incorporated  in  the  evaluation  of  the  phase  space 
integrals  inherent  to  this  formalism.  The  details  of  the  current 
implementation  of  the  VRC-TST  formalism,  and  of  the  master 
equation  treatment  of  the  overall  kinetics,  are  reviewed  in  section 

m. 

There  have  been  numerous  prior  theoretical  studies  of  this 
reaction,  including  ab  initio  quantum  chemical  studies  of  the 
energetics, as  well  as  TST-based  and  other  model  studies 
of  the  kinetics.^^’^^'^^’^'^"^^’^^"'^^  The  present  study  proceeds 
susbtantially  beyond  these  studies  in  a  variety  of  ways.  In 
particular,  tihe  ab  initio  energetics  are  generated  for  orders  of 
magnitude  more  geometries  than  in  any  of  the  prior  studies, 
and  the  energetics  along  the  reaction  path  are  generated  at  a 
higher  level.  Furthermore,  the  direct  incorporation  of  the 
energetics  bypasses  the  uncertainties  in  the  fitting  of  the  potential 
energy  surfaces  for  the  transitional  modes.  Finally,  the  modeling 
of  the  pressure  dependence  via  a  one-dimensional  master 
equation  allows  for  a  more  direct  comparison  of  the  theoretical 
and  experimental  results.  This  comparison  is  provided  in  section 
IV  and  some  concluding  remarks  are  then  made  in  section  V. 

n.  Potential  Surface  Calculations 

A.  Methodology.  The  basis  set  used  in  most  calculations  was 
the  correlation-consistent,  polarized  valence  double-^  (cc-pvdz) 
basis  set  of  Dunning."^^""^^  All  of  the  electronic  structure  results 
reported  here  come  from  multireference  configuration  interaction 
(MR-CI)  calculations  employing  orbitals  from  complete  active 
space,  self-consistent  field  (CASSCF)  calculations.  The  CASS- 
CF  reference  wave  function  consists  of  two  active  electrons  and 
two  active  orbitals  (the  two  radical  orbitals  of  the  reactants). 
This  is  the  minimum  necessary  to  correctly  describe  the  reactant 
asymptote.  The  CASSCF  orbitals  were  used  in  multireference 
configuration  interaction  (CAS +1+2)  calculations  to  which  a 
multireference  Davdison"^^  correction  was  added  to  account  for 
the  effects  of  higher  order  excitations.  To  estimate  the  error 
associated  with  the  use  of  the  relatively  small  cc-pvdz  basis 
set,  additional  calculations  were  carried  out  along  the  staggered 
D^d  path  using  an  aug-pvtz  basis  set.  This  basis  is  the  same  as 
the  Dunning  aug-cc-pvtz  basis  set  except  that  the  diffuse  carbon 
f  functions  and  the  diffuse  hydrogen  d  functions  were  eliminated 
to  make  the  calculations  more  tractable.  All  calculations  were 
carried  out  using  the  COLUMBUS  package  of  codes.^® 

One  problem  in  doing  a  direct  dynamics  calculation  using 
Monte  Carlo  methods  is  that  the  geometries  are  chosen  randomly 
and  consequently  a  starting  guess  for  one  calculation  is  not 
always  appropriate  for  the  next  calculation.  In  doing  these 
calculations  we  found  5—10%  of  the  CASSCF  calculations 
converged  incorrectly  due  to  poor  starting  guesses.  However, 
it  proved  to  be  relatively  straightforward  to  detect  these  points 
by  monitoring  the  overlap  of  the  Cl  wave  function  with  the 
CASSCF  wave  function.  Points  having  suspiciously  low  overlap 
were  redone  using  different  starting  guesses. 


Figure  1.  Plots  of  the  energy  as  a  function  of  the  CC  distance  for 
three  fixed  orientations  (as  shown).  The  lines  are  the  results  of 
calculations  using  the  cc-pvdz  basis  set.  The  solid  circles  denote  results 
from  aug-pvtz  calculations.  For  all  calculations  the  geometries  of  the 
two  methyl  fragments  are  kept  frozen  (planar). 

B.  Results.  In  the  majority  of  the  calculations  the  geometries 
of  the  two  methyl  radical  fragments  were  kept  frozen.  Figure  1 
shows  comparisons  of  cc-pvdz  and  aug-pvtz  calculations  as  a 
function  of  the  C-C  distance  for  three  fixed  orientations  of 
the  two  methyl  fragments.  From  this  plot  it  can  be  seen  that  at 
large  C-C  distances  (>4.5  A)  the  preferred  orientation  is  one 
in  which  one  methyl  fragment  is  perpendicular  to  the  CC  axis 
and  the  other  is  parallel.  This  is  the  orientation  favored  by  the 
quadrupole— quadrupole  interaction.  At  shorter  distances  the 
preferred  orientation  is  one  in  which  both  methyl’s  are 
perpendicular  to  the  CC  axis,  in  a  face-to-face  orientation.  From 
this  plot  it  can  also  be  seen  that  at  large  distances  the  difference 
between  the  cc-pvdz  and  aug-pvtz  interaction  energies  is  quite 
small. 

To  further  assess  the  difference  between  the  cc-pvdz  and  aug- 
pvtz  results,  potential  curves  for  the  face-to-face  orientation  were 
evaluated  using  both  basis  sets  over  a  wider  range  of  CC 
distances.  The  results  are  compared  in  Figure  2.  From  this  plot 
it  can  be  seen  that  the  interaction  energies  calculated  with  these 
two  basis  sets  are  quite  similar.  Even  at  the  shortest  distances 
examined,  2.5  A,  the  aug-pvtz  interaction  energy  is  only  1.1 
kcal/mol  (8%)  more  attractive.  In  the  dynamical  calculations 
that  follow  the  difference  between  these  two  curves  will  be  used 
as  an  orientation  independent  basis  set  correction  to  the  cc- 
pvdz  potential  surfaces.  Also  compared  in  Figure  2  are  potential 
curves  with  and  without  the  Davidson  correction  for  higher  order 
correlations.  Including  the  Davidson  correction  leads  to  a 
somewhat  more  attractive  potential.  The  dynamical  results 
reported  here  will  employ  the  Davidson-corrected  energies. 

To  assess  the  importance  of  allowing  the  low-frequency 
inversion  mode  of  the  methyl  radicals  to  relax  as  the  radicals 
approach,  calculations  were  carried  out  in  which  the  umbrella 
angle  was  optimized  as  a  function  of  the  CC  distance.  Figure  3 
shows  a  plot  of  the  optimum  umbrella  angle  as  a  function  of 
CC  distance  and  Figure  4  compares  the  potential  from  this 
calculation  to  the  potential  obtained  when  the  geometry  of  the 
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Figure  2.  Plot  of  the  energy  as  a  function  of  the  CC  distance  for  the 
Dm,  face-to-face,  staggered  orientation  (as  shown).  The  solid  line  is 
the  CAS+l+2/cc-pvdz  result;  the  dashed  line  CAS+l+2/aug-pvtz;  and 
the  dotted  line,  CAS+l+2+QC/aug-pvtz.  For  all  calculations  the 
geometries  of  the  two  methyl  fragments  are  kept  frozen  (planar). 


Figure  3.  Optimum  methyl  umbrella  angle  as  a  function  of  the  CC 
distance  from  CAS+H-2/cc-pvdz  calculations.  An  angle  of  0°  corre¬ 
sponds  to  planar  radicals.  The  molecule  is  constrained  to  be  of 
symmetry. 

methyl  fragments  is  not  allowed  to  relax.  From  these  plots  it 
can  be  seen  that  significant  deviations  from  planarity  start  to 
occur  at  CC  distances  <3.5  A.  At  a  distance  of  ^^3  A,  allowing 
the  methyls  to  relax  leads  to  an  interaction  energy  that  is  ^1 
kcal/mol  (10%)  more  attractive.  The  difference  between  the  two 
curves  in  Figure  4  will  be  used  as  an  orientation  independent 
correction  for  geometry  relaxation  in  the  dynamical  calculations 
reported  below. 

To  get  a  better  understanding  of  the  overall  topology  of  this 
surface,  several  two-dimensional  cuts  were  evaluated  in  which 
the  CC  distance  was  held  fixed  and  the  relative  orientations  of 
the  two  methyls  were  allowed  to  vary.  In  Figure  5  we  show 
three  plots  in  which  the  methyls  are  each  allowed  to  spin  about 
one  of  their  CH  bonds.  In  each  case  the  CH  bond  which  forms 
the  axis  of  rotation  is  kept  fixed  with  a  CCH  angle  of  90®  and 
the  dihedral  angle  between  the  two  axis  CH  bonds  is  fixed  at 
180®.  For  large  CC  distances  this  figure  shows  a  potential  having 
diagonal  troughs  with  shallow  minima  at  orientations  where  one 
methyl  is  parallel  to  the  CC  axis  (0  =  0®)  and  the  other  is 


Figure  4.  Comparison  of  Dm  potential  curves  from  calculations  in 
which  the  methyl  radicals  were  kept  planar  (upper  curve)  to  calculations 
in  which  methyls  were  allowed  to  distort  from  planarity  (lower  curve). 
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Figure  5.  Contour  plots  of  the  orientation  dependence  of  the  energy 
for  fixed  CC  distances.  The  internal  geometries  of  the  methyl  radicals 
are  kept  fixed  and  the  relative  orientation  of  two  CH  bonds  (Ca  Ha  and 
Cb  Hb)  are  kept  fixed  with  HCC  angles  of  90®  and  an  Ha  Ca  Cb  Hb 
dihedral  angle  of  180°.  The  plotting  coordinates,  0a  and  0b,  are  dihedral 
angles  between  the  CH3  planes  and  the  CC  axis  (see  text).  Heavy  solid 
contours  denote  repulsive  regions  (energies  higher  than  that  of  the 
reactant  asymptote),  light  solid  contours  denote  attractive  regions,  and 
the  dotted  contours  denote  the  energy  of  the  reactant  asymptote.  The 
contour  increments  and  CC  distances  are  as  follows:  (a)  Rqc  ~  9  au, 
inc  =  0.02  kcal/mol;  (b)  Rcc  =  8  au,  inc  =  0.05  kcal/mol;  (c)  Rqq  = 
7  au,  inc  =  0.1  kcal/mol. 

perpendicular  (0  =  90°).  As  the  CC  distance  is  shortened  the 
potential  gradually  deforms  to  one  having  four  equivalent 
minima,  in  which  both  methyls  are  perpendicular  to  the  CC 
bond.  One  surprising  aspect  of  these  plots  is  that  at  the  shortest 
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Figure  6.  Same  as  Figure  5,  only  Ha  CC  =  Hb  CC— 60°  and  HaCaCbHb 
=  60°.  The  contour  increments  and  CC  distances  are  as  follows:  (a) 
Rcc  =  8  au,  inc  =  0.02  kcal/mol;  (b)  Rcc  =  7  au,  inc  =  0.05  kcal/mol; 
(c)  Rcc  =  6  au,  inc  =  0.2  kcal/mol. 

CC  distance  it  appears  as  though  the  preferred  path  to  go  from 
one  of  the  four  minima  to  another  involves  the  stepwise  rotation 
of  one  methyl  at  a  time  (in  this  plot  single  rotations  correspond 
to  moving  either  vertically  or  horizontally).  The  simultaneous 
rotation  of  both  methyls  in  either  a  conrotatory  (the  positively 
sloped  diagonal  in  the  plot)  or  disrotatory  (the  negatively  sloped 
diagonal)  manner  requires  several  kcal/mol  more  energy.  The 
reason  for  this  appears  to  be  that  in  this  orientation,  at  these 
relatively  large  CC  separations,  nonbonded  repulsions  involving 
the  CH  bonds  are  more  important  in  determining  the  shape  of 
the  hindered-rotor  potentials  than  covalent  overlap  between  the 
two  radical  orbitals.  This  picture  changes  if  we  orient  the 
methyls  in  such  a  way  as  to  minimize  the  nonbonded  repulsions. 
In  Figure  6  we  show  similar  plots  ini  which  the  axis  CH  bonds 
are  now  fixed  with  CCH  angles  of  60°  and  the  dihedral  angle 
between  the  two  axis  CH  bonds  is  60°.  In  these  plots  it  can  be 
seen  that  for  a  given  CC  distance  the  hindered  rotor  barriers 
are  smaller  than  those  in  Figure  5  and  the  disrotatory  path  is 
preferred. 

To  allow  for  an  estimate  of  the  possible  contribution  from 
the  triplet  state,  a  triplet  potential  curve  for  the  face-to-face 
orientation  was  evaluated  at  the  CAS+l+2/cc-pvdz  level.  This 
triplet  curve  is  compared  with  the  corresponding  singlet  curve 
in  Figure  7.  The  splitting  between  these  two  curves  is  used  as 
an  orientation-independent  singlet—triplet  splitting  in  generating 
a  crude  triplet  potential  energy  surface  for  the  transition  state 
theory  calculations. 

Ill,  Kinetic  Methodology 

A.  Master  Equation  Formalism.  The  effective  bimolecular 
rate  constant  for  methyl  radical  recombination  corresponds  to 


Figure  7.  Comparison  of  CAS+l+2/cc-pvdz,  D^d  potential  curves  for 
the  singlet  state  (lower  curve)  and  triplet  state  (upper  curve).  The 
internal  coordinates  of  the  methyl  radicals  are  kept  fixed. 

a  thermal  average  of  the  initial  rate  of  formation  of  energized 
ethane  complexes,  k^EJ),  at  energy  E  and  total  angular 
momentum  /,  times  the  probability  of  collisional  stabilization 
at  each  E  and  J.  Since  a  single  collision  does  not  always  yield 
a  stabilized  complex,  the  accurate  determination  of  the  latter 
stabilization  probability  requires  an  analysis  of  the  time 
dependence  of  the  populations  in  each  E  and  J  state,  as  in  the 
master  equation  approach.^^  For  computational  simplicity,  a  one¬ 
dimensional  form  of  the  master  equation  is  employed  here  in 
which  the  J  dependence  of  the  populations  is  averaged  over 
according  to  the  scheme  of  Smith  and  Gilbert.^^ 

Within  this  scheme,  the  £  and  7  resolved  dissociation  rate 
constants,  k{E,J),  are  reduced  to  E  resolved  rate  constants,  k{E), 
via  the  relation 

/ d/P_(J)/:(£,7)/[a>  -f  k{E,J)] 

k{E)  =  - -  (1) 

fdjp,,^^mo)+k{E,j)] 

where  (o  is  the  collision  frequency,  and  Pcomp(‘/)  denotes  the 
thermal  equilibrium  probability  for  the  complex  to  have  a  total 
angular  momentum  of  J.  As  discussed  by  Smith  and  Gilbert, 
this  reduction  scheme,  which  corresponds  to  a  strong  collision 
assumption  for  the  rotational  degrees  of  freedom  and  assumes 
a  decoupling  of  the  transition  probabilities  in  E  and  7,  provides 
the  correct  limiting  behavior  in  both  the  low-  and  high-pressure 
limits. 

The  present  implementation  of  eq  1  employs  the  total  energy 
and  total  angular  momentum  as  variables  rather  than  the 
vibrational  and  rotational  energy  employed  in  ref  29.  These 
variables  provide  a  more  appropriate  separation  for  the  rate 
constants  and  are  the  natural  variables  for  the  present  TST 
calculations.  It  is  perhaps  worth  noting  that,  at  least  for  the 
temperature  and  pressure  ranges  of  interest  here,  employing  the 
alternative  reduction  scheme  based  on  simply  averaging  the  rate 
constants  with  the  Pcomp(7)  weighting  function  yields  essentially 
identical  results.  However,  there  are  other  reactions  where  the 
two  reduction  schemes  produce  dramatically  different  results. 

The  time  dependence  of  the  population,  Pi,  of  the  complex 
in  energy  state  i  may  be  written  as 
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dPj 

—  =  X(  V;  -  V.)  -  (2) 

J 

where  Rij  is  the  probability  of  making  a  transition  from  state  i 
to  state  7  during  a  collision  with  the  bath  gas.  The  first  term  on 
the  right-hand  side  of  eq  2  represents  the  rate  of  transfer  from 
state  j  into  state  i  via  collisions.  The  second  term  represents 
the  corresponding  rate  of  transfer  out  of  state  i  into  state  j.  The 
third  term  represents  the  rate  of  loss  of  the  complex  in  state  i 
due  to  dissociation,  while  Vi  is  the  source  term  describing  the 
rate  of  formation  of  ethane  in  energy  state  i  from  the  free  methyl 
radicals. 

The  effective  bimolecular  rate  constants  are  ultimately 
obtained  via  direct  numerical  inversion  of  the  steady  state 
representation  of  eq  2.^^  The  reduced  matrix  procedure  of  ref 
52  is  employed  and  the  energy  transfer  rate  coefficients  are 
evaluated  on  the  basis  of  the  exponential  down  model.  A  variety 
of  energy  transfer  parameters  ((A^down))  ranging  from  100  to 
1600  cm“^  are  considered  since  there  is  no  suitable  a  priori 
means  for  obtaining  quantitative  estimates  for  the  average  energy 
transfer.  For  reference  purposes  we  note  here  that  for  temper¬ 
atures  of  200,  296,  407,  474,  577,  810,  1305,  1525,  and  1700 
K,  (AEdown)  =100  cm~^  corresponds  (at  the  ethane  dissociation 
threshold)  to  an  average  total  energy  transferred,  (AEtot),  of  —40, 
-31,  -24,  -21,  -17,  -12,  -6.2,  -5.1,  and  -4.2  cm'^ 
respectively.  (A£down)  =  200  cm“^  corresponds  to  (AEtot)  of 
-no,  -94,  -77,  -69,  -59,  -43,  -23,  -19,  and  -16  cm-^, 
respectively.  (AEdown)  =  400  cm“^  corresponds  to  (AEtot)  of 
-290,  -260,  -220,  -200,  -180,  -140,  -83,  -71,  and  -60 
cm“^  respectively.  (AEdown)  =  800  cm“^  corresponds  to  (AE^t) 
of  -670,  -620,  -570,  -540,  -500,  -420,  -280,  -240,  and 
-210  cm~\  respectively.  (AEdown)  =  1600  cm”^  corresponds 
to  (AEtot)  of  -1460,  -1400,  -1330,  -1290,  -1230,  -1100, 
—830,  —740,  and  —670  cm~\  respectively. 

A  Lennard- Jones  model  for  the  Ar**  *02116  coUision  frequency, 
0),  is  employed  (cf.  eqs  5.5.14  and  5.5.17  of  ref  51),  with  a 
and  6  values  of  3.9  A  and  160  K,  respectively.  An  energy  grain 
size  of  100  cm“^  provides  numerically  converged  results  for 
all  temperatures  studied  here  with  the  energies  spanning  the 
range  from  -20  000  cm“^  below  to  22  000  cm"^  above  the 
threshold.  Total  angular  momentum  quantum  numbers  ranging 
up  to  138  are  considered  with  a  step  size  of  4. 

The  underlying  dissociation  rate  constants,  k(E,J),  are  ob¬ 
tained  from  RRKM  theory 


k(E,J)  =  -^  (3) 

hf>Ej 

where  is  the  transition  state  number  of  states.  Rigid  rotor 
harmonic  oscillator  assumptions  were  employed  for  all  but  the 
torsional  mode  in  the  evaluation  of  pej,  the  density  of  states  for 
the  complex,  and  for  the  corresponding  canonical  partition 
function.  For  the  torsional  mode,  calculations  for  harmonic 
oscillator,  free  rotor,  and  hindered  rotor  representations  were 
found  to  differ  by  less  than  5%  for  the  temperatures  and 
pressures  of  interest  here.  The  pressure-dependent  rate  constants 
plotted  below  are  for  a  free  rotor  treatment  of  this  mode. 

Symmetry  numbers  of  18,  72,  and  72  were  employed  for  the 
reactants,  the  transition  state,  and  the  products  of  the  recombina¬ 
tion  reaction,  respectively.  The  reaction  was  generally  assumed 
to  occur  on  only  the  ground  singlet  state.  Thus,  electronic 
degeneracies  of  4,  1,  and  1  were  employed  for  the  reactants, 
the  transition  state,  and  the  products.  Some  discussion  is  given 
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below  of  the  possible  contribution  of  the  triplet  state  to  the 
association  kinetics. 

The  final  results  plotted  here  are  for  a  dissociation  energy  of 
87.5  kcal/mol.  Various  sources  suggest  values  ranging  from 
about  87.5  to  88.5  kcal/mol.^^  Sample  calculations  for  the  higher 
value  were  qualitatively  similar  yielding  rates  that  differed  by 
15%  or  less  in  the  range  of  temperature  and  pressures  of  interest 
here.  Furthermore,  the  shapes  of  the  curves  were  essentially 
identical  thus  yielding  only  a  small  downward  shift  in  the 
magnitude  of  the  fitted  energy  transfer  coefficient. 

B.  High-Pressure  Limit  Rate  Constant,  koo(T),  In  the  high- 
pressure  limit,  where  the  stabilization  probability  is  unity,  the 
effective  bimolecular  rate  constant  simplifies  to 

UD  =  - fdEdJN^  cxp(-E/k^T)  (4) 

^^^reactants(T) 

where  Qreactants  is  the  partition  function  for  the  reactants.  In  TST 
one  considers  the  number  of  available  states  for  the  motion  on 
a  dividing  surface  which  separates  reactants  from  products. 
Within  a  statistical  framework  this  number  of  states  is  an  upper 
bound  to  the  true  cumulative  reaction  probability.  The  minimum 
in  this  number  of  states  with  respect  to  a  given  family  of  dividing 
surfaces,  A^y,  provides  the  TST  approximation  to  the  true 
cumulative  reaction  probability,  NeJ‘ 

The  variationally  optimized  dividing  surface  properly  depends 
on  both  the  total  energy  E  and  the  total  angular  momentum  /, 
since  they  are  both  strictly  conserved  between  collisions.  A 
useful  simplification  arises  when  one  assumes  that  this  transition 
state  dividing  surface  depends  only  on  temperature.  In  this  case, 
the  TST  approximation  to  kc^(T)  reduces  to 


Q\T) 

”  h  a.acta„ts(7) 


(5) 


where  2^(7)  is  now  the  minimum  in  the  canonical  partition 
function  for  the  motion  on  any  proper  dividing  surface. 

In  the  present  study,  the  transition  state  number  of  states  and 
rate  constants  are  generally  evaluated  at  the  EU  resolved  level. 
For  comparison,  evaluations  at  the  canonical  level  yield  rate 
constants  which  are  typcially  about  15-30%  greater.  The 
reasonably  small  deviation  between  these  two  quantities  allows 
us  to  focus  on  solely  the  canonical  variations  of  various  factors 
in  our  qualitative  discussions. 

C.  Variable  Reaction  Coordinate  TST.  In  any  recombina¬ 
tion  reaction  a  number  of  the  modes  transform  from  free 
rotational  to  nearly  harmonic  bending  motions.  In  the  transition 
state  region,  which  typically  lies  at  separations  of  about  2—5 
A,  these  modes  are  intermediate  in  their  transformation.  As  a 
result,  neither  harmonic  bending  nor  free  rotational  descriptions 
are  generally  correct.  Instead,  one  must  generally  consider  these 
modes  as  strongly  coupled  hindered  rotors;  with  the  extent  of 
the  hindering  depending  on  the  location  of  the  transition  state 
and  the  details  of  the  fragment— fragment  interaction  potential. 

Within  the  variable  reaction  coordinate  TST  approach'^’'*^  the 
contribution  to  N\j  from  these  “transitional”  modes  is  evalu¬ 
ated  on  the  basis  of  classical  phase  space  integrals,  thereby 
obtaining  an  accurate  description  of  the  mode-mode  couplings 
and  also  of  angular  momentum  conservation.  Sample  calcula¬ 
tions  indicate  that  the  quantum  corrections  for  these  modes  are 
generally  negligible  due  to  the  combination  of  their  low  effective 
frequency  and  the  additional  energy  available  from  the  frag¬ 
ment-fragment  attractive  interactions. An  assumed  decou¬ 
pling  of  the  remaining  “conserved”  modes,  which  correspond 
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to  the  internal  vibrations  of  the  free  fragments,  allows  for  a 
quantum  treatment  of  their  contribution. 

The  transitional  mode  phase  space  integrals  are  evaluated  here 
at  the  energy,  E,  and  total  angular  momentum  J  resolved  level 
according  to  the  algorithm  described  in  ref  45.  This  algorithm 
employs  crude  Monte  Carlo  integration  and  requires  an  interac¬ 
tion  potential  for  each  relative  orientation  of  the  two  reacting 
fragments  that  is  generated  in  the  random  sampling  for  a  given 
transition  state  dividing  surface.  A  prior  study  suggested  that 
only  a  limited  number  of  such  configurational  samplings  (e.g., 
100—1000)  provide  satisfactory  convergence  (i.e.,  10%)  within 
Monte  Carlo  based  evaluations  of  these  integrals.  This 
observation  provided  the  motivation  for  the  present  direct 
implementation  of  the  CAS+1+2  quantum  chemical  estimates 
for  the  required  interactions  energies. 

Any  implementation  of  transition  state  theory  requires  the 
specification  of  a  dividing  surface  which  separates  reactants  from 
products.  Within  variational  TST  one  then  minimizes  the 
partition  function  for  motion  on  a  given  dividing  surface  within 
a  family  of  such  surfaces.  In  this  work  the  dividing  surface  is 
specified  in  terms  of  a  fixed  distance  between  arbitrarily  chosen 
pivot  points  on  each  of  the  fragments,  and  two  separate  choices 
for  the  pivot  point  locations  are  considered.  Choosing  the  pivot 
points  at  the  centers  of  mass  of  the  methyl  groups  provides  the 
appropriate  separation  of  motions  at  large  separations  and  is 
thus  a  useful  first  choice.  At  shorter  separations  the  optimum 
dividing  surface  may  correspond  more  closely  to  the  separation 
between  the  centers  of  the  two  radical  orbitals  involved  in  the 
incipient  bond.  Choosing  the  pivot  points  to  lie  0.4  A  away 
from  the  C  atoms,  along  the  C3  symmetry  axis  of  the  methyl 
fragment,  should  yield  a  reasonable  first  approximation  to  the 
latter  dividing  surface. 

Ideally,  one  would  consider  a  more  complete  set  of  pivot 
point  locations  (e.g.,  0,  0.2,  0.4,  0.6  A,  away  from  the  C  atom). 
However,  within  the  present  approach,  the  net  number  of  ab 
initio  evaluations  is  proportional  to  the  number  of  different  pivot 
point  locations  considered.  Thus,  in  the  interest  of  computational 
efficiency,  only  the  0  (center  of  mass)  and  0.4  A  pivot  point 
separations  were  considered.  For  both  of  these  choices  inter¬ 
fragment  separations  ranging  from  4.0  to  8.0  bohr,  in  0.5  bohr 
spacings,  were  considered.  For  the  center-of-mass  reaction 
coordinate,  larger  separations  of  8.5,  9.0,  9.5,  10.5,  11.5,  12.5, 
14.0,  and  16.0  bohr  were  also  considered.  In  each  case  the 
number  of  configurations  generated  was  designed  to  produce  a 
net  Monte  Carlo  integration  uncertainty  of  about  10%  or  less. 
At  the  shorter  separations  approximately  1000  configurations 
were  considered  while  only  50  configurations  are  required  for 
the  largest  separations  due  to  the  more  nearly  symmetrical 
potential  at  large  separations.  Altogether,  a  total  of  14  600 
configurations  were  sampled  over. 

As  might  be  expected,  there  is  some  correlation  between  the 
full  interaction  energy  Vint  for  a  given  geometry  and  the 
repulsivity  of  the  interactions  between  the  H  atoms  on  the  two 
separate  fragments,  for  that  geometry.  This  correlation  was  used 
to  obtain  a  modest  reduction  in  the  number  of  geometries  for 
which  explicit  quantum  chemical  simulations  were  required.  In 
particular,  the  factor 

^rep  =  X  exp(-0.5  A/r,p  (6) 

ij 

where  nj  is  the  distance  between  the  H  atoms  on  the  separate 
fragments,  was  used  as  a  crude  representation  of  the  repulsivity. 
The  correlation  observed  in  plots  of  V^t  versus  Frep  for  a  limited 
set  of  sampled  geometries  allowed  for  the  subsequent  prere¬ 


jection  of  points  with  too  large  a  Frep.  These  prerejected  points 
were  included  in  the  sampling  but  the  potential  was  simply 
assumed  to  be  infinite  and  no  ab  initio  quantum  chemical 
simulation  was  performed. 

For  large  separations,  little  reduction  could  be  obtained  since 
the  repulsive  contribution  is  not  dominant.  However,  for  the 
shortest  separation  with  the  0.4  A  pivot  point  separation,  this 
prerejection  reduced  the  number  of  required  quantum  chemical 
evaluations  by  a  factor  of  3.  The  sample  plots  also  provided  an 
extra  benefit  in  clearly  illustrating  a  few  undetected  instances 
where  the  quantum  chemical  simulations  had  converged  to  an 
incorrect  electronic  state.  Such  convergence  errors  were  quite 
uncommon,  occurring  less  than  1%  of  the  time,  and  were 
corrected  for  by  the  generation  of  the  appropriate  energies. 

A  perfect  separation  of  the  conserved  modes  from  the 
transitional  modes  and  reaction  coordinate  would  imply  that  the 
methyl  radical  geometry  is  unchanging  during  the  course  of  the 
reaction.  In  reality,  this  geometry  has  a  substantial  variation 
from  planar  to  tetrahedral  during  the  recombination.  Further¬ 
more,  the  optimal  geometry  is  a  function  not  only  of  how  far 
apart  the  methyl  radicals  are  but  also  of  their  relative  orientation. 

In  the  transition  state  the  structure  tends  to  be  more  like  the 
separated  methyl  radicals  than  like  ethane.  Thus,  the  former 
geometry  was  generally  employed  in  the  random  samplings  for 
the  Monte  Carlo  integration  of  the  phase  space  integrals.  The 
effects  of  the  variation  in  the  rovibrational  properties  of  the 
methyl  radical  were  then  examined  and  correction  factors  were 
incorporated  as  appropriate. 

The  variation  in  the  effective  moments  of  inertia  leads  to 
changes  in  the  kinetic  energies  for  the  transitional  modes.  The 
variation  of  the  product  of  the  three  moments  of  inertia  provides 
a  reasonable  first  approximation  to  the  effect  of  this  aspect.  This 
product  was  found  to  vary  by  only  about  1%  from  the  free 
fragments  to  the  transition  state  region  and  so  this  aspect  of  the 
variation  was  neglected. 

A  more  important  effect  of  the  variation  is  on  the  interaction 
energies.  To  account  for  this  effect,  the  optimum  geometry  and 
corresponding  relaxation  energy  were  determined  as  a  function 
of  the  CC  separation.  This  energetic  relaxation  was  added  in  as 
an  orientation  independent  correction  to  the  interaction  energies. 
The  reference  orientation  for  this  correction  was  taken  as  the 
optimal  orientation  for  the  equivalent  CC  atom— atom  separation. 
At  the  shorter  separations,  this  correction  is  quite  sizable  and 
leads  to  significant  varations  in  the  estimated  rate  constants. 

The  vibrational  frequencies  of  the  conserved  modes  also  vary 
along  the  reaction  path,  with  that  for  the  umbrella  mode  being 
especially  large.  The  quantum  chemical  study  of  Robertson  et 
al.  provided  GVB/3-21G  estimates  for  the  dependence  of  these 
frequencies  on  the  CC  separation. This  predicted  variation  in 
the  conserved  mode  frequencies  is  incorporated  at  the  harmonic 
oscillator  level  for  all  but  the  umbrella  mode.  For  the  latter 
mode,  a  one-dimensional  WKB  treatment  is  instead  incorpo¬ 
rated,  again  employing  the  data  from  ref  34. 

The  above-described  correction  factors  are  based  on  the 
optimum  geometry  for  a  given  separation.  In  reality,  the  optimal 
geometty  depends  also  on  the  relative  orientation.  The  quantita¬ 
tive  examination  of  the  energetic  relaxation  and  conserved  mode 
vibrational  frequencies  for  each  geometry  sampled  in  the  phase 
space  integrations  is  computationally  intractable.  However,  some 
indication  of  the  effect  may  be  obtained  from  a  limited  sampling. 
Thus,  relaxation  energies  and  umbrella  mode  vibrational  force 
fields  were  obtained  for  39  configurations  at  a  CC  separation 
of  5  bohr,  which  corresponds  to  the  transition  state  location  for 
a  temperature  of  3000  K.  Incorporating  these  relaxation  energies 
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Figure  8.  Plot  of  the  pressure  dependence  of  the  rate  constant  for 
temperatures  of  200  and  296  K.  The  squares  denote  the  experimental 
data  of  Hippier  et  al,/"^  the  circles  and  crosses  of  Slagle  et  al.,^^  and 
the  triangles  of  Walter  et  al.*^  The  lines  denote  the  present  theoretical 
results  for  various  (A£down)  values. 

and  vibrational  frequencies  in  place  of  those  for  the  reference 
geometries  yielded  an  increase  in  the  transitional  mode  canonical 
partition  function  at  3000  K  of  only  10%,  which  is  certainly 
less  than  the  uncertainty  arising  from  the  limited  sampling.  The 
smallness  of  this  correction  suggests  that  the  orientation 
dependence  of  the  corrections  is  relatively  minor. 

IV.  Kinetics  Results 

A.  Pressure  Dependence.  Illustrative  plots  of  the  pressure 
dependence  of  the  bimolecular  rate  constants  are  provided  in 
Figures  8—14.  In  each  case,  the  available  experimental  data  are 
plotted  along  with  the  theoretical  predictions  for  (AE'down)  values 
of  100,  200,  400,  and  800  cm^-^  At  200  K  (cf.  Figure  8)  both 
the  absolute  rate  constants  and  the  predicted  negligible  depen¬ 
dence  on  pressure  above  10  Ton*  are  in  good  agreement  with 
the  experimental  observations. 

At  296  K  (cf.  Figure  8)  the  experimental  pressure  range 
extends  to  low  enough  pressures  (i.e.,  0.1  Torr)  to  produce  a 
falloff  in  the  rate  constant  (from  its  infinite  pressure  limit)  by 
a  factor  of  4.  The  theoretical  predictions  for  energy  transfer 
coefficients  (AEdown)  ranging  from  about  100  to  200  cm~^  are 
in  quantitative  agreement  with  the  observations.  Higher  energy 
transfer  coefficients  do  not  produce  sufficient  falloff  in  the  rate 
constant  with  decreasing  pressure. 

At  407  K  (cf.  Figure  9)  the  optimum  agreement  between 
theory  and  experiment  occurs  for  a  (A^down)  value  of  about  200 
cm“^  At  474  K  (cf.  Figure  9)  the  optimum  (A£down)  value  is 
again  near  200  cm“^  However,  at  the  latter  temperature  there 
is  some  discrepancy  between  the  theoretical  and  experimental 
falloff  curves.  Furthermore,  for  both  these  temperatures,  the 
high-pressure  limit  of  the  theoretical  predictions  appears  to  lie 
slightly  (i.e.,  about  10-20%)  above  die  experimental  limit. 

By  577  K  (cf.  Figure  10)  the  experimental  measurements  at 


Figure  9,  As  in  Figure  8,  but  for  temperatures  of  407  and  474  K. 
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Figure  10.  As  in  Figure  8,  but  for  a  temperature  of  577  K.  The 
theoretical  results  in  the  lower  plot  employ  a  transition  state  number 
of  states  which  are  scaled  to  yield  a  high-pressure  thermal  rate  constant 
which  is  0.76  times  as  large.  The  upper  plot  provides  the  unsealed 
theoretical  results. 

the  highest  pressures  are  not  quite  at  the  high-pressure  limit. 
Regardless,  the  theoretical  predictions  now  appear  to  lie 
measurably  above  the  experimental  measurements  at  the  highest 
pressures,  perhaps  by  about  30%.  The  optimum  agreement 
between  theory  and  experiment  is  not  very  good  and  now  occurs 
for  (A£down)  values  of  200-400  cxrrK 
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Figure  11.  As  in  Figure  10,  but  for  a  temperature  of  810  K.  At  this 
temperature  the  scaling  reduces  the  high-pressure  thermal  rate  constant 
by  a  factor  of  0.59. 

These  discrepancies  between  the  theoretical  and  experimental 
predictions  could  be  indicative  of  various  errors.  Either  the 
theoretical  predictions  or  the  experimental  measurements  for 
the  high-pressure  limit  may  simply  be  slightly  inaccurate. 
Alternatively,  the  particular  model  employed  here  for  the 
pressure  dependence  of  the  kinetics  (i.e.,  the  exponential  down 
model  for  energy  transfer  within  the  one-dimensional  master 
equation)  may  be  inadequate.  It  is  instructive  to  consider  to  what 
extent  the  theoretical  predictions  for  the  high-pressure  limit 
would  need  to  be  in  error  in  order  to  obtain  a  satisfactory 
reproduction  of  the  experimental  observations.  Thus,  for  tem¬ 
peratures  of  577  K  and  higher  we  have  also  plotted  theoretical 
predictions  for  the  pressure  dependence  which  employ  an 
energy-dependent  scaling  of  the  transition  state  number  of  states. 
This  empirical  scaling  takes  the  form  [1  —  0.65  tan  h(£'/3500)^], 
where  E  is  the  excess  energy  relative  to  the  dissociation 
threshold  in  cm"^  This  form,  which  varies  from  no  correction 
at  low  temperature  to  a  maximum  correction  of  0.35  at  high 
temperature,  has  no  fundamental  physical  basis.  Instead,  it  was 
simply  designed  to  produce  an  average  scaling  which  increases 
with  temperature  and  to  an  extent  which  yields  improved 
agreement  with  the  experimental  results  for  the  full  range  of 
temperatures  considered  here.  The  scale  factors  printed  on  the 
plots  indicate  the  effect  of  this  scaling  on  the  thermal  high- 
pressure  limit  rate  constant  for  the  given  temperature.  Imple¬ 
menting  this  scaling  for  577  K  clearly  improves  the  agreement 
between  theory  and  experiment. 

At  810  K  (cf.  Figure  1 1)  this  empirical  scaling  results  in  good 
agreement  between  theory  and  experiment  for  a  (AEdown)  value 
of  about  400  cm"^  In  contrast,  the  optimum  falloff  curve  for 
the  unsealed  theoretical  result  differs  signifcantly  from  the 
experimental  results.  At  temperatures  of  474  and  407  K  the 
thermal  scale  factors  of  0.83  and  0.88,  arising  from  this  same 
energy-dependent  scaling,  also  result  in  improved  agreement 
between  the  theoretical  and  experimental  observations.  Although 


Figure  12.  As  in  Figure  10,  but  for  a  temperature  of  1350  K,  and  for 
different  sets  of  experimental  data.  The  diamonds  denote  the  experi¬ 
mental  data  of  Du  et  al.,^^^  the  circles  of  Hwang  et  al.,^”^  the  crosses  of 
Davidson  et  al.,*^  the  squares  of  Glanzer  et  al.,^^  and  the  triangles  of 
Hwang  et  al.^^  At  this  temperature  the  scaling  reduces  the  high-pressure 
thermal  rate  constant  by  a  factor  of  0.40. 

not  plotted  here,  this  same  improvement  in  the  agreement 
between  the  theoretical  and  experimental  falloff  curves  is  found 
for  the  scaled  results  for  other  temperatures  in  this  region  (e.g., 
700  and  910  K). 

A  similar  situation  exists  for  the  higher  temperatures  of  1200, 
1350, 1525,  and  1700  K  (cf.  Figures  12-14).  However,  for  these 
temperatures  the  scatter  in  the  experimental  data  is  somewhat 
greater,  and  the  rate  constants  for  the  highest  pressures  studied 
appear  to  be  further  from  the  high-pressure  limit.  As  a  result, 
the  comparison  between  the  theoretical  and  experimental  results 
is  less  definitive.  Nevertheless,  the  scaled  results  still  show  a 
marked  improvement  in  the  overall  agreement.  For  these  scaled 
results  the  optimum  (AEdown)  value  is  near  800  cm~^ 

The  present  pressure-dependent  calculations  are  restricted  to 
temperatures  of  1700  K  and  below,  since  additional  dissociative 
processes  (i.e.,  to  C2H5  +  H,  and  C2H4  +  H2)  begin  to  contribute 
above  this  range.  The  potential  energy  surface  and  kinetic 
estimates  generated  in  our  study  of  the  H  +  C2H5  radical 
reaction^"^  could  be  employed  in  an  extension  of  this  work  to 
such  higher  temperatures.  However,  this  extension  is  sufficiently 
time  consuming  that  we  have  chosen  to  leave  it  for  future  work. 

B.  T  Dependence  of  koo.  A  priori  VRC-TST  predictions  for 
the  temperature  dependence  of  the  high-pressure  limiting  rate 
constant,  koo(T),  were  performed  for  a  somewhat  wider  temper¬ 
ature  range  of  200—3000  K.  However,  the  region  from  300  to 
1700  K  is  of  primary  interest  and  thus  our  discussion  again 
focuses  on  this  temperature  region.  The  results  of  these 
calculations  are  provided  in  Table  1  and  plotted  in  Figure  15, 
together  with  some  related  theoretical  estimates. 

Also  plotted  in  Figure  15  are  the  corresponding  experimental 
data^^“^^  for  temperatures  of  407  K  and  lower,  where  the 
extrapolation  to  the  high-pressure  limit  is  reasonably  secure  (cf. 
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Figure  13.  As  in  Figure  12,  but  for  a  temperature  of  1525  K.  At  this 
temperature  the  scaling  reduces  the  high-pressure  thermal  rate  constant 
by  a  factor  of  0.38. 
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Figure  14.  As  in  Figure  12,  but  for  a  temperature  of  1700  K.  At  this 
temperature  the  scaling  reduces  the  high-pressure  thermal  rate  constant 
by  a  factor  of  0.36. 

Figures  8—14).  For  these  temperatures,  the  agreement  between 
the  present  a  priori  VRC-TST  estimates  and  the  experimental 
data  is  remarkable.  Unfortunately,  as  discussed  above,  the  results 
for  the  pressure  dependence  at  higher  temperatures  suggest  that 
this  agreement  does  not  persist. 


TABLE  1.  High-Pressure  Association  Rate  Constants 


T(K)  it(10’"cm3s-0 


200 

6.44 

245 

6.4 

296 

6.28 

370 

6.06 

407 

5.93 

474 

5.7 

513 

5.55 

539 

5.46 

577 

5.31 

700 

4,92 

810 

4,64 

T(K) 

A:  (10  cm^ 

906 

4.44 

1050 

4.22 

1200 

4.04 

1350 

3.88 

1525 

3.74 

1700 

3,6 

1950 

3.43 

2250 

3.24 

2600 

3.05 

3000 

2,8 

Figure  15.  Plot  of  the  temperature  dependence  of  the  high-pressure 
limiting  rate  constant  for  methyl  radical  association.  The  solid,  the 
dashed,  and  the  dashed— dotted  lines  represent  the  TST  calculations 
from  this  work,  from  ref  28,  and  from  ref  30.  The  dotted  line  denotes 
the  SACM  calculations  from  ref  23.  The  circles  denote  the  experimental 
results  from  refs  14—16. 


A  variety  of  other  theoretical  results  are  also  plotted  in  Figure 
15.  The  study  of  Pacey  and  co-workers^^  is  based  on  a  TST 
method  similar  to  the  present  one,  but  employs  a  potential  based 
on  a  fit  to  a  limited  set  of  ab  initio  data.  Perhaps  not  surprisingly, 
their  results  are  similar  to  the  present  ones. 

The  study  of  Wagner  and  Wardlaw^®  is  based  on  an  earlier 
TST-based  study  of  Wardlaw  and  Marcus.^^  The  primary 
difference  between  these  studies^^’^®  and  that  of  Pacey  and  co- 
workers^^  is  in  the  use  of  a  more  empirical  potential  energy 
surface.  A  key  parameter  in  the  study  of  Wagner  and  Wardlaw 
was  adjusted  to  allow  their  RRKM  based  calculations  to 
accurately  reproduce  the  pressure-dependent  rate  constants  from 
ref  15.  Thus,  the  discrepancy  between  the  present  results  and 
those  of  ref  28  is  another  indication  of  our  apparent  overestimate 
of  the  high-pressure  limit  rate  constant  for  high  temperatures. 
Although  not  shown  here,  the  hindered  Gorin  model  calculations 
of  ref  31  are  similar  to  those  of  Wagner  and  Wardlaw. 

Cobos  and  Troe^^  have  provided  empirical  statistical  adiabatic 
channel  model  (SACM)  results  which  are  clearly  the  most 
distinctly  different  from  the  present  ones.  In  these  SACM 
calculations  the  a  and  parameters  that  characterize  the 
potential  were  adjusted  to  produce  a  small  rise  in  the  high- 
pressure  rate  constant  with  increasing  temperature.  In  contrast, 
the  present  a  priori  TST  calculations  suggest  a  decrease  by  a 
factor  of  1.7  from  300  to  1700  K.  Due  to  the  difficulty  of 
measuring  the  high-pressure  limit  at  temperatures  above  500 
K,  it  is  currently  not  possible  to  resolve  the  question  of  the 
temperature  dependence  of  Lc  from  experimental  data  alone. 
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Figure  16.  Plot  of  the  temperature  dependence  of  the  transition  state 
location  (dashed  line;  right  axis)  and  the  interaction  potential  along 
the  reaction  path  (solid  line;  left  axis). 


The  sign  and  the  magnitude  of  this  temperature  dependence 
for  radical  radical  recombinations  are  of  considerable  funda¬ 
mental  interest.  The  separation  into  the  conserved  and  transi¬ 
tional  modes  allows  one  to  consider  the  individual  contributions 
to  this  temperature  dependence.  Considering  only  the  transitional 
modes  (i.e,,  ignoring  both  the  effect  of  the  geometric  relaxation 
of  the  methyl  radicals  on  the  energies  and  the  variations  of  the 
methyl  radical  vibrational  frequencies)  leads  to  a  predicted  drop 
by  a  factor  of  2.9  over  this  same  temperature  range.  This  drop 
is  due  to  the  increasing  hindrance  of  the  relative  orientational 
motions  of  the  two  fragments  as  the  interfragment  separation 
decreases. 

The  conserved  mode  variations  have  two  competing  effects 
on  the  temperature  dependence.  The  relaxation  energy  (arising 
from  the  geometric  relaxation  of  the  internal  coordinates  of  the 
methyl  radicals)  yields  a  rise  in  the  rate  constant  by  a  factor  of 
2.2  over  this  temperature  range,  while  the  variation  in  their 
frequencies  leads  to  a  decrease  by  a  factor  of  1.3.  The  umbrella 
mode  is  the  dominant  component  in  both  these  variations.  The 
net  effect  of  the  conserved  mode  variations  corresponds  to  an 
increase  by  a  factor  of  1.7  from  300  to  1700  K. 

The  variation  of  the  CC  separation  at  the  transition  state  with 
temperature  is  illustrated  in  Figure  16.  The  results  plotted  therein 
are  for  the  optimum  CC  separation  with  the  pivot  points  0.4  A 
away  from  the  C  atoms.  The  canonical  rate  constants  for  the 
center-of-mass  pivot  points  were  generally  higher,  but  only  by 
a  few  percent.  The  transition  state  location  is  seen  to  decrease 
quite  dramatically  with  decreasing  separation,  decreasing  from 
about  4.0  A  near  room  temperature  to  3.0  A  near  1500  K.  The 
minimum-energy  path  potential  at  these  separations  is  remark¬ 
ably  large. 

The  present  calculations  have  focused  on  the  contribution 
from  solely  the  ground  singlet  state.  The  lowest  triplet  state  is 
asymptotically  degenerate  with  the  ground  singlet  state.  Thus, 
at  large  separations,  the  triplet  state  may  make  a  nonnegligible 
contribution  to  the  reactive  flux.  The  size  of  this  contribution 
is  limited  in  part  by  the  rate  of  intersystem  crossing  to  the  ground 
singlet  state.  The  maximum  contribution  would  arise  for  rapid 
electronic  equilibration  throughout  the  transition  state  region. 
In  this  instance,  the  transition  state  number  of  states  may  be 
equated  with  the  minimum  in  the  sum  of  the  number  of  available 
states  for  motion  on  both  the  singlet  and  triplet  states,  including 
an  electronic  degeneracy  factor  of  3  for  the  triplet  state: 
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The  evaluation  of  the  triplet  potential  along  the  reaction  path 
(cf.  Figure  7)  allows  for  a  crude  estimate  of  the  maximum 
contribution  from  the  triplet  state.  This  estimate  employed  a 
triplet  state  potential  given  by  the  sum  of  the  orientation- 
dependent  singlet  state  potential  and  the  orientation-independent 
singlet— triplet  splitting  along  the  reaction  path.  This  maximum 
contribution  decreases  from  60%  of  the  singlet  state  contribution 
at  200  K  to  40%  at  300  K  and  20%  at  500  K,  and  continues  to 
decrease  with  increasing  temperature.  The  good  agreement 
observed  between  theory  and  experiment  for  the  singlet  rate 
near  room  temperature  suggests  that  the  triplet  state  contribution 
is  likely  much  smaller  due  to  a  slow  intersystem  crossing  rate. 
Similar  observations  were  made  for  the  H  +  ethyl  and  H  + 
vinyl  reactions. 

The  primary  results  here  employ  both  a  Davidson  correction 
for  multiple  excitations  and  an  orientation-independent  reaction 
path  basis  set  correction.  The  effect  of  these  corrections  provides 
some  indication  of  the  uncertainties  due  to  the  accuracy  of  the 
ab  initio  potential.  Neglecting  the  basis  set  correction  yielded 
rate  constants  which  were  25—40%  lower.  Further  basis  set 
corrections  would  be  expected  to  yield  substantially  smaller 
corrections.  The  calculations  employ  an  unnormalized  Davidson 
correction  which  has  the  effect  of  increasing  the  rate  by  20— 
30%.  A  rough  estimate  of  the  probable  error  in  this  correction 
can  be  made  by  repeating  the  calculations  using  a  normalized 
Davidson  correction  (unnormalized  Davidson  corrections  typi¬ 
cally  underestimate  the  effect  of  higher  order  correlations  while 
normalized  Davidson  corrections  often  overestimate  the  impor¬ 
tance  of  these  effects).  In  this  case,  using  the  normalized 
Davidson  correction  increases  the  rate  by  3— 7%  relative  to  using 
the  unnormalized  Davidson  correction. 

V.  Concluding  Remarks 

The  direct  implementation  of  14  600  ab  initio  data  points 
within  a  phase  space  integral  based  version  of  VTST  yields  high- 
pressure  bimolecular  rate  constants,  koo(T),  which  are  in  quan¬ 
titative  agreement  with  experiment  near  room  temperature.  The 
generation  of  this  many  data  points  yields  Monte  Carlo 
integration  uncertainties  on  the  order  of  10%  or  less  for  each 
of  the  transition  state  dividing  surfaces  considered.  The  underly¬ 
ing  quantum  chemical  estimates  are  based  on  calculations  at 
the  CAS+l+2/cc-pvdz  level  but  also  include  corrections  for 
basis  set  limitations  and  higher  level  excitations.  The  modest 
variations  for  neglect  of  basis  set  corrections  and/or  Davidson 
corrections  suggest  that  any  errors  in  the  quantum  chemical 
estimates  are  likely  of  only  minor  importance. 

The  present  a  priori  theoretical  estimates  provide  strong 
evidence  for  a  decrease  in  k^{T)  with  increasing  temperature. 
The  increasing  hindrance  of  the  relative  orientational  modes  is 
the  dominant  factor  in  this  decrease  which  amounts  to  an  overall 
decrease  by  a  factor  of  1.7  from  300  to  1700  K.  Changes  in  the 
umbrella  mode  geometry  and  vibrational  frequency  actually 
yield  a  contribution  which  increases  with  temperature. 

The  theoretical  and  experimental  results  for  the  pressure 
dependence  of  the  bimolecular  rate  become  increasingly  dis¬ 
cordant  as  the  temperature  rises.  Such  discrepancies  may  be 
indicative  of  failures  in  either  the  model  for  the  pressure 
dependence  or  of  an  overestimate  of  koo(T)  at  higher  tempera¬ 
tures.  Sample  calculations  illustrated  that  the  latter  explanation 
would  require  an  overestimate  by  about  a  factor  of  2— 3  for 
temperatures  of  about  1200—1700  K.  An  empirical  reduction 
of  the  underlying  transition  state  number  of  states  yielded 
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pressure-dependent  rate  constants  which  were  in  good  agreement 
with  the  experimental  data. 

It  is  interesting  to  consider  the  possible  failures  in  the 
theoretical  calculations  which  might  lead  to  such  an  overestimate 
of  kUT).  One  possibility  is  simply  that  the  underlying  quantum 
chemistry  is  not  accurate  enough.  However,  the  basis  set  and 
Davidson  corrections  are  small  enough  to  suggest  that  this  is 
unlikely.  Alternatively,  the  transition  state  evaluations  may  not 
be  accurate  enough.  For  example,  the  coupling  of  the  conserved 
and  transitional  modes  becomes  more  important  as  the  temper¬ 
ature  rises.  This  coupling  has  been  approximately  accounted 
for  via  the  incorporation  of  the  geometrical  relaxation  effects 
and  the  variation  of  the  conserved  mode  frequencies  along  the 
reaction  path.  However,  such  corrections  may  be  inadequate. 
The  consideration  of  only  two  different  forms  for  the  transition 
state  dividing  surface  might  also  lead  to  some  overestimate  of 
the  association  rate  constant.  The  present  model  for  the  pressure 
dependence  of  the  kinetics  may  also  be  inadequate. 

Each  of  the  above-mentioned  inadequacies,  while  not  neces¬ 
sarily  insignificant,  do  not  seem  likely  to  yield  the  necessary 
major  corrections.  An  intriguing  alternative  possibility  is  that 
the  fraction  of  trajectories  which  are  directly  repulsive  increases 
with  temperature  ultimately  becoming  the  dominant  fraction. 
These  directly  repulsive  trajectories  would  be  high  collision 
energy  trajectories  which  come  in  to  a  close  separation  and  then 
immediately  turn  around  and  dissociate  back  to  reactants.  Such 
trajectories  would  cross  any  configuration-based  dividing  surface 
and  thus  result  in  an  overestimate  of  the  effective  association 
rate  constant.  In  the  true  infinite  pressure  limit,  such  trajectories 
could  also  be  stabilized.  However,  the  immediacy  of  their  return 
suggests  that  such  stabilization  would  generally  not  arise  for 
realistic  experimental  pressure  ranges.  The  H  +  O2  reaction 
provides  an  interesting  example  of  a  case  where  such  trajectories 
do  appear  to  occupy  a  major  fraction  of  phase  space.^^’^^  An 
empirical  model  for  correcting  for  the  effect  of  such  repulsive 
trajectories  has  been  provided  by  Truhlar.^*^ 
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This  paper  addresses  the  issue  of  internal  consistency  in  the  molecular  dynamics  with  quantum  transitions 
(MDQT)  surface  hopping  method.  The  MDQT  method  is  based  on  Tully’s  fewest  switches  algorithm,  which 
is  designed  to  ensure  that  the  fraction  of  trajectories  on  each  surface  is  equivalent  to  the  corresponding  average 
quantum  probability  determined  by  coherent  propagation  of  the  quantum  amplitudes.  For  many  systems, 
however,  this  internal  consistency  is  not  maintained.  Two  reasons  for  this  discrepancy  are  the  existence  of 
classically  forbidden  transitions  and  the  divergence  of  the  independent  trajectories.  This  paper  presents  a 
modified  MDQT  method  that  improves  the  internal  consistency.  The  classically  forbidden  switches  are 
eliminated  by  utilizing  modified  velocities  for  the  integration  of  the  quantum  amplitudes,  and  the  difficulties 
due  to  divergent  trajectories  are  alleviated  by  removing  the  coherence  of  the  quantum  amplitudes  when  each 
trajectory  leaves  a  nonadiabatic  coupling  region.  The  standard  and  modified  MDQT  methods  are  compared 
to  fully  quantum  calculations  for  a  classic  model  for  ultrafast  electronic  relaxation  (i.e.,  a  two-state  three¬ 
mode  model  of  the  conically  intersecting  Si  and  S2  excited  states  of  pyrazine).  The  standard  MDQT  calculations 
exhibit  significant  discrepancies  between  the  fraction  of  trajectories  in  each  state  and  the  corresponding  average 
quantum  probability.  The  modified  MDQT  method  leads  to  remarkable  internal  consistency  for  this  model 
system. 


I.  Introduction 

Trajectory  surface  hopping  methods  have  been  used  exten¬ 
sively  to  study  processes  occuring  on  multiple  coupled  potential 
energy  surfaces.  In  these  methods  the  system  is  divided  into  a 
quantum  and  a  classical  subsystem.  The  classical  subsystem  is 
approximated  as  an  ensemble  of  independent  trajectories,  and 
each  trajectory  moves  classically  on  a  single  potential  energy 
surface  with  the  possibility  of  instantaneous  transitions  among 
the  surfaces.  The  various  surface  hopping  methods^"^^  differ 
mainly  in  how  these  transitions  are  incorporated.  This  paper 
centers  on  the  molecular  dynamics  with  quantum  transitions 
(MDQT)  method,  which  is  based  on  Tally’s  stochastic  fewest 
switches  algorithm.  In  this  algorithm  the  quantum  amplitudes 
for  all  surfaces  are  propagated  coherently  along  each  indepen¬ 
dent  trajectory,  and  the  probability  of  a  transition  depends  on 
the  rate  of  change  of  the  quantum  probabilities  determined  from 
the  quantum  amplitudes.  The  number  of  transitions  is  minimized 
by  specifying  that  the  flux  of  trajectories  switching  from  one 
state  to  another  is  unidirectional  over  a  specified  time  interval. 
This  algorithm  is  designed  to  ensure  that  the  fraction  of 
trajectories  on  each  surface  is  equivalent  to  the  corresponding 
average  quantum  probability.  As  has  been  noticed  in  the 
literature,  however,  this  internal  consistency  is  not  always 
maintained.^^’^^  The  goal  of  this  paper  is  to  identify  the  reasons 
for  this  discrepancy  and  to  develop  methods  for  improving  the 
internal  consistency  of  MDQT.  These  new  methods  are  applied 
to  a  model  of  the  conically  intersecting  Si  and  S2  excited  states 
of  pyrazine.  This  model  system  was  chosen  because  it  is  a 
classic  example  of  ultrafast  electronic  relaxation^"^"^®  and  was 
previously  found  to  exhibit  a  significant  discrepancy  between 
the  fraction  of  trajectories  in  each  state  and  the  corresponding 
average  quantum  probability  in  MDQT  calculations.^^ 
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The  reason  often  cited  for  the  internal  inconsistency  in  MDQT 
is  the  existence  of  classically  forbidden  transitions.  In  MDQT, 
energy  is  conserved  during  a  transition  by  adjusting  the  classical 
velocities  as  if  they  were  subjected  to  a  force  in  the  direction 
of  the  nonadiabatic  coupling  vector.  If  there  is  not  enough 
velocity  in  this  direction  to  maintain  energy  conservation,  then 
the  transition  is  classically  forbidden  and  is  not  allowed  to  occur. 
(In  this  case,  the  component  of  velocity  in  the  direction  of  the 
nonadiabatic  coupling  is  reversed^  ^  or,  in  some  implementations, 
the  velocity  is  not  changed. Such  classically  forbidden 
transitions  lead  to  an  inconsistency  between  the  fraction  of 
trajectories  in  each  state  and  the  corresponding  average  quantum 
probability.  The  most  rigorous  way  to  fix  this  problem  is  to 
increase  the  size  of  the  quantum  mechanical  subsystem  or  to 
use  semiclassical  formulations.  Unfortunately,  a  sufficiently 
large  quantum  mechanical  subsystem  is  often  computationally 
impractical  and,  although  a  number  of  promising  semiclassical 
formulations  have  been  developed  recently , the  surface 
hopping  approach  is  still  appealing  due  to  its  conceptual 
simplicity  and  computational  speed. 

Classically  forbidden  transitions  can  be  eliminated  in  the 
framework  of  the  MDQT  method  in  a  number  of  ways.  One 
hypothesis  is  that  the  forbidden  transitions  should  occur  and 
that  the  fundamental  limitation  is  the  method  of  velocity 
adjustment.  In  this  case,  classically  forbidden  transitions  can 
be  eliminated  by  taking  energy  from  other  components  of  the 
velocities,  delaying  the  transition  until  the  energy  is  available 
in  the  appropriate  component  of  the  velocities,  or,  if  all  else 
fails,  violating  energy  conservation.  An  alternative  hypothesis 
is  that  the  forbidden  transitions  should  not  occur  and  that  the 
fundamental  limitation  is  the  method  of  integrating  the  quantum 
amplitudes.  In  support  of  this  alternative  view,  Muller  and 
Stock^^  found  that  for  the  pyrazine  model  the  agreement  with 
exact  quantum  calculations  was  much  better  for  the  fraction  of 


©  1999  American  Chemical  Society 
Web  09/23/1999 


9400  /  Phys.  Chem.  A,  Vol  103,  No.  47,  1999 


Fang  and  Hammes-Schiffer 


trajectories  in  each  state  than  for  the  corresponding  average 
quantum  probability. 

Adopting  this  alternative  view,  in  a  previous  paper^®  we 
presented  a  modification  of  MDQT  (denoted  MDQT*)  that 
ehminates  classically  forbidden  transitions  by  utilizing  modified 
velocities  for  the  integration  of  the  quantum  amplitudes.  In  this 
approach,  the  nonadiabatic  couphng  between  two  states  vanishes 
if  a  switch  to  the  unoccupied  state  would  be  classically 
forbidden.  As  a  result,  the  quantum  amplitudes  between  these 
two  states  are  uncoupled  so  population  is  not  transferred  between 
these  two  states.  According  to  the  fewest  switches  algorithm, 
in  this  case  the  probability  of  a  transition  between  these  two 
states  vanishes.  In  ref  50  we  applied  both  MDQT  and  MDQT* 
to  models  representing  single  and  double  proton  transfer  and 
found  that  both  MDQT  and  MDQT*  maintained  internal 
consistency.  In  this  paper  we  apply  MDQT*  to  the  pyrazine 
model  system  to  provide  a  more  rigorous  test  of  MDQT*.  We 
show  that  even  in  the  absence  of  classically  forbidden  switches 
the  MDQT*  method  does  not  maintain  internal  consistency  for 
this  model  system. 

Another  reason  for  the  lack  of  internal  consistency  in  MDQT 
is  that  the  divergence  of  independent  trajectories  may  lead  to  a 
breakdown  in  the  basic  assumption  of  the  fewest  switches 
algorithm.  This  basic  assumption  is  that  when  a  trajectory  passes 
through  a  nonadiabatic  coupling  region  with  nonzero  quantum 
amplitudes  for  the  other  surfaces,  an  ensemble  of  virtually 
identical  trajectories  (i.e.,  with  similar  quantum  amplitudes  and 
classical  coordinates  and  momenta)  are  apportioned  among  the 
other  surfaces  according  to  these  quantum  amplitudes.  (Note 
that  the  trajectories  are  expected  to  vary  slightly  due  to  different 
initial  conditions.)  Typically,  this  assumption  is  valid  for  one¬ 
dimensional  systems  involving  a  single  pass  through  a  single 
nonadiabatic  coupling  region.  Unfortunately,  this  assumption 
is  violated  in  many  other  situations.^ ^ 

A  dramatic  example  of  the  breakdown  of  the  fewest  switches 
algorithm  can  be  illustrated  with  a  two-state  model  with  two 
nonadiabatic  coupling  regions.  Assume  all  of  the  population 
starts  on  the  upper  state,  and  when  it  passes  through  the  first 
nonadiabatic  coupling  region  some  of  the  population  transfers 
down  to  the  lower  state.  Assume  also  that  there  is  a  barrier  on 
the  lower  state  preventing  the  lower  state  population  from 
reaching  the  second  nonadiabatic  coupling  region.  In  this  case, 
when  the  upper  state  population  passes  through  the  second 
nonadiabatic  coupling  region  the  quantum  amplitudes  of  the 
trajectories  are  nonzero  for  the  lower  state,  but  there  are  no 
trajectories  on  the  lower  state  in  this  nonadiabatic  coupling 
region.  As  a  result,  the  population  flux  determined  by  the  net 
change  in  quantum  probabilities  for  the  trajectories  on  the  upper 
state  is  inaccurate.  (See  ref  51  for  a  clear  and  comprehensive 
analysis  of  such  situations.) 

A  breakdown  of  the  fewest  switches  algorithm  could  also 
occur  for  a  single  pass  through  a  single  nonadiabatic  coupling 
region  if  the  potential  energy  surfaces  are  of  very  different 
character  in  this  region  (leading  to  different  quantum  amplitudes 
and  classical  coordinates  and  momenta  of  the  trajectories  on 
each  state).  Figure  1  depicts  a  schematic  illustration  of  such  a 
situation  for  a  two-state  model,  where  P2  and  F2  indicate  the 
average  quantum  probability  and  fraction  of  trajectories,  re¬ 
spectively,  for  the  upper  state  in  an  MDQT  simulation.  As 
shown  in  Figure  la,  all  of  the  population  is  assumed  to  start  on 
the  upper  state.  As  the  population  passes  through  the  nonadia¬ 
batic  coupling  region,  it  starts  to  transfer  down  to  the  lower 
state.  If  the  lower  and  upper  state  surfaces  are  similar  throughout 
the  nonadiabatic  coupling  region,  the  internal  consistency  will 
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Figure  1.  A  schematic  picture  of  the  effects  of  divergent  trajectories 
in  MDQT  simulations,  where  P2  and  F2  denote  the  average  quantum 
probability  and  the  fraction  of  trajectories,  respectively,  in  the  upper 
state.  The  populations  for  the  two  states  are  shown  for  (a)  the  initial 
time,  (b)  an  intermediate  time,  and  (c)  the  final  time.  The  different 
orientations  of  the  arrows  within  (b)  and  (c)  indicate  that  the  trajectories 
are  moving  in  different  directions. 

be  maintained.  If  the  two  surfaces  differ,  however,  the  trajec¬ 
tories  on  the  lower  state  may  diverge  and  follow  different  paths 
as  they  leave  the  nonadiabatic  coupling  region.  In  Figure  1,  the 
internal  consistency  is  maintained  between  the  time  shown  in 
Figure  la  and  the  time  shown  in  Figure  lb.  The  arrows  in  Figure 
1,  b  and  c,  indicate  that  after  the  time  shown  in  Figure  lb,  the 
trajectories  on  the  lower  state  move  out  of  the  nonadiabatic 
coupling  region  before  the  trajectories  on  the  upper  state  have 
passed  through  the  nonadiabatic  coupling  region.  The  orienta¬ 
tions  of  the  arrows  indicate  that  the  trajectories  on  the  lower 
state  are  moving  in  a  different  direction  than  those  on  the  upper 
state.  Note  that  this  situation  is  more  likely  for  multidimensional 
systems.  If  the  population  flux  is  unidirectional  (i.e.,  from  the 
upper  to  the  lower  state)  throughout  the  coupling  region,  this 
divergence  will  not  affect  the  final  fraction  of  trajectories  in 
each  state.  On  the  other  hand,  this  divergence  will  lead  to  an 
internal  inconsistency  because  the  quantum  amplitudes  of  the 
divergent  trajectories  will  not  be  consistent  with  the  quantum 
amplitudes  of  the  trajectories  that  continued  to  move  on  the 
excited  state.  Thus,  as  illustrated  in  Figure  Ic,  the  fraction  of 
trajectories  on  each  state  may  be  correct  after  passing  through 
this  nonadiabatic  coupling  region,  but  the  internal  consistency 
will  not  be  maintained.  In  this  paper  we  present  evidence  that 
this  is  the  main  source  of  the  discrepancies  noticed  by  Muller 
and  Stock  for  the  pyrazine  model  system. 

This  inconsistency  can  be  alleviated  by  eliminating  the 
coherence  of  the  quantum  amplitudes  between  well-separated 
regions  of  nonadiabatic  coupling.  In  this  paper  we  present  a 
method  in  which  the  quantum  amplitudes  are  reset  so  that  the 
occupied  state  has  a  quantum  probability  of  unity  after  each 
trajectory  has  left  the  nonadiabatic  coupling  region,  (Note  that 
this  type  of  resetting  of  the  quantum  amplitudes  was  also 
proposed  in  ref  51.  Also  note  that  the  resetting  of  the  quantum 
amplitudes  will  affect  the  number  of  classically  forbidden 
transitions.)  We  emphasize  that  resetting  the  quantum  amplitudes 
is  not  a  general  solution  to  this  inherent  problem  of  mixed 
quantum/classical  methods.  Clearly  this  prescription  would  be 
inappropriate  for  systems  where  the  quantum  interference 
between  nonadiabatic  coupling  regions  is  important.^^*^^  For 
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many  systems,  however,  such  quantum  interference  effects  are 
washed  out  due  to  decoherence  in  condensed  phase  systems  or 
averaging  over  a  range  of  initial  conditions.  In  these  cases  this 
method  for  promoting  internal  consistency  in  MDQT  is  physi¬ 
cally  justified.  We  point  out  that  similar  methods  involving  the 
removal  of  the  coherence  of  the  quantum  amplitudes  have  been 
applied  previously  in  conjunction  with  a  variety  of  surface 
hopping  methods.'^’^'^’^'^  Moreover,  Rossky  and  co-workers  have 
performed  a  thorough  analysis  of  the  treatment  of  coherence  in 
surface  hopping.^^*^^ 

An  outline  of  this  paper  is  as  follows.  Section  II  presents  the 
model  system  for  internal  conversion  in  pyrazine,  including  the 
diabatic  and  adiabatic  Hamiltonian  matrices  for  this  system. 
Section  III  describes  the  methodology  for  fully  quantum 
dynamical  and  mixed  quantum/classical  MDQT  calculations. 
This  section  also  presents  modifications  of  MDQT  to  eliminate 
classically  forbidden  transitions  and  to  remove  the  coherence 
of  the  quantum  amplitudes  far  from  regions  of  nonadiabatic 
coupling.  Section  IV  presents  the  results  and  compares  the 
various  methods,  and  section  V  presents  our  conclusions. 

II.  Model  System 

The  model  system  investigated  in  this  paper  is  a  two-state 
three-mode  model  of  the  conical  intersection  of  the  Si[^B3u 
(njr*)]  and  S2[^B2u(^^*)]  excited  states  of  pyrazine.  This  conical 
intersection  has  been  shown  to  trigger  an  ultrafast  S2  ^  Si 
internal  conversion  process  and  a  dephasing  of  the  vibrational 
motion  on  a  femtosecond  time  scale.^"^’^^  The  model  used  in 
this  paper  includes  a  single  vibronic  coupling  mode  vioa  and 
two  totally  symmetric  tuning  modes  vu  V6a  (which  modulate 
the  energetic  separation  of  the  electronic  states).  This  model 
invokes  the  following  standard  simplifications (1)  the  model 
Hamiltonian  is  constructed  in  a  diabatic  electronic  basis;  (2) 
the  harmonic  approximation  is  invoked  for  the  diabatic  potential 
energy  surfaces  and  the  vibrational  frequencies  are  assumed  to 
be  equal  for  all  of  the  unperturbed  surfaces;  and  (3)  interstate 
and  intrastate  coupling  terms  are  approximated  by  linear  terms 
in  the  normal  coordinates.  This  model  has  been  used  throughout 
the  literature  as  a  standard  example  of  ultrafast  electronic 
relaxation. (Note  that  other  models  for  conical  intersections 
have  also  been  studied  with  similar  methods.^^) 

The  Hamiltonian  is  defined  in  terms  of  the  two  diabatic 
electronic  basis  states  and  that  represent  the  two 
lowest  excited  singlet  states  (Si  and  S2)  of  pyrazine.  The 
Hamiltonian  matrix  in  the  diabatic  representation  can  be 
expressed  as 


Here  coj  is  the  vibrational  frequency  and  xj  and  pj  are  the  position 
and  momentum  of  the  7th  vibrational  mode,  where  7  =  1 
represents  the  tuning  mode  vi,7  =  2  represents  the  tuning  mode 
Vea,  and  7  =  3  represents  the  vibronic  coupling  mode  Vioa-  For 
this  model  the  mass  corresponding  to  mode  7  is  mj  =  l/wj  with 
the  appropriate  units  conversion.  In  this  paper  the  coordinates 
of  the  modes  are  expressed  in  vector  notation  as  x  =  (xu  X2, 
X3),  i  is  the  identity  matrix,  and  —  1.  In  the  state-dependent 
part  of  the  Hamiltonian,  Ej,  is  the  vertical  transition  energy  of 
the  diabatic  state  k  and  is  the  gradient  of  the  excited  state 
potential  k  with  respect  to  xj  at  the  ground  state  equilibrium 
geometry.  The  off-diagonal  term  1x3  is  responsible  for  the 
vibronic  coupling  between  the  two  electronic  states.  The  values 
of  the  parameters  for  this  model  are  given  in  Table  I  of  ref  33, 
Although  the  diabatic  representation  is  useful  for  fully 
quantum  dynamical  calculations,  the  adiabatic  representation 
is  more  appropriate  for  surface  hopping  calculations.  As  shown 
in  ref  55,  the  transformation  from  the  diabatic  to  the  adiabatic 
representation  is  given  by 

(4) 

where  the  adiabatic  basis  states  are  expressed  in  vector  notation 
as 
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and  the  diabatic  basis  states  are  expressed  in  vector  notation  as 
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The  transformation  matrix  can  be  expressed  as 
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and  A  is  half  the  energy  gap  between  the  diabatic  electronic 
surfaces  at  x: 


In  the  first  term,  Tn  is  the  kinetic  energy  expressed  as 

7’n='/2X«»>p/  (2) 

and  Vo  is  a  harmonic  oscillator  potential  with  respect  to  the 
electronic  ground  state  equilibrium  geometry 

3 

(3) 

7=1 


Note  that  the  S  matrix  is  a  double-valued  function  of  the 
coordinates  x.  In  this  paper  we  define  a  unique  S  matrix  by 
following  the  prescription  given  in  ref  56  of  setting  the  signs 
of  Su  and  522  equal  to  the  sign  of  X3. 

Invoking  the  Bom—Oppenheimer  approximation,  the  adia¬ 
batic  Hamiltonian  matrix  is 

ft‘'  =  (T^+Vo)t  + 

£  -  (A^  +  0 

0  £  +  (A^  + 


(10) 
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The  two  adiabatic  Bom— Oppenheimer  potential  energy  surfaces 
are  described  by 

w,(x)  =  <-rf,  (12) 

(See  ref  56  for  a  discussion  of  the  non-Bom— Oppenheimer 
terms  in  the  adiabatic  Hamiltonian.) 

III.  Methods 

A.  Fully  Quantum  Dynamical  Method.  The  fully  quantum 
dynamical  calculations  were  performed  in  the  diabatic  repre¬ 
sentation  to  avoid  numerical  difficulties  associated  with  the 
double- valued  nature  of  the  S  matrix.  The  time-dependent  wave 
function  W(x,r)  can  be  expressed  in  terms  of  the  diabatic  basis 
states  as 

W(x,0  =  X\{x,t)xpf  +  %2(x.0V'f  (13) 

where  Xk{^4)  is  the  vibrational  wave  function  corresponding  to 
the  diabatic  state  Substituting  this  equation  for  ^(x,0 

into  the  time-dependent  Schrodinger  equation  using  the  diabatic 
Hamiltonian  matrix  given  in  eq  10  leads  to  the  two  coupled 
equations  of  motion 

=  V,,{x)xT(x,t)  +  y,2(x)xf  (x,0 


Fang  and  Hammes-Schiffer 

where  x  denotes  the  time  derivatives  of  the  coordinates  x  and 
d^;  is  the  nonadiabatic  coupling  vector  defined  as 

2 

dy  =  (l/'f  IV.V'f)  =  (18) 

/=1 

for  j  ^  k  and  dkk  =  0.  In  density  matrix  notation,  the  density 
matrix  elements  are  defined  as  Okj  ~  CkC*,  where  the  diagonal 
density  matrix  elements  are  the  occupation  probabilities  of 
the  adiabatic  states,  and  the  off-diagonal  elements  Okj  describe 
the  coherence.  In  practice,  eqs  15  and  17  are  integrated 
numerically  to  simultaneously  propagate  the  coordinates  and 
momenta  (x,  p)  and  the  quantum  amplitudes  Cj. 

The  surface  hopping  calculations  in  this  paper  are  based  on 
the  molecular  dynamics  with  quantum  transitions  (MDQT) 
surface  hopping  method.  The  MDQT  method  implements 
Tully’s  fewest  switches  algorithm,’^  which  is  designed  to 
correctly  apportion  trajectories  among  the  states  according  to 
the  quantum  probabilities  \Cj(t)\^  with  the  minimum  required 
number  of  quantum  transitions.  In  this  algorithm  the  probability 
of  switching  states  is  defined  in  terms  of  the  rate  of  change  of 
the  occupation  probabilities,  which  can  be  derived  from  eq  17 
to  be 

(19) 

j^k 

where 

I’jk  =  -2Re(aj^-dp  (20) 


ixf\x,t)  =  V,,(x)xf\x,t)  +  V,,ix)xf\x,t)  (14) 

where  are  matrix  elements  of  the  matrix  —  T^l.  We 
solve  these  equations  of  motion  using  the  predictor— corrector 
method  with  the  discrete  variable  representation.  These  results 
are  converted  to  the  adiabatic  representation  for  comparison  to 
the  surface  hopping  results  using  the  projector  operator  defined 
in  ref  55. 

B.  Surface  Hopping  Methods.  1.  Standard  MDQT  Method. 
In  surface  hopping  methods  the  classical  subsystem  moves 
according  to  the  standard  classical  equations  of  motion 


(15) 


where  Wit(x)  (defined  in  eq  12)  is  the  potential  energy  of  the 
occupied  adiabatic  state.  The  time-dependent  wave  function 
describing  the  quantum  mechanical  state  at  time  t  is  expanded 
in  terms  of  the  two  adiabatic  states 


'P(X4)  =  C,(0V'f(x)  +  C^mfix)  (16) 

where  C/(0  are  complex-valued  expansion  coefficients  (i.e., 
quantum  amplitudes).  Note  that  the  adiabatic  states  are  also  time- 
dependent  through  the  classical  trajectory  x(0.  Substitution  of 
the  wave  function  W(x,0  into  the  time-dependent  Schrodinger 
equation  using  the  adiabatic  Hamiltonian  matrix  given  in 
eq  10  leads  to  the  following  equations  of  motion  for  the  quantum 
amplitudes: 

2 

(17) 
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The  rate  of  change  of  the  occupation  probability  for  state  k  due 
to  coupling  with  state  j  is  bkj,  so  the  change  in  the  occupation 
probability  for  state  k  due  to  coupling  with  state  j  over  a  short 
time  interval  dt  is  bkjdt.  The  number  of  state  switches  is 
minimized  by  assuming  that  the  flux  of  probability  between 
each  pair  of  states  results  from  probability  transferring  in  only 
one  direction.  According  to  this  algorithm,  the  probability  of 
switching  from  the  current  state  k  to  another  state  j  during  the 
time  interval  between  t  and  r  +  (5r  is 

gki(t,dt)  =  max(o,-^)  (21) 

\  ^kk  I 

where  bjk  and  akk  are  assumed  to  remain  approximately  constant 
during  the  short  time  interval  dt  and  thus  can  be  evaluated  either 
at  time  t  or  at  time  t  +  dt.  If  bjk  <  0  then  the  occupation 
probability  of  the  occupied  state  k  can  be  viewed  as  increasing 
due  to  coupling  with  state  7,  so  the  probability  of  switching  from 
state  k  to  state  j  is  zero.  On  the  other  hand,  if  bjk  >  0  then  the 
occupation  probability  of  the  occupied  state  k  can  be  viewed 
as  decreasing  due  to  coupling  with  state  7,  so  the  probability  of 
switching  from  state  k  to  state  7  is  bjkdtiakh  References  14  and 
22  illustrate  that  this  algorithm  achieves  the  correct  statistical 
populations  of  the  states  for  model  systems. 

In  order  to  determine  whether  a  switch  to  any  state  7  will 
occur,  a  uniform  random  number  §  (0  <  §  <  1)  is  selected  at 
each  time  step  in  the  trajectory.  For  example,  for  a  two-state 
system,  if  the  occupied  state  k~  1  then  a  switch  to  state  2  will 
occur  if  §  <  gi2.  If  a  switch  to  a  different  state  7  does  occur 
and  if  Wk  ^  Wj,  then  the  velocities  must  be  adjusted  in  order  to 
conserve  total  energy.  The  velocities  should  be  adjusted  as  if 
they  were  subjected  to  a  force  in  the  direction  of  the  nonadiabatic 
coupling  vector. As  derived  in  ref  15,  the  new  velocities  x' 
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can  be  calculated  as  follows: 

x'i  =  Xi-YkAjmi  (22) 


where  specifies  the  /th  component  of  the  three-dimensional 
vector  djy,  and 


where 
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(25) 
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and 
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Note  that  a  switch  can  occur  only  if 

Pkf  +  4a,/M^,(x)  -  M^.(x)]  >  0  (27) 

Otherwise,  there  is  not  enough  velocity  in  the  direction  of  the 
nonadiabatic  coupling  vector  to  maintain  energy  conservation, 
and  the  system  remains  in  the  initial  quantum  state.  This 
situation  is  denoted  a  classically  forbidden  transition.  Within 
the  framework  of  standard  MDQT,  there  are  two  different 
approaches  for  determining  the  velocities  after  classically 
forbidden  transitions.  In  the  first  approach,  the  component  of 
velocity  in  the  direction  of  the  nonadiabatic  coupling  vector  is 
reversed;  i.e.,  the  velocities  are  changed  according  to  eq  22  with 
Ykj  =  In  the  second  approach,  the  velocities  are  not 

adjusted.^^  In  either  approach,  these  classically  forbidden 
transitions  lead  to  inconsistencies  between  the  fraction  of 
trajectories  F/(r)  in  each  state  i  and  the  corresponding  average 
quantum  probability  (|Cj(0P). 

2.  MDQT"^  Method  for  Eliminating  Classically  Forbidden 
Switches.  Recently  we  presented  a  modified  MDQT  method 
(denoted  MDQT*)  originally  proposed  by  Tully^^  to  eliminate 
classically  forbidden  transitions.  In  MDQT*  the  quantum 
amplitudes  are  integrated  using  modified  velocities  Xyi 

2 

(28) 
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and  the  velocity  Xy*  replaces  x  in  eq  20  for  the  calculation  of  bjk 
used  to  calculate  the  probability  of  switching  from  state  k  to 
state  j.  The  modified  velocities  are  defined  as 


where  x  is  the  classical  velocity  for  the  occupied  state  k,  and 
x'i,  x'p  and  x  are  the  magnitudes  of  the  three-dimensional  vectors 
x'i,  x'p  and  x,  respectively.  (Note  that  Xy  =  Xy/.) 

In  this  paper  we  examine  two  different  approaches  for 
defining  the  modified  velocities  within  the  framework  of 
MDQT*.  In  both  approaches,  x'j  =  0  if  a  switch  from  the 
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occupied  state  k  to  state  j  would  be  classically  forbidden  (i.e., 
if  eq  27  is  not  satisfied).  Otherwise,  in  the  first  approach  x  y  is 
the  velocity  that  would  be  obtained  using  the  prescription  in  eq 
22  to  conserve  total  energy  for  a  transition  from  the  occupied 
state  k  to  state  j,  and  in  the  second  approach  x  y  =  x.  (Note  that 
in  both  approaches  x'k  =  x.)  In  both  MDQT*  approaches,  if  a 
hop  from  state  k  to  state  j  would  be  classically  forbidden,  the 
nonadiabatic  coupling  between  states  k  and  j  vanishes  (i.e.,  all 
components  of  %  are  zero)  so  the  flux  of  quantum  probability 
from  state  k  to  state  j  vanishes  (i.e.,  bjk  =  0).  According  to  the 
fewest  switches  algorithm,  in  this  case  the  probability  of 
switching  from  state  k  to  state  j  is  zero  (i.e.,  gkj  =  0).  Thus,  the 
classically  forbidden  transitions  are  eliminated. 

We  emphasize  that  MDQT*  is  not  based  on  rigorous 
theoretical  grounds,  but  rather  is  a  minor  modification  that 
eliminates  the  classically  forbidden  transitions  while  maintaining 
the  appealing  simplicity  and  computational  speed  of  MDQT. 
MDQT*  is  the  same  as  MDQT  in  that  the  classical  subsystem 
moves  according  to  standard  classical  equations  of  motion  using 
the  positions  x  and  velocities  x  on  the  occupied  state  k. 
Moreover,  MDQT  and  MDQT*  use  the  same  fewest  switches 
algorithm  and  the  same  method  for  scaling  velocities  after  a 
state  switch  to  conserve  total  energy.  MDQT*  differs  from 
MDQT  only  in  the  integration  of  the  quantum  amplitudes,  which 
invokes  the  modified  velocities.  In  the  first  MDQT*  approach, 
the  modified  velocities  are  geometric  averages  of  the  velocities 
in  different  states.  In  the  second  MDQT*  approach,  the  modified 
velocities  are  identical  to  the  standard  velocity  used  in  MDQT 
(i.e.,  the  velocity  for  the  occupied  state)  except  that  the  modified 
velocity  is  set  to  zero  if  a  transition  would  be  classically 
forbidden.  The  second  MDQT*  approach  is  more  appealing  in 
that  it  is  identical  to  standard  MDQT  in  the  absence  of  classically 
forbidden  transitions.  In  both  MDQT*  approaches,  however, 
MDQT*  is  virtually  identical  to  MDQT  far  from  the  nonadia¬ 
batic  coupling  region  (since  the  nonadiabatic  couphng  vanishes) 
and  in  the  strong  coupling  region  (since  the  energy  difference 
between  the  coupled  states  is  so  small  that  the  velocity 
adjustment  due  to  a  transition  would  be  negligible).  Furthermore, 
the  results  in  ref  50  and  in  this  paper  indicate  that  the  MDQT 
and  MDQT*  methods  lead  to  virtually  identical  adiabatic 
populations  (determined  by  the  fraction  of  trajectories  in  each 
adiabatic  state)  for  a  variety  of  model  systems. 

3.  Removal  of  Coherence  of  the  Quantum  Amplitudes.  As 
discussed  in  the  Introduction,  even  in  the  absence  of  classically 
forbidden  switches,  the  fewest  switches  algorithm  does  not 
always  maintain  consistency  between  the  fraction  of  trajectories 
Fi{t)  and  the  average  quantum  probability  (|C/p).  In  standard 
MDQT  the  quantum  amplitudes  are  propagated  coherently 
throughout  each  trajectory.  When  independent  trajectories 
diverge,  this  coherent  propagation  may  lead  to  an  inconsistency 
between  the  fraction  of  trajectories  in  each  state  and  the 
corresponding  average  quantum  probability.  This  internal 
inconsistency  can  be  improved  if  the  quantum  amplitudes  are 
reset  so  that  the  quantum  amplitude  of  the  occupied  state  is 
unity  after  passing  through  a  nonadiabatic  coupling  region.  In 
this  paper  the  quantum  amplitudes  are  reset  when  the  magnitude 
of  the  nonadiabatic  coupling  vector  |di2|  between  the  two 
adiabatic  states  becomes  smaller  than  a  specified  tolerance. 
Clearly  this  resetting  of  the  quantum  amplitudes  is  not  appropri¬ 
ate  for  systems  where  the  quantum  interference  between 
nonadiabatic  coupling  regions  is  important.^^’^^  This  resetting 
of  the  quantum  amplitudes  is  physically  justified,  however,  if 
the  quantum  interference  effects  between  the  nonadiabatic 
coupling  regions  are  washed  out  by  decoherence  effects  or  by 
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averaging  over  a  range  of  initial  conditions.  In  this  paper  the 
resetting  of  the  quantum  amplitudes  is  used  as  a  numerical  tool 
to  correct  a  deficiency  of  the  MDQT  method. 

C.  Initial  Conditions.  The  fully  quantum  calculations  were 
performed  in  the  diabatic  representation.  In  this  case,  the  initial 
wavepacket  is  a  Gaussian  wavepacket  on  the  second  diabatic 
electronic  state: 

^pf\x)  =  0 

V'f  (x)  -  A  exp[-  +  X3^)]  (30) 

where  A  is  a  normalization  factor.  Note  that  the  exponential 
also  includes  a  units  conversion  factor  from  use  of  the  identity 

(Djirij  =  1. 

The  MDQT  calculations  were  performed  in  the  adiabatic 
representation.  In  this  case,  the  initial  conditions  for  the  nuclear 
variables  were  obtained  from  classical  action-angle 
variables:^^*^^ 

jCy(O)  =  sin  Oy 

p/0)  =  cosa,  (31) 

where  the  angles  ay  are  randomly  picked  from  the  interval  [0, 
Tjt].  Again,  these  expressions  include  a  units  conversion  factor 
from  use  of  the  identity  (Ojirij  =  1,  Note  that  these  initial 
conditions  were  chosen  to  allow  direct  comparison  to  the  results 
in  ref  33.  Discrepancies  between  the  fully  quantum  and  MDQT 
initial  conditions  for  the  nuclear  variables  may  be  responsible 
for  small  differences  between  the  MDQT  and  fully  quantum 
calculations.  The  initial  conditions  for  the  quantum  probabilities 
in  the  adiabatic  representation  were  obtained  by  applying  the 
projection  operator  defined  in  ref  55  to  the  initial  wavepacket 
in  the  diabatic  representation.  The  fraction  of  trajectories  starting 
in  each  adiabatic  state  was  chosen  to  be  consistent  with  these 
quantum  probabilities,  and  the  phases  of  the  initial  quantum 
amplitudes  were  set  to  zero.  5000  trajectories  were  propagated 
with  a  time  step  of  0.012  fs  for  each  calculation. 

IV.  Results 

In  this  section  we  present  the  results  of  the  application  of 
the  methods  discussed  in  section  III  to  the  model  system  for 
internal  conversion  in  pyrazine  described  in  section  II.  Figure 
2  depicts  the  time  evolution  of  the  population  (i.e.,  the 
occupation  probability)  of  the  upper  adiabatic  state.  For  the  fully 
quantum  results  we  plot  f  dx  and  for  the  surface 

hopping  results  we  plot  both  the  average  quantum  probability 
(|C2(0P)  and  the  fraction  of  trajectories  F2it).  The  fully  quantum 
results  are  shown  with  solid  lines  and  the  surface  hopping  results 
are  shown  with  dashed  lines.  In  all  cases  the  population  of  the 
upper  adiabatic  state  exhibits  an  ultrafast  initial  decay  within 
less  than  50  fs,  followed  by  a  number  of  weak  recurrences. 

Figure  2a,b  depicts  the  results  of  the  standard  MDQT  method, 
where  in  Figure  2a  the  component  of  velocity  in  the  direction 
of  the  nonadiabatic  coupling  vector  is  reversed  after  a  classically 
forbidden  transition  and  in  Figure  2b  the  velocities  are  not 
altered  after  a  classically  forbidden  transition.  In  both  cases  the 
fraction  of  trajectories  in  the  upper  state  for  the  MDQT 
calculations  agrees  qualitatively  with  the  fully  quantum  results. 
As  shown  previously the  quantitative  agreement  is  better  for 
the  algorithm  in  which  the  velocities  are  not  adjusted  after 
classically  forbidden  transitions.  In  particular,  for  the  results 
with  velocity  reversal  (Figure  2a),  the  first  few  recurrences  are 


weaker,  and  the  recurrences  are  completely  damped  out  at  later 
times.  In  both  MDQT  methods,  however,  the  quantum  prob¬ 
ability  does  not  agree  well  with  the  fraction  of  trajectories, 
indicating  a  significant  internal  inconsistency. 

As  discussed  in  the  Introduction,  the  reason  most  often  cited 
for  this  lack  of  internal  consistency  in  MDQT  is  the  existence 
of  classically  forbidden  transitions.  Figure  3  depicts  the  time 
evolution  of  the  total  number  of  classically  forbidden  transitions 
for  5000  trajectories  (corresponding  to  the  results  in  Figure  2b). 
The  classically  forbidden  transitions  start  to  occur  at  '^5  fs  and 
continue  to  occur  at  a  constant  rate  of  0,02  fs“^  per  trajectory 
(i.e.,  2%  of  the  trajectories  exhibit  a  classically  forbidden 
transition  each  femtosecond).  The  absence  of  a  significant 
number  of  classically  forbidden  transitions  before  ^5  fs  is  due 
to  the  use  of  initial  conditions  with  96%  of  the  trajectories 
starting  on  the  upper  state.  (All  transitions  from  the  upper  to 
the  lower  state  are  allowed.)  The  substantial  number  of 
classically  forbidden  switches  occurring  after  ~5  fs  suggests 
that  this  may  be  a  cause  of  the  internal  inconsistency  in  these 
calculations.  On  the  other  hand,  the  number  of  classically 
forbidden  transitions  increases  at  a  constant  rate,  whereas  the 
discrepancy  between  the  quantum  probability  and  the  fraction 
of  trajectories  becomes  virtually  constant  after  200  fs.  This 
observation  suggests  that  the  classically  forbidden  transitions 
may  not  be  the  main  cause  of  this  discrepancy. 

To  determine  the  degree  to  which  the  classically  forbidden 
transitions  are  responsible  for  the  significant  internal  inconsis¬ 
tency  illustrated  in  Figure  2a, b,  we  applied  the  MDQT*  method 
to  this  model  system.  Figure  2,  c  and  d,  depicts  the  results  of 
the  standard  MDQT*  method  using  the  two  different  prescrip¬ 
tions  discussed  in  section  III.  The  results  are  virtually  identical 
for  the  two  different  prescriptions  and  are  similar  to  the  results 
of  Figure  2b.  The  quantum  probability  still  does  not  agree  well 
with  the  fraction  of  trajectories  for  the  MDQT*  method.  Thus, 
these  results  indicate  that  the  classically  forbidden  transitions 
are  not  responsible  for  the  large  internal  inconsistency. 

As  discussed  in  the  Introduction,  another  cause  of  internal 
inconsistency  is  the  divergence  of  the  independent  trajectories 
in  the  ensemble,  which  may  lead  to  a  breakdown  of  the  basic 
assumption  of  the  fewest  switches  algorithm.  If  the  independent 
trajectories  diverge  while  the  ensemble  is  passing  through  the 
nonadiabatic  coupling  region  and  the  flux  of  population  is 
predominantly  unidirectional  throughout  this  region,  the  fraction 
of  trajectories  in  each  state  could  be  accurate  while  the  average 
quantum  probabilities  are  inconsistent.  In  support  of  this 
hypothesis,  Figure  4  depicts  the  distribution  of  quantum 
probabilities  |C2(0P  after  the  ensemble  has  first  passed  through 
the  nonadiabatic  coupling  region  {t  =  67.7  fs)  for  the  calcula¬ 
tions  shown  in  Figure  2d.  Although  ~30%  of  the  trajectories 
have  a  quantum  probability  less  than  0.1,  the  remaining 
trajectories  have  quantum  probabilities  ranging  from  0.1  to  0.95. 
These  trajectories  must  have  followed  divergent  paths  when  the 
ensemble  passed  through  the  region  of  nonadiabatic  coupling. 
As  a  result,  their  quantum  amplitudes  are  not  representative  of 
the  ensemble. 

This  source  of  the  internal  inconsistency  can  be  eliminated 
by  removing  the  coherence  of  the  quantum  amplitudes  when 
each  trajectory  leaves  the  nonadiabatic  coupling  region.  As 
discussed  in  section  III,  in  our  calculations  the  criterion  for 
resetting  the  quantum  amplitudes  to  unity  for  the  occupied  state 
is  the  magnitude  of  the  nonadiabatic  coupling  vector  |di2| 
becoming  less  than  a  specified  tolerance.  In  our  calculations, 
we  used  a  tolerance  of  0.1  au.  To  justify  this  choice,  Figure  5 
depicts  the  magnitude  of  the  nonadiabatic  coupling  vector  for 
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Figure  2.  Time  evolution  of  the  population  (i.e.,  the  occupation  probability)  of  the  upper  adiabatic  state  for  fully  quantum  and  surface  hopping 
calculations.  The  fully  quantum  results  depict  /  dx  |^f(x,0l^  (solid  line),  and  the  surface  hopping  results  depict  both  the  average  quantum 
probability  (ICaCOP)  (long  dashed  line)  and  the  fraction  of  trajectories  ^2(0  (short  dashed  line),  (a)  Standard  MDQT  with  the  component  of  velocity 
in  the  direction  of  the  nonadiabatic  coupling  vector  reversed  after  classically  forbidden  transitions;  (b)  standard  MDQT  with  no  modification  of  the 
velocities  after  classically  forbidden  transitions;  (c)  standard  MDQT*  with  the  modified  velocity  defined  such  that  Jty  (used  in  eq  29)  is  set  to  zero 
if  a  transition  to  state  j  would  be  classically  forbidden  and  to  the  magnitude  of  the  velocity  that  would  be  obtained  by  conserving  total  energy  after 
a  transition  to  state  j  otherwise;  (d)  standard  MDQT*  with  the  modified  velocity  defined  such  that  x'j  (used  in  eq  29)  is  set  to  zero  if  a  transition 
to  state  j  would  be  classically  forbidden  and  to  x  otherwise;  (e)  MDQT  method  of  Figure  2b  With  quantum  amplitudes  reset  so  that  the  quantum 


probability  of  the  occupied  state  is  unity  when  |di2|  <0.1  au;  (f)  MDQT’ 
probability  of  the  occupied  state  is  unity  when  |di2|  <0.1  au. 


Figure  3,  Time  evolution  of  the  total  number  of  classically  forbidden 
transitions  for  the  5000  MDQT  trajectories  corresponding  to  Figure 
2b. 

three  representative  trajectories.  Note  that  the  tolerance  was 
chosen  to  be  close  to  the  minimum  value  of  |di2|  for  these 
representative  trajectories.  Figure  2,  e  and  f,  depicts  the  results 
of  the  MDQT  and  MDQT*  methods  (corresponding  to  Figure 


method  of  Figure  2d  with  quantum  amplitudes  reset  so  that  the  quantum 


Figure  4.  A  normalized  distribution  of  the  quantum  probabilities  at 
time  /  “  67.7  fs  for  the  MDQT*  results  shown  in  Figure  2d. 

2,  b  and  d)  with  the  coherence  removed  using  this  method.  In 
this  case,  the  quantum  probability  agrees  extremely  well  with 
the  fraction  of  trajectories.  We  emphasize  that  the  resetting  of 
the  quantum  amplitudes  enforces  the  internal  consistency  by 
construction.  As  shown  in  Figure  2,  however,  this  resetting  of 
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Figure  5.  Time  evolution  of  the  magnitude  of  the  nonadiabatic 
coupling  vector  |di2|  for  three  representative  MDQT*  trajectories 
corresponding  to  Figure  2d.  The  solid  curve  corresponds  to  a  trajectory 
that  started  on  the  lower  adiabatic  state,  and  the  dashed  curves 
correspond  to  trajectories  that  started  on  the  upper  adiabatic  state. 

the  quantum  amplitudes  not  only  improves  the  internal  consis¬ 
tency  but  also  slightly  improves  the  agreement  between  the 
surface  hopping  and  the  exact  quantum  results  for  the  adiabatic 
populations. 

These  results  indicate  that  the  internal  inconsistency  is  due 
mainly  to  the  breakdown  of  the  fewest  switches  algorithm 
resulting  from  diverging  trajectories.  On  the  other  hand,  a 
comparison  of  Figure  2,  e  and  f,  indicates  that  the  internal 
consistency  is  better  for  MDQT*  than  for  MDQT.  Specifically, 
the  value  of  the  difference  between  the  quantum  probability 
and  the  fraction  of  trajectories  averaged  over  times  greater  than 
100  fs  is  0.011  for  MDQT*  (Figure  2f)  and  0.024  for  MDQT 
(Figure  2e).  Thus,  the  elimination  of  classically  forbidden 
switches  is  also  a  significant  aspect  of  maintaining  internal 
consistency. 

V.  Conclusions 

In  this  paper  we  identified  two  reasons  for  discrepancies 
between  the  fraction  of  trajectories  in  each  state  and  the 
corresponding  average  quantum  probability  in  MDQT  calcula¬ 
tions.  One  reason  for  this  discrepancy  is  the  existence  of 
classically  forbidden  transitions.  Another  reason  for  this  dis¬ 
crepancy  is  that  divergence  of  the  independent  trajectories  may 
lead  to  a  breakdown  of  the  basic  assumption  of  the  fewest 
switches  algorithm.  We  presented  modifications  of  MDQT  to 
improve  the  internal  consistency.  In  these  methods  the  classically 
forbidden  switches  are  eliminated  by  using  modified  velocities 
for  the  integration  of  the  quantum  amphtudes,  and  the  difficulties 
due  to  divergent  trajectories  are  alleviated  by  removing  the 
coherence  of  the  quantum  amplitudes  when  each  trajectory 
leaves  the  nonadiabatic  coupling  region.  We  compared  the 
standard  and  modified  MDQT  methods  to  fully  quantum 
calculations  for  a  classic  model  for  ultrafast  electronic  relaxation 
(i.e.,  a  two-state  three-mode  model  of  the  conically  intersecting 
Si  and  S2  excited  states  of  pyrazine).  For  this  model,  the  standard 
MDQT  calculations  exhibited  significant  discrepancies  between 
the  fraction  of  trajectories  in  each  state  and  the  corresponding 
average  quantum  probability.  Our  results  indicate  that  for  this 
model  the  divergence  of  independent  trajectories  is  mainly 
responsible  for  this  large  internal  inconsistency,  although  the 
classically  forbidden  transitions  also  cause  minor  discrepancies. 
The  modified  MDQT  method  improving  both  aspects  resulted 
in  remarkable  internal  consistency  for  this  model  system.  Thus, 
this  modified  MDQT  method  should  be  useful  for  future  surface 
hopping  calculations  on  similar  systems  that  are  vibronically 
coupled  through  a  conical  intersection. 

Surface  hopping  methods  such  as  MDQT  are  appealing  due 
to  their  conceptual  simplicity  and  computational  speed.  Com¬ 


parisons  of  MDQT  to  fully  quantum  calculations  for  simple  one¬ 
dimensional  model  systems  illustrate  the  potential  accuracy  of 
these  methods.^"^’^"^’^^  On  the  other  hand,  surface  hopping 
methods  have  been  shown  to  be  inaccurate  for  certain  types  of 
sy stems. For  example,  surface  hopping  methods  are 
problematic  for  processes  involving  an  extended  nonadiabatic 
coupling  region  or  a  large  number  of  successive  recrossings  of 
a  nonadiabatic  coupling  region.^^’^^  Moreover,  surface  hopping 
methods  are  not  appropriate  when  tunneling  of  the  classical 
degrees  of  freedom  is  important  (i.e.,  for  processes  involving 
classically  treated  reacting  H  atoms).  To  determine  when  surface 
hopping  methods  are  accurate,  these  methods  should  be 
compared  to  fully  quantum  results  for  a  wide  range  of  different 
types  of  models.  Future  work  will  center  on  testing  the  modified 
MDQT  method  presented  in  this  paper  for  other  model  systems 
to  determine  the  extent  of  its  applicability. 
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Molecular  anions  possessing  excess  internal  vibrational  and/or  rotational  energy  can  eject  their  “extra”  electron 
through  radiationless  transitions  involving  non-Born— Oppenheimer  coupling.  In  such  processes,  there  is  an 
interplay  between  the  nuclear  and  electronic  motions  that  allows  energy  to  be  transferred  from  the  former  to 
the  latter  and  that  permits  momentum  and/or  angular  momentum  to  also  be  transferred  in  a  manner  that 
preserves  total  energy,  momentum,  and  angular  momentum.  There  are  well  established  quantum  mechanical 
expressions  for  the  rates  of  this  kind  of  radiationless  process,  and  these  expressions  have  been  used  successfully 
to  compute  electron  ejection  rates.  In  this  paper,  we  recast  the  state-to-state  quantum  rate  equation  into  the 
time  domain  and  into  a  form  in  which  the  departing  electron  tunnels  through  a  radial  potential.  The  time 
domain  expressions  are  especially  useful  for  polyatomic  systems  where  the  multidimensional  time  correlation 
function  decays  to  zero  on  a  very  short  time  scale.  The  tunneling  framework  is  more  appropriate  when  the 
perturbative  assumptions,  upon  which  the  time-domain  expressions  are  based,  are  questonable. 


I.  Introduction 

A.  Relation  to  Experiments.  Numerous  specroscopy  experi¬ 
ments  have  been  carried  out  over  a  number  of  years  in  the 
Lineberger,^  Brauman,^  and  Beauchamp^  laboratories  in  which 
electronically  stable  negative  molecular  ions  prepared  in  excited 
vibrational— rotational  states  have  been  observed  to  eject  their 
“extra”  electron.  For  the  anions  considered  in  those  experiments, 
it  is  unlikely  that  the  anion  and  neutral  molecule  potential  energy 
surfaces  undergo  crossings  at  geometries  accessed  by  their 
vibrational  motions.  It  is  therefore  believed  that  the  mechanism 
of  electron  ejection  must  involve  vibration— rotation  to  electronic 
energy  transfer  in  which  couplings  between  nuclear  motions 
and  electronic  motions  known  as  non-Bom— Oppenheimer  (BO) 
couplings  cause  the  electron  ejection  rather  than  curve  crossings 
in  which  the  anion’s  energy  surface  intersects  that  of  the  neutral 
at  some  geometries. 

In  earlier  works,  we"^  and  others^  have  formulated  (within  a 
first-order  Fermi  “golden  rule”  perturbative  framework)^  and 
computed  non-BO  coupling  strengths  for  several  of  the  anion 
systems  that  have  been  studied  experimentally  including  the 
following. 

(1)  Dipole-bound  anions"^^’^^’^  in  which  the  extra  electron  is 
attracted  primarily  by  the  dipole  force  field  of  the  polar  molecule 
and  for  which  rotation-to-electronic  coupling  is  most  important 
in  inducing  electron  ejection. 

(2)  NH“  (X^II)  for  which^^  vibration  of  the  N—H  bond 
couples  only  weakly  to  the  nonbonding  2p;r  orbital  and  for  which 
rotation-to-electronic  coupling  can  be  dominiant  in  causing 
electron  ejection  for  high  rotational  levels. 

(3)  Enolate  anions'^  that  have  been  “heated”  by  infrared 
multiple  photon  absorption  for  which  torsional  motion  about 
the  H2C— C  bond,  which  destabilizes  the  it  orbital  containing 
the  extra  electron,  is  the  mode  contributing  most  to  vibration- 
to-electronic  energy  transfer  and  thus  to  ejection. 


Our  calculations  have  been  successful  in  interpreting  trends 
that  are  seen  in  the  experimentally  observed  rates  of  electron 
ejection.  However,  in  our  opinion,  there  is  a  need  to  extend  the 
theoretical  framework  in  two  directions.  First,  the  time- 
independent  state-to-state  golden  rule  expressions  used  to  date 
are  too  cumbersome  for  use  in  highly  excited  polyatomic  anions 
(containing  N  atoms);  it  is  simply  not  feasible  to  compute  the 
3 6-dimensional  vibrational  wave  functions  at  high  internal 
energies.  Second,  a  tool  that  does  not  rely  on  the  perturbative 
treatment  upon  which  the  golden  rule  expressions  are  based  is 
needed;  this  is  essential  whenever  the  non-BO  couplings  are 
not  weak  enough  to  be  viewed  as  weak  perturbations. 

It  is  the  purpose  of  this  paper  to  effect  such  extensions  in  the 
theoretical  frameworks  by  recasting  the  rate  equations  both  (a) 
in  the  time  domain  rather  than  state-to-state  expressions  and 
(b)  using  a  radial  electron  tunneling  framework^  that  does  not 
require  perturbative  assumptions. 

B.  Review  of  State-to-State  Quantum  Rate  Expression. 
Within  the  Bom— Oppenheimer  approximation,  the  electronic 
Schrodinger  equation 

KiAQ)  =  KiQ)  ^MQ)  (D 

is  solved  to  obtain  electronic  wave  functions  'ip\fr\Q),  which 
are  functions  of  the  molecule’s  electronic  coordinates  (col¬ 
lectively  denoted  r)  and  atomic  coordinates  (denoted  0,  and 
the  corresponding  electronic  energies  E\JQ\  which  are  functions 
of  the  Q  coordinates.  The  electronic  Hamiltonian 

hMQ)  =  2,{-  + 

(2) 

contains,  respectively,  the  sum  of  the  kinetic  energies  of  the 
electrons,  the  electron— electron  repulsion,  the  electron -nuclear 
Coulomb  attraction,  and  the  nuclear— nuclear  repulsion  energy. 
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The  rate  R  (sec“^)  of  transition  from  a  Bom— Oppenheimer 
initial  state  Wi  =  y^iXi  (V'i  is  the  anion  electronic  function  and 
Xi  is  the  anion  vibration/rotation  function)  to  a  final  state  Wf  = 
y^fXf  (V'f  the  neutral  plus  ejected  electron  electronic 

and  vibration/rotation  functions)  is  given,  via  first-order  per¬ 
turbation  theory as 

R  =  {iTtih)  f  \<jcM\P\  y>fXP/fi)Xf)fd{€f+  E  -  €,) 

p(E)dE  (3) 

Here,  are  the  vibration— rotation  energies  of  the  initial  (anion) 
and  final  (neutral)  vibration— rotation  states  (ji  and  %f  , 
respectively),  and  E  is  the  kinetic  energy  carried  away  by  the 
ejected  electron  (e.g.,  the  initial  state  corresponds  to  an  anion 
and  the  final  state  to  a  neutral  molecule  plus  an  ejected  electron). 
The  density  p  of  translational  energy  states  of  the  ejected  elec¬ 
tron  is  related  to  the  kinetic  energy  by  p(E)  =  A7tmJ?{2meE)^^l 
h.  Here  and  elsewhere,  we  use  the  short-hand  notation  P4)Pxlfx 
to  symbolize  the  action  of  the  multidimensional  derivative 
operators  arising  in  the  non-BO  couplings: 

iPtp,)(PipXf)  =  (4) 

where  /?a  runs  over  the  Cartesian  coordinates  (Xa,Ya,Za)  of  the 
ath  atom  whose  mass  is  nia. 

It  should  be  noted  that  the  energy  conserving  (5(6f  +  E  — 
^i)  appearing  in  eq  3  does  not  imply  a  crossing  between  the 
anion  and  neutral  energy  surfaces  Ei(Q)  and  Ef(QX  respectively. 
For  all  of  the  anions  discussed  in  this  paper,  the  anion’s 
electronic  energy  Ei(Q)  lies  below  the  neutral’s  electronic  energy 
Ef(Q)  for  all  geometries  Q  accessed  by  vibrational/rotational 
motion  of  the  anion.  However,  because  the  anion  has  “excess” 
vibrational  and/or  rotational  energy,  its  total  energy  €i  exceeds 
the  total  energy  €f  of  the  (vibrationally/rotationally)  colder 
neutral.  As  a  result,  the  total  energy  conservation  condition  ^(^f 
+  E  —  €i)  can  be  fulfilled  when  the  ejected  electron  carries 
away  the  excess  energy  E  as  its  asymptotic  kinetic  energy. 

C.  The  Electronic  Non-BO  Matrix  Elements.  The  integrals 
over  the  anion  and  neutral  plus  free  electron  electronic  states 

'Wi,f=  (5) 

are  known  to  be  large  in  magnitude  only  under  the  following 
special  circumstances. 

(1)  The  orbital  of  the  anion  from  which  an  electron  is  ejected 
to  form  the  state  yjf  of  the  neutral  (usually  the  anion’s  highest 
occupied  molecular  orbital  (HOMO))  must  be  strongly  modu¬ 
lated  or  affected  by  movement  of  the  molecule  in  one  or  more 
directions  (0.  That  is,  d'lpJdQ,  which  appears  in  ,  must  be 
significant  or  the  above  integral  will  be  small. 

(2)  The  state-to-state  energy  gap,  6i  —  ,  which  is  equal  to 

the  kinetic  energy  E  of  the  ejected  electron,  must  not  be  too 
large;  otherwise,  the  spatial  oscillations  in  the  ejected  electron’s 
wave  function  xpf  will  be  so  rapid  as  to  render  overlap  with 
^JdQ  negligible,  again  making  the  above  integral  small. 

Moreover,  symmetry  can  cause  =  {^f|P|^i)  to  vanish  if 
the  direct  product  of  the  symmetry  of  and  of  3/3Q  do  not 
match  that  of  rpf .  Viewed  another  way,  the  direct  product  of 
the  homo’s  symmetry  and  the  symmetry  of  the  vibration  or 
rotation  coordinate  (0  from  which  energy  is  transferred 
determines  the  symmetry  of  the  ejected  electron’s  continuum 
orbital  which,  in  turn,  determines  the  angular  distribution  of 
the  ejected  electron. 

The  derivatives  (i.e,,  the  dynamic  responses)  of  the  anion’s 
orbitals  to  nuclear  motions  3xpi/3Q  arise  from  two  sources. 


d'F/dR  =  ('F(R+5)  -  'F(R))/5  =  0F(e+S)  -  'FO))/ 

causes  2px  to  acquire  dxz  causes  2px  to  acquire  2p2; 

character  character 

Figure  1.  Orbital  response  of  NH"’s  orbital  to  (a)  vibrtation  of 
the  N— H  bond  (left)  and  (b)  rotation  of  the  N— H  bond  (right). 

(1)  An  orbital’s  LCAO-MO  coefficients  depend  on  the 
positions  of  the  atoms  (or,  equivalently,  on  the  anion’s  bond 
lengths  and  internal  angles).  For  example,  the  jr*  orbital  of  an 
olefin  anion  that  contains  the  “extra”  electron  is  affected  by 
stretching  or  twisting  the  C— C  bond  involving  this  orbital 
because  the  LCAO-MO  coefficients  depend  on  the  bond  length 
and  twist  angle.  As  the  bond  stretches  or  twists,  the  jr*  orbital’s 
LCAO-MO  coefficients  vary,  as  a  result  of  which  the  orbital’s 
energy,  radial  extent,  and  other  properties  also  vary. 

(2)  The  atomic  orbitals  (AOs,  which  are  denoted  Xfi) 
themselves  dynamically  respond  to  the  motions  of  the  atomic 
centers.  These  dynamical  responses  occur  in  3'ipf3Q  as  3Xfi/3Q, 
which  can  be  evaluated  using  the  same  analytical  derivative 
methods  that  have  made  computation  of  potential  energy 
gradients  and  Hessians  powerful  tools  in  quantum  chemistry. 
For  example,  vibration  of  the  X^IT  NH“  anion’s  N-H  bond 
induces  d;^  character  into  the  2p;j  orbital  containing  the  extra 
electron  as  shown  in  Figure  1,  because  the  radial  derivative  of 
a  Pjc  orbital,  3pzl3R,  produces  a  function  of  djc^  symmetry. 
Alternatively,  rotation  of  this  anion’s  N— H  bond  axis  causes 
the  2p;i:  HOMO  to  acquire  some  2pa  character  because  3px/36 
contains  terms  of  p^  character  (see  Figure  1  for  a  pictorial 
explanation). 

Further  insight  into  how  the  LCAO-MO  coefficients  vary  with 
geometry  can  be  achieved  by  way  of  the  Hellmann— Feynman 
theorem  in  the  form 

-E,-E)  =  (v^fi-iha/aQiV’i)  = 

(6) 

One  sees  that  the  electronic  non-BO  matrix  elements  will  be 
enhanced  at  geometries  where  the  anion  and  neutral  potential 
surfaces  approach  closely.  Note  that  this  requirement  (of  small 
E\  —  £f)  meaning  that  the  energy  surfaces  are  close  says  nothing 
about  the  anion-to-neutral  state-to-state  energy  gap  —  6f , 
which  determines  the  kinetic  energy  E  carried  away  by  the 
electron.  Enhancement  is  also  effected  when  the  initial  and  final 
states  have  a  strong  matrix  element  of  the  “force  operator”  3hJ 
3Q,  The  latter  is  effectively  a  one-electron  operator  involving 
derivatives  of  the  electron— nuclear  Coulomb  attraction  potential 
2/  2«  Zae^lri^ay  so  the  matrix  element  {4>f\3hJ3Q\il)-)  can  be 
visualized  as  {4>i\^hJ3Q\<l)),  where  is  the  anion’s  HOMO  and 
0f  is  the  continuum  orbital  of  the  ejected  electron.  At  geometries 
where  the  anion— neutral  energy  surfaces  are  far  removed,  the 
denominator  in  eq  6  will  attenuate  the  coupling.  If  the  state- 
to-state  energy  difference  —  €f  =  E  accompanying  the  electron 
ejection  is  large,  the  integral  (0f|9/ie/9QI0i)  will  be  small  because 
the  continuum  orbital  will  be  highly  oscillatory  and  thus  will 
not  overlap  well  with  {3hJ3Q)(l>i, 

In  summary,  for  non-BO  coupling  to  be  significant,"^  the 
anion* s  HOMO  must  be  strongly  modulated  by  a  motion 
(vibration  or  rotation)  of  the  molecule’s  nuclear  framework  and 
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Figure  2.  Anion  (lower)  and  neutral  (upper)  potential  energy  surfaces 
illustrative  of  NH“  where  the  surface  spacing  does  not  vary  strongly 
along  R. 


the  state-to-state  energy  gap  must  not  be  too  large  as  to  render 
the  HOMO-to-continuum  orbital  overlap  insignificant.  For  the 
HOMO  to  be  strongly  modulated,  it  is  helpful  if  the  anion  and 
neutral  energy  surfaces  approach  closely  at  some  accessible 
geometries. 

It  should  be  emphasized  that  it  is  necessary  but  not  sufficient 
for  Ef{Q)  —  Ei(Q)  to  be  small  over  an  appreciable  range  of 
geometries;  this  only  guarantees  that  the  denominator  in  eq  6 
is  small.  It  is  also  necessary  that  Ef(Q)  —  E\(Q)  decrease  at  a 
significant  rate  as  the  point  of  closest  approach  is  reached;  this 
is  why  we  say  the  surfaces  must  approach  closely.  If  E^Q)  — 
Ei{Q)  were  small  yet  unvarying  over  some  range  of  geometries, 
then  the  HOMO’s  electron  binding  energy  (and  thus  radial 
extent)  would  remain  unchanged  over  this  range  of  geometries. 
In  such  a  case,  movement  along  Q  would  not  modulate  the 
HOMO,  and  thus  d'ipJdQ  would  vanish.  Let  us  consider  a  few 
examples  to  further  illustrate. 

D.  A  Few  Examples.  In  Figure  2  are  depicted  anion  and 
neutral  potential  curves  that  are  qualitatively  illustrative 
the  X^n  NH”  case  mentioned  earlier.  In  this  anion,  the  HOMO 
is  a  nonbonding  2pjr  orbital  localized  almost  entirely  on  the  N 
atom.  As  such,  its  LCAO-MO  coefficients  are  not  strongly 
affected  by  vibration  of  the  N— H  bond  (because  it  is  a 
nonbonding  orbital).  Moreover,  the  anion  and  neutral  surfaces 
have  nearly  identical  and  ft>e  values,  and  similar  De  values, 
as  a  result  of  which  these  two  surfaces  are  nearly  parallel  to 
one  another  over  a  wide  range  of  intemuclear  distances  and  are 
separated  by  ca.  0.4  eV  or  more  than  3000  cm"^  at  their  minima. 
It  has  been  seen  experimentally  that  excitation  of  NH“  to  the 
low  rotational  states  of  the  v  =  \  vibrational  level  (which  lies 
above  v  =  0  NH  of  the  neutral  and  thus  has  enough  energy  to 
eject  the  electron)  results  in  very  slow  (e.g.,  ca.  10®  s~^)  electron 
ejection,  corresponding  to  1  million  vibrational  periods  before 
detachment  occurs.  However,  excitation  to  high  rotational  levels 
(e.g.,  J  =  40)  of  t;  =  1  produces  much  more  rapid  electron 
ejection  (10^—10^®  s“0-  These  data  have  been  interpreted  as 
saying  that  vibrational  coupling  is  weak  (i.e.,  dxpJdR  is  small) 
because  of  the  nonbonding  nature  of  the  2pjr  MO,  while 
rotational  coupling  becomes  significant  (i.e.,  d'lpJdO  large)  for 
high  J. 

In  Figure  3  are  shown  anion  and  neutral  potential  curves,  as 
functions  of  the  “twist”  angle  of  the  H2C“C  bond  in  a  typical 
enolate  anion^’"^  such  as  acetaldehyde  enolate  H2CCHO". 
Angles  near  0  =  0  correspond  to  geometries  where  the  p^r  orbital 


Figure  3.  Anion  (lower)  and  neutral  (upper)  potential  energy  surfaces 
illustrative  of  enolate  cases  where  the  surface  spacing  varies  strongly 
along  the  H2C— C  torsion  angle  6  and  becomes  very  small  near  0  = 
90°. 

of  the  H2C  moiety  is  delocalized  over  the  two  pjt  orbitals  of  the 
neighboring  C  and  O  atoms,  thus  forming  a  delocalized  Jt 
HOMO.  At  angles  near  6  =  90°,  the  p^^  orbital  of  the  H2C  group 
is  no  longer  stabilized  by  delocalization,  so  the  HOMO’s  energy 
is  much  higher.  In  this  case,  excitation  of,  for  example,  v^l 
in  the  H2C— C  torsional  mode  of  the  anion  might  be  expected 
to  produce  electron  ejection  because  z;  =  7  of  the  anion  lies 
above  z;  =  0  of  the  neutral.  However,  over  the  range  of  0  values 
accessible  to  both  the  z;  =  7  vibrational  function  of  the  anion 
and  the  z;  =  0  function  of  the  neutral,  the  anion— neutrral  energy 
surface  gap  is  quite  large  (i.e.,  E^Q)  —  E\{Q)  is  large  even 
though  €i  —  is  small).  In  contrast,  excitation  of  z;  =  9  of  the 
anion  could  produce  more  rapid  electron  ejection  (to  z;  =  2  of 
the  neutral,  but  not  to  z;  =  0  of  the  neutral)  because  for  the  v  = 
9—^  =  2  transition  there  are  angles  accessed  by  both  z;  =  9 
anion  and  v  =  2  neutral  vibrationcil  functions  for  which  E^Q) 
—  E\{Q)  is  small  and  changing;  moreover,  the  state-to-state  gap 

—  6f  is  also  small  in  this  case. 

II.  Time  Correlation  Function  Expression  for  Rates 

1.  Time  Domain  Expression  for  Electron  Ejection  Rates. 

We  begin  with  the^  '^s  Wentzel— Fermi  “golden  rule”  expression 
given  in  eq  3  for  the  transition  rate  between  electronic  states 
rpli  and  corresponding  vibration— rotation  states  appropriate 
to  the  non-BO  case.  We  recall  that  6i,f  are  the  vibration— rotation 
energies  of  the  molecule  in  the  anion  and  neutral  molecule  states, 
E  denotes  the  kinetic  energy  carried  away  by  the  ejected 
electron,  and  the  density  of  translational  energy  states  of  the 
ejected  electron  is  p{E).  Also  recall  that  we  use  the  short  hand 
notation  to  symbolize  the  multidimensional  derivative  operators 
that  embody  the  momentum  exchange  between  the  vibration/ 
rotation  and  electronic  degrees  of  freedom: 

iPWIpX,)  =  \{-\hdxpfdR,){-i  h^fdR,)lm^  (4) 

where  /?a  is  one  of  the  Cartesian  coordinates  {Xa,Ya,'^<d  of  the 
ath  atom  whose  mass  is  ma. 

In  the  event  that  some  subset  {Qi}  of  internal  vibration  or 
rotation  coordinates  have  been  identified  as  inducing  the 
radiationless  transition,  (P'lpfXPlfiXf)  would  represent  S/— ift9^f/ 
dQj)(—ihdX{/SQj)/(Pj),  where  P(p  is  the  reduced  mass  associated 
with  the  coordinate  Qj.  It  is  usually  straightforward  to  identify 
which  distortional  modes  need  to  be  considered  by  noting  which 
modes  most  strongly  modulate  the  aniofi's  HOMO.  So,  for  the 
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remainder  of  this  work,  we  will  assume  that  such  active  modes 
have  been  identified  as  a  result  of  which  the  sum  Hji—ihdipf/ 
dQj)i—]hdXf/dQj)/Qij)  will  include  only  these  modes.  The 
integration  over  all  of  the  other  vibration/rotation  coordinates 
contained  in  the  matrix  element  (Xi\{^i\P\  '(pfXP/pOXf)  can  then 
be  carried  out  (assuming  the  electronic  element  to  not 

depend  significantly  on  these  coordinates)  to  produce  an 
effective  Franck— Condon  like  factor  (FC)  for  these  inactive: 

(xmp\y’mxf)= 

inactive  ^y~active  fdQj<XijmP\^f) 

fdQMjmPiy’tXmxf)  0) 

Since,  by  assumption,  the  anion  and  neutral  molecule  do  not 
differ  significantly  in  their  geometries  (and  vibrational  frequen¬ 
cies)  along  the  coordinates  contributing  to  the  FC  factor 
(otherwise,  the  anion— neutral  energy  gap  would  depend  sub¬ 
stantially  on  these  modes),  the  FC  factor  is  probably  close  to 
unity  in  magnitude.  Hence,  for  the  remainder  of  this  paper,  we 
will  focus  only  on  the  active-mode  part  of  this  expression  and 
will  do  so  assuming  only  one  such  mode  is  operative  (i.e.,  we 
treat  one  active  mode  at  a  time). 

Recalling  the  definition  of  the  electronic  coupling  matrix 
element  m^f  =  {ipf\P\tpi),  and  realizing  that  P  is  a  Hermitian 
operator,  allows  the  non-BO  rate  R  to  be  rewritten  as 

R  =  (2jt/h)  f 

d(,€f  +E-€)  p(E)  dE  (8) 

If  the  Fourier  integral  representation  of  the  d  function  is 
introduced  and  the  sum  over  all  possible  final-state  vibration— 
rotation  states  {xf}  is  carried  out,  the  total  rate  Rt  can  be 
expressed  as 

Rj  =  (27r/h)2f  J (l/ljth)  J*Qxp[it{€f  —  E)/h] 

dt  p(E)  dE  (9) 

Using  (6f  +  E)fe|  =  <Xf|(r  +  Vf  +  E),  (€i)\Xi>  =  \{T  +  VdXi). 
and  '2f\Xf)(Xf\  =  1.  gives 

/?T  =  (2ji/h)  f  il/ljrh)  f  f)(E){mi/P/fj.) 

exp(-if(r+  V{)/h)Xi\exp(-it(T+  V,)lh)m,J^PIn)xHt 

exp(— irE/fr)  dE  (10) 

In  this  form,  the  rate  expression  looks  much  like  that  given 
for  the  photon  absorption  rate  given  in  many  sources,^  but  with 
mi^PIfi)  replacing  the  molecule— photon  electronic  transition 
matrix  element  ^i,f.  That  is,  Et  is  given  as  the  Fourier  transform 
of  the  overlap  of  two  time  propagated  functions  Fi  and  E2, 

(a)  El  is  die  initial  vibration -rotation  state  Xi  which 
the  non-BO  perturbation  m^^PIp)  acts  after  which  propagation 
on  the  neutral  molecule’s  potential  surface  Vf  is  effected  via 
exp(-it(T  +  Vd/h). 

(b)  F2  is  the  initial  function  Xi  propagated  on  the  anion’s 

surface  Vi  via  exp(— it(r  +  Vi)/h)  (producing,  of  course, 
exp(—itei/h)Xi)  after  which  the  perturbation  mi^PIp)  is  allowed 
to  act.  The  time  correlation  function  (E2IE1)  is  then  Fourier 
transformed  at  energy  E  =  —  €f  and  multiplied  by  the  density 

of  states  p(E)  appropriate  to  the  electron  ejected  with  kinetic 
energy  E. 

2.  Electron  Ejection  is  Not  Closely  Analogous  to  Photon 
Emission.  It  is  tempting  to  conclude  that  the  process  of  electron 


Figure  4.  (a)  Ground  (lowest)  and  excited  (upper)  potential  energy 
surfaces  arising  in  the  photon  emission  case,  (b)  Anion  (lower)  and 
neutral  (upper)  potential  energy  surfaces  for  the  electron  ejection  case. 


ejection  induced  by  non-BO  coupling  can  be  viewed  as  very 
similar  to  photon  emission.  However,  such  is  not  at  all  the  case, 
as  we  now  illustrate  (also  consult  Figure  4).  The  rate  of  photon 
emission  from  an  excited  state  with  energy  a  to  a  final  state 
with  energy  a  is  expressed  in  many  sources^’^  as 

R  =  {2:n:lh)\{%l)x-^V\xpx,^\^ -  €i+hco)  (11) 

Introducing  the  electronic  dipole  transition  matrix  element  pi^f 
—  and  using  identities  analogous  to  those  employed 

above  to  move  from  the  state-to-state  to  the  time  domain,  this 
rate  expression  can  be  reduced  to 

Rj—  {27t/h)(ll2jth)  jQxp[—it(o](ju^  ftxp{~ithJh)Xi\txp 

(-ithffi)p,^,\x)dt  (12) 

which  is  the  photon-emission  analogue  of  eq  10. 

If  one  makes  the  (classical)  assumption  that  the  nuclear 
motion  kinetic  energy  operator  T  commutes  with  Vi^f  and  with 
mi,f  in  the  non-BO  case  and  with  pi^f  in  the  photon  case,  the 
time  integrations  can  be  carried  out  and  the  following  expres¬ 
sions  are  obtained  from  eqs  10  and  12: 

Rj  =  (iTt/h)  f  p(E){m^/P/fi)Xi\d(Vf+  E  - 

(P/fi)x)dE  (10a) 

Rj  =  (2jt/h)<jiifXi\^iVf+  fujt)  -  Vj)!/!;  fXi)  (12a) 

For  anions  that  are  electronically  bound,  the  anion’s  electronic 
energy  Vi{Q)  lies  below  the  neurtral  molecule’s  electronic  energy 
Vf(Q)  as  depicted  in  Figures  2—4.  As  a  result,  VKG)  “  ^i(G)  is 
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positive  at  all  geoemtries,  and  because  E  is  also  a  positive 
quantity,  there  are  no  values  of  Q  for  which  the  argument  of 
the  d  function  in  eq  10a  vanishes.  In  contrast,  in  the  photon 
emission  case,  the  final  (ground)  state  surface  V{(Q)  lies  below 
the  initial  (excited)  state  surface  Vi(0,  so  Vf  —  Vi  is  a  negative 
quantity.  Therefore,  values  of  (the  positive)  hco  can  be  found 
for  which  the  argument  of  the  6  function  in  eq  12a  vanishes. 

The  fact  that  the  simplest  (purely  classical)  picture  of  the 
electron  ejection  and  photon  emission  events  produce  entirely 
different  results  (the  former  predicts  a  vanishing  rate,  the  latter 
does  not)  indicates  that  these  two  processes  are  not  analogous. 
The  essential  difference  lies  in  how  the  total  electronic  energy 
changes  in  the  two  events. 

(a)  In  photon  emission,  a  positive  energy  photon  is  ejected, 
and  the  system  moves  from  a  state  of  higher  electronic  energy 
to  a  state  of  lower  electronic  energy.  The  vibration/rotation 
energy  is  altered  only  in  a  secondary  way  (i.e.,  because  the 
forces  experienced  on  the  nuclei  changes  once  the  electronic 
state  changes). 

(b)  In  the  electron  ejection  case,  a  positive  energy  electron 
is  ejected,  but  the  system  moves  from  a  state  of  lower  electronic 
energy  (the  anion)  to  a  state  of  higher  electronic  energy  (the 
neutral).  The  vibration/rotation  energy  plays  an  essential  role 
because  its  depletion  provides  the  energy  (and  momentum)  that 
allows  the  electronic  energy  to  increase. 

3.  When  is  the  Time-Domain  Expression  Useful?  The  rate 
expressions  given  in  eqs  3  and  10  are  formally  identical. 
However,  the  practical  implementation  of  eq  10  will  be  favorable 
when  one  is  treating  polyatomic  molecules  and,  especially,  if 
one  can  identify  specific  geometries  (2*)  near  which  the 
electronic  non-BO  matrix  elements  mi,f  are  most  strongly 
focused.  Examples  of  two  such  situations  are  shown  in  Figure 
5.  In  these  cases,  the  initial  {t  =  0)  wave  function 
to  be  propagated  on  the  final  (neutral)  energy  surface  will  be 
localized  to  those  regions  (Q*)  where  is  localized.  The  other 
time-evolved  function  entering  into  the  correlation  function  of 
eq  10  is  m^^PIfi)  cxp(-it(T  +  Vi)/h)Xi  ,  which  is  equal  to 
Qxp(—it{ef/h)mi^f(P/fi)Xu  this  function  is  also  spatially  localized 
because  m^f  is.  As  a  result  of  this  localization,  the  time 
correlation  function 

C(r)  =  exp(i?e^)<mi  f(P/^);Ci|exp(-if(r  +  V^lh)m-,^PIn)x^ 

(13) 

will  rapidly  (i.e.,  on  a  time  scale  of  the  molecular  vibrations 
that  are  most  important  in  promoting  the  non-BO  coupling) 
decay  to  zero.  C{t)  will  display  nonzero  values  again  at  later 
times  as  the  time  evolving  function  exp(‘-i/(r  4-  Vf)/?!)  mi^Pi 
jM)%i)  returns  to  near  where  it  started  at  r  =  0.  However, 
especially  in  polyatomic  anions,  these  recurrences  will  contribute 
httle  amplitude  to  C{t)  because  of  rapid  dephasing  along  each 
of  the  SAT  *-  6  vibrational  modes. 

Because  of  the  rapid  decay  of  C(t)  and  because  of  the 
availability  of  efficient  tools^’^  for  handling  short-time  quantum 
wave  function  propagation  even  in  mulitdimensional  systems, 
the  time-dependent  prescription  given  in  eq  10  will  be  favored 
over  the  state-to-state  time-independent  eq  3  when  treating 
polyatomic  anions.  However,  both  eqs  3  and  10  are  based  on  a 
perturbative  treatment  of  the  non-BO  coupling  and,  thus,  are 
expected  to  be  restricted  to  cases  where  the  perturbation  is  weak 
as  reflected  in  the  fact  that  the  rate  of  electron  ejection  is  orders 
of  magnitude  slower  than  rates  of  vibrations  or  rotations.  For 
the  examples  discussed  earlier  (e.g.,  NH“,  enolates,  etc.),  it  was 
indeed  the  case  that  electron  ejection  rates  were  much  slower 


Figure  5.  Two  illustrations  of  how  the  electronic  non-BO  matrix 
element  my  tends  to  be  largest  at  geometries  where  the  anion  and  neutral 
surfaces  approach  closely. 

than  even  rotations,  so  the  golden  rule  perturbative  approach 
could  be  used. 

However,  there  are  species  for  which  the  electron  is  so  weakly 
bound  (and  thus  the  separation  in  time  scales  between  rotation/ 
vibration  motion  and  electronic  motions  is  not  large)  that  a 
perturbative  approach  likely  will  not  work.  We  now  turn  our 
attention  to  a  framework  that  allows  such  extreme  cases  to  be 
more  adequately  addressed. 

III.  Tunneling  View  of  Electron  Ejection 

When  considering  anions  with  very  weakly  bound  (e.g., 
1  —  100  cm“^)  electrons,  it  may  be  more  appropriate  to  reverse 
the  conventional  assumption  of  fast  moving  electrons  and  slow 
moving  nuclei  as  postulated  in  the  BO  approximation.  In 
particular,  in  such  systems,  it  is  useful  to  introduce  potential 
energy  surfaces  that  describe  the  interaction  of  an  electron  (at 
a  fixed  location  r,  0, 4>)  with  a  neutral  molecule  whose  geometry 
is  averaged  over  its  vibrational  motion.  Let  us  proceed  to  explore 
this  role-reversed  point  of  view. 

The  following  Hamiltonian  is  used^  to  describe  the  neutral 
molecule  (whose  vibrational  and  orientational  coordinates  are 
collectively  denoted  Q)  and  the  “extra”  electron  (whose  spatial 
coordinates  are  r,6,4>)  and  the  interaction  potential  V  between 
the  electron  and  the  neutral: 

H  =  h{Q)  +  L\e,<t>)r~^l2m^+  V(r,Q)  - 

2m,{9/9Kr^  9/9r)}  (14) 

The  electronic  (n),  vibrational  (2/),  and  rotational^®  {J,M) 
eigenstates  {ipn,vjM}  the  neutral  are  solutions  of  the  Schro- 
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Figure  6.  Anion  and  neutral  energy  curves  (top)  representative  of  the  alkali  halide  species  together  with  a  depiction  of  the  anion  HOMO  of  such 
LiX  species  (bottom  left)  and  of  the  anion  HOMO  of  an  enolate  (bottom  right). 


dinger  equation  for  which  /i(Q)  is  the  Hamiltonian 


(15) 


and  the  En,vjM  electronic/vibrational/rotational  energy 

levels  of  the  neutral  molecule. 

To  generate  a  series  of  “diabatic”  energy  surfaces  that 
describe  the  potential  energy  of  interaction  of  the  extra  electron 
with  the  neutral  molecule  averaged  over  the  internal  (electronic, 
vibrational,  and  rotational)  motions  of  the  neutral,  we  evaluate 
the  diagonal  elements  of  the  Hamiltonian  that  contains  all  terms 
in  eq  14  except  the  radial  motion  of  the  extra  electron  IP  ~ 
/i(Q)  +  L\0,(p)l2mtr^  +  V(r,Q)  within  a  basis  = 

^i/n(Oa><Pa)'^n,vjMQ)}  consisting  of  products  of  neutral  molecule 
functions  angular  functions  Y\^m  for  the  extra 

electron  (relative  to  each  atomic  center  a  in  the  molecule). 

In  this  product  basis,  the  diagonal  elements  of  the  Hamilto¬ 
nian  IP  are  labeled  by  the  quantum  numbers  of  the  neutral 
molecule  (n,vJ,M)  as  well  as  by  the  atomic  center  (a)  and 
electronic  angular  momentum  quantum  numbers  /  and  m  and 
are  given  by 

/ dQ  sin  d,de,d<p, 

(16) 


For  notational  simplicity  in  describing  how  these  diagonal 
elements  and  the  off  diagonal  elements  discussed  below  couple 
to  generate  diabatic  energy  surfaces,  we  use  a  single  index  (v) 
to  represent  the  neutral  molecule  quantum  numbers  (n,  v,  J, 
M).  Each  neutral  molecule  level  with  product  wave  function 
is  coupled  through  y(2,r)  to  other  levels  as 

reflected  in  the  off-diagonal  elements  of  this  same  Hamiltonian: 


H  ,  ,=z  I  XU  * 

,m  J  ^  v,a,l,m 

V{Q,rA4>)  dQ  sin  9  d0  d0  (17) 

Both  the  diagonal  and  off-diagonal  matrix  elements  remain 


functions  of  r,  the  radial  distance  of  the  extra  electron  from  the 
neutral  molecule. 

The  nature  and  strength  of  the  coupling  elements 
is  governed  by  how  V  depends  on  (a)  the  angular  location  of 
the  extra  electron  6a<f>a  relative  to  the  atomic  centers  a,  (b)  the 
distance  of  the  extra  electron  from  these  centers,  and  (c)  the 
variation  of  V  along  the  3N  ~  6  internal  vibrational  modes  of 
the  neutral.  The  latter  dependence  is  often  represented  in  terms 
of  a  series  expansion  of  V  about  some  reference  geometry  (Q®) 
(usually  some  equilibrium  geometry): 

V(Q,r)  =  y(QV)  +  + 

:Z,Jd^V/dQ,dQJir){Q,  -  Q,\Q„-QX)  +  ...  (18) 

The  characteristics  of  V  described  above  in  (a)  and  (b)  allow 
V  to  couple  basis  states  belonging  to  the  same  neutral  molecule 
level  {n,  v,  J,  M)  but  having  different  atomic  centers  a  and 
different  angular  dependence  l,m  to  produce  what  we  will  call 
diabatic  states  (for  reasons  made  clear  later).  Let  us  consider 
an  example  to  illustrate  such  couplings.  In  Figure  6  are  shown 
the  conventional  Bom— Oppenheimer  energy  surfaces  for  a 
typical  alkali  halide  (LiX)  and  its  anion  in  which  the  extra 
electron  is  bound  to  the  positive  end  of  the  polar  LiX  molecule 
in  an  orbital  consisting  primarily  of  s  and  p^  atomic  orbitals  on 
the  Li  center.  This  bound  orbital  results  from  the  coupling  of  / 
=  0,  m  =  0  and  I  =  1,  m  =  0  basis  orbitals  located  primarily 
on  the  Li  atom.  Also  shown  in  Figure  6  is  the  anion  orbital  of 
a  typical  enolate.  This  orbital  results  from  couphng  I  — I  orbitals 
(having  m  =  0  with  the  ^-axis  directed  perpendicular  to  the 
molecular  plane)  on  the  left  C,  middle  C,  and  O  centers.  In 
terms  of  the  diabatic  states  discussed  above,  these  orbitals  are 
solutions  F(r)  to  a  radial  Schrodinger  equation 

-h/2m/{d/dr(i^d/dr)F}  +  =  eF  (19) 

where  £'diabatic(^)  is  the  attractive  diabatic  potential  obtained  by 
coupling  basis  states  having  indentical  n,  v,  J,  M  quantum 
numbers  but  different  a,  /,  m  values,  and  e  is  the  orbital  energy 
of  the  HOMO  orbital(s)  shown  in  Figure  6. 
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Figure  7.  Family  of  one  attractive  and  many  repulsive  curves  generated 
for  each  n,vJM  neutral  molecule  level  by  coupling  various  a,l,m  values. 
Couplings  that  arise  in  alkali  halide  (bottom  left)  and  enolate  (bottom 
right)  cases. 

Because  it  is  rare  for  a  neutral  molecule  to  support  more  than 
one  bound  anion  state  (i.e.,  to  have  more  than  one  bound  virtual 
orbital),  the  effects  discussed  in  (a)  and  (b)  most  commonly 
will  couple  basis  states  having  common  n,  v,  J,  M  quantum 
numbers  to  produce  only  one  attractive  diabatic  potential  plus 
a  family  of  repulsive  potentials.  Each  of  the  repulsive  surfaces 
can  be  labeled  by  an  /  quantum  number  because,  at  large 
electron— molecule  distances,  these  surfaces  vary  with  r  as  /(/ 
+  l)hy2mer^.  This  situation  is  illustrated  in  Figure  7  where  the 
single  attractive  and  many  repulsive  surfaces  are  shown  for  one 
n,vJM  level. 

The  above  discussion  covered  how  V(Q,r)  couples  basis  states 
with  different  a,l,m  but  with  identical  n,v,J,M  (i.e.,  all  states 
derived  from  a  given  state  of  the  neutral  molecule).  However, 
V  also  couples  states  having  different  n,  v,  7,  and  M  quantum 
numbers;  in  fact,  it  is  only  through  such  interactions  that 
transitions  among  various  internal  states  of  the  neutral  occur 
and,  hence,  energy  flows  to  the  extra  electron.  It  is  by  way  of 
these  interactions  that  the  diabatic  curves  discussed  in  the 
preceding  two  paragraphs  evolve  into  adiabatic  curves  that  we 
detail  further  below. 

The  strength  of  the  coupling  to  various  internal  states  depends 
on  the  magnitudes  of  the  derivatives  appearing  in  eq  18.  For 
example,  in  the  LiX  systems,  radial  vibrational  motion  modu¬ 
lates  the  anion’s  HOMO  most  strongly,  so  3V/dR  is  the  dominant 
term  in  the  expansion  of  eq  18.  In  the  enolate  cases,  twisting 
motion  (0)  of  the  R2C  group  is  the  primary  source  of  HOMO 
modulation,  so  dV/dO  is  largest.  If  a  dominant  motion  can  be 
identified  as  in  these  two  examples,  then  one  can  approximate 
the  effect  of  V  in  terms  of  a  single  contribution  (dV/dQ)  (Q  — 
Q^)  to  first  order.  Such  terms  can  be  expected  to  give  rise  to 
couplings  between  internal  states  of  the  neutral  which  differ 
(by  unity,  within  the  harmonic  approximation)  in  their  quantum 
numbers  that  label  that  motion  (Q)  which  dominates  dV/dQ. 
Again  considering  the  LiX  and  enolate  cases,  states  with 


Figure  8.  Families  of  attractive  and  repulsive  curves  arising  from 
neutral  molecule  levels  v,  v  ~  I,  v  —  2,  and  v  —  3  showing  the  crossings 
of  repulsive  curves  from  lower  v  levels  with  attractive  curves  from 
higher  v  levels.  For  the  anion  level  labeled  v,  the  crossings  indicated 
by  dots  show  how  the  attractive  diabatic  curve  (connecting  to  the  neutral 
level  v)  acquires  v  —  1,  v  ~  2,  and  v  —  3  components  as  r  increases. 

different  bond  stretching  (LiX)  or  torsional  (enolate)  vibrational 
quantum  numbers  should  experience  the  most  important  cou¬ 
plings. 

In  Figure  8,  are  shown  the  families  of  diabatic  curves  (one 
attractive  and  numerous  repulsive  for  each  v  level  of  the  neutral) 
appropriate  for  the  LiX  case  where  radial  vibrational  motion 
dominates.  The  attractive  diabatic  curve  that  connects,  at  large 
r,  to  the  i/th  level  of  LiX  undergoes  crossings  with  various 
repulsive  diabatic  curves  connecting  to  v  —  v  —  2,  and  v  — 
3  of  LiX.  Because  {dVIdR)  {R  —  R^)  is  linear  in  the  bond  length 
displacement,  within  a  harmonic  treatment,  (a)  those  crossings 
of  diabatic  curves  whose  v  quantum  numbers  differ  by  one  will 
be  coupled  and  (b)  those  crossings  whose  v  quantum  numbes 
differ  by  2  or  more  will  not  be  coupled.  As  a  result,  the  attractive 
curve  of  the  lAh  level  will  interact  (to  undergo  an  avoided 
crossing)  at  the  left-most  dot  in  Figure  8  to  acquire  v  ~  \ 
character  (simultaneously  causing  the  electronic  function  to 
acquire  more  /  =  1  character).  At  larger  r,  near  the  second  dot, 
this  evolving  adiabatic  curve  will  acquire  v  —  2  character  (and 
the  electron  will  gain  /  =  2  nature)  and  so  forth  until,  at  the 
last  dot,  the  z;  —  3  character  is  gained  (as  the  electron  gains 
even  higher  I  dependence).  It  is  through  this  sequence  of  avoided 
crossings  that  (a)  the  diabatic  curves  generate  an  adiabatic 
curve  through  which  the  extra  electron  must  tunnel  radially, 
(b)  the  vibrational  energy  decreases  from  z;,  to  - 1,  -  2,  and 

z;  -  3  while  the  electron  gains  energy  (and  angular  momentum) 
as  it  detaches. 

To  determine  the  rate  of  electron  ejection  from  the  anion 
(diabatic)  level  having  quantum  numbers  n,v,J,  and  M  (repre¬ 
sented  by  the  single  quantum  number  v  in  Figure  8),  one  must 
solve  for  the  rate  at  which  tunneling  occurs  on  the  corresponding 
adiabatic  curve  by  solving  the  Schrodinger  equation 
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dldr)}F{r)  +  V{r)F{r)  =  e"/(r)  (20) 

where  V(r)  is  the  adiabatic  curve  (shown  as  the  evolving  red/ 
yellow/blue/fucia  curve  in  Figure  8).  The  energy  €~v  is  found 
by  solving  the  bound-state  radial  Schrodinger  equation  in  which 
V(r)  is  the  corresponding  attractive  diabatic  potential  (shown 
in  red  in  Figure  8). 

In  practice,  the  (red)  diabatic  surface  can  be  found,  using 
conventional  quantum  chemistry  tools,  as  follows. 

(1)  One  obtains  the  anion’s  (bound)  HOMO  V^(r,0,0)  and  its 
orbital  energy  as  well  as  the  neutral  molecule’s  occupied 
molecular  orbitals  {^yjusing  conventional  BO  quantum  chem¬ 
istry.  These  orbitals  are  expressed  as  expansions  (e.g.,  for  the 
HOMO,  'ipir ,0 ,<j)^  2a /;MjCfl,/,mjT/^m(^aj0a)^a,X^a))  terms  of 
angular  and  radial  basis  functions  centered  on  the  various  atoms 
(a).  Of  course,  the  LCAO-MO  coefficients  and  the  orbital 
energies  depend  on  the  geometry  (Q)  at  which  this  calculation 
is  performed. 

(2)  One  can  next  define  an  electron— molecule  interaction 
potential  F(Q,r)  in  terms  of  the  Coulomb  minus  exchange 
potential  generated  by  the  neutral’s  occupied  orbitals  {xpj}  plus 
the  Coulomb  attraction  potential  of  the  underlying  neutral’s 
nuclei: 

V(Q,r)  =  \{-Z/l\r  -  R,|}  + 

Hjf  ipj(r're^/\r  -  r'|(l  -  dr'  (21) 

(3)  The  diabatic  surface  V(r)  appropriate  to  the  neutral 
molecule  in  a  specified  internal  state  (n,v,J,M)  is  obtained  from 
V(Q,r)  by  (a)  averaging  over  the  Q  coordinates  using  the  square 
of  the  neutral’s  vibration/rotation  wave  function  ipn,v,j,M(Q)  as 
the  weighting  factor,  (b)  averaging  over  the  extra  electron’s 
angular  coordinates  0,(p  using  |^(r,0,(/>)p  as  the  weighting,  and 
(c)  adding  in  the  electronic  angular  kinetic  energy  (i.e.,  the 
centrifugal  potential)  for  the  extra  electron  occupying  ^p: 

v(r)  =  f  IV'(^0,0)lV„,„,7,M(Q)l'nQ,r,0,<A) 

dQ  sin  eddd4>+  f  rp*L^ip  sin  6  d9  d0  (22) 

Because  the  HOMO  xp{rfi,<l))  has  been  obtained  by  mixing  basis 
functions  on  all  centers  and  with  various  l,m  values,  it  explicitly 
contains  all  of  the  couplings  among  basis  states  with  fixed  n, 
V,  J,  and  M  but  with  various  a,  /,  and  m  quantum  numbers.  It 
is  this  V(r)  function  that  the  red  curve  in  Figure  8  represents;  it 
is  the  potential  that  the  extra  electron  experiences  as  the  nuclei 
in  the  molecule  undego  their  motions  if  there  were  no  couplings 
between  the  internal  (i.e.,  electronic,  vibrational,  rotational) 
energy  of  the  molecule  and  of  the  extra  electron. 

The  adiabatic  curve  derived  from  each  such  diabatic  curve 
can  be  approximated  by  finding  where  the  (red)  diabatic  curve 
(computed  as  detailed  above)  belonging  to  a  given  internal  level 
(e.g.,  the  level  denoted  v  in  Figure  8)  intersects  the  first  repulsive 
diabatic  curve  connecting  to  the  nearest  lying  lower  level  (e.g., 
that  denoted  i;  —  1  in  Figure  8).  This  first  repulsive  curve  can 
be  approximated  in  terms  of  the  asymptotic  energy  of  the 
underlying  (z;  —  1  in  Figure  8)  neutral  level  plus  the  extra 
electron’s  centrifugal  potential  corresponding  to  /  =  1,  Ev-\  + 
1(1  +  \)hJ2mQr^,  and  where  it  crosses  the  (red)  diabatic  curve 
can  easily  be  determined.  Likewise,  the  location  of  the  second 
crossing  (the  second  dot  in  Figure  8)  can  be  estimated  by  finding 
where  Ev~\  +  1(1  +  l)fd2mQr^  and  Ev-i  +  2(2  +  l)fi/2mera^ 
intersect.  In  this  manner,  it  is  possible  to  ‘‘piece  together”  a 
description  of  the  red/yellow/blue/fucia  adiabatic  curve  by 
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following  the  red  diabatic  curve  until  the  first  dot,  moving  to 
the  yellow  curve  until  the  second  dot,  then  on  to  the  blue  curve 
until  the  third  dot,  and,  finally,  on  to  the  fucia  curve  (E^z-s  + 
3(3  +  1)  ft/2mera^  )  from  then  on. 

The  rate  of  electron  ejection  is  then  obtained  by  computing 
the  radial  tunneling  rate  on  the  red/yellow/blue/fucia  curve  at 
an  energy  obtained  by  solving  the  Schrodinger  equation  (eq 
20)  for  the  radial  motion  of  the  extra  electron  on  the  red  diabatic 
curve.  It  is  through  this  process  that  one  can  evaluate^  electron 
ejection  rates  in  terms  of  tunneling.  As  stated  earlier,  this 
framework  is  especially  useful  when  the  extra  electron  is  so 
weakly  attached  that  it  makes  sense  to  reverse  the  conventional 
separtion  of  electronic  and  nuclear  motion  time  scales. 

IV.  Summary 

The  rate  of  ejection  of  electrons  from  anions  induced  by  non- 
BO  couplings  can  be  expressed  rigorously  and  quantum 
mechanically  as  a  Fourier  transform  of  an  overlap  function 
between  two  functions 

f  (l/2;i?l)  f  p{F?){m-^  lPln)  exp(-if(r  + 

V-)lh)Xi\  exp(— fi(r  +  yf)/ft)m- f(P/^)%j)  d?  exp(— k£7h)  dE" 

(10) 

one  of  which  is  the  anion  vibration— rotation  function  x\  acted 
on  by  the  non-BO  perturbation  mi^Pip)  and  then  propagated 
on  the  neutral  molecule  surface,  the  other  being  the  initial 
propagated  on  the  anion  surface  and  then  acted  on  by  m\j^Plp). 
In  computer  applications  involving  polyatomic  anions,  it  is 
especially  efficient  to  compute  /?t  in  this  manner  using  short- 
time  quantum  wave  function  propagation  techniques. 

For  an  anion  having  a  very  weakly  bound  extra  electron,  it 
can  prove  more  fruitful  to  evaluate  the  rate  of  non-BO  induced 
electron  detachment  in  terms  of  the  radial  tunneling  of  this 
electron  through  an  adiabatic  potential.  This  approach  arises 
when  one  reverses  the  conventional  BO  assumption  of  fast 
electrons  and  slow  nuclei  and  introduces  families  of  diabatic 
radial  potentials  (for  each  electronic,  vibrational,  rotational  level 
of  the  daughter  neutral  molecule)  that  are  coupled  by  the 
electron— molecule  interaction  potential  to  generate  adiabatic 
radial  potentials  through  which  the  electron  tunnels. 
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We  employ  a  simple  model  for  the  electronic  excitations  and  the  exciton— vibration  coupling  characterizing 
the  B850  ring  of  the  light-harvesting  complex  in  photosynthetic  bacteria  to  investigate  the  possibility  of 
coherence  in  the  energy  transfer  within  the  system.  The  structure  of  the  equilibrium  density  matrix  is  studied 
using  the  path  integral  formulation  of  quantum  statistical  mechanics.  The  calculated  mean  coherence  length 
is  computed  from  the  average  root-mean-square  deviation  of  closed  imaginary  time  paths  that  are  sampled 
via  a  Monte  Carlo  procedure.  This  procedure  allows  simultaneous  examination  of  the  effects  of  thermal 
averaging  and  dynamic  and  static  disorder  in  a  single  calculation.  The  mean  coherence  length  is  found  to  be 
about  two  to  three  chlorophyll  monomers  at  room  temperature.  The  principal  factor  responsible  for  this 
localization  is  thermal  averaging,  although  static  and  dynamic  disorder  further  destabilize  extended  states.  At 
low  temperatures  the  circular  arrangement  of  the  pigments  favors  coherence  with  respect  to  the  situation  in 
a  linear  aggregate.  Visual  inspection  of  typical  paths  offers  an  intuitive  picture  of  the  extent  of  coherent 
energy  delocalization  in  biological  antenna  systems. 


I.  Introduction 

The  process  of  energy  transduction  in  the  membranes  of 
photosynthetic  bacteria  begins  with  the  absorption  of  visible 
hght  by  light-harvesting  antennas  which  then  funnel  the  energy 
into  the  reaction  center.  The  light-harvesting  complexes  are 
molecular  aggregates  composed  of  several  units  that  contain 
peptides,  chlorophyll  molecules,  and  carotenoids.  These  building 
blocks  are  organized  in  symmetric  structures  that  assume  the 
shape  of  a  ring.  The  light-harvesting  complex  I  (LH-I)  im¬ 
mediately  surrounds  the  reaction  center,  while  a  second  type 
of  light-harvesting  complex  (LH-II)  channels  energy  to  the 
reaction  center  through  LH-I. 

The  structure  and  electronic  arrangement  of  Rps.  acidophila 
and  Rs.  molischianum  were  determined  in  recent  experimental 
and  theoretical  studies.^*^  The  basic  unit  of  LH-II  is  a  het¬ 
erodimer  consisting  of  two  small  protein  subunits  referred  to 
as  the  a-  and  ^S-apoproteins.  The  a  heterodimers  bind  three 
bacteriochlorophyll  (BChl)  molecules,  two  of  which  are  in  close 
contact.  These  dimers  form  a  ring  (see  Figure  1)  that  absorbs 
around  850  nm.  The  third  BChl  of  the  structural  unit  is  located 
about  19  A  away  on  an  outer  ring  whose  absorption  maximum 
lies  at  800  nm.  Carotenoid  molecules  in  proximity  to  the  outer 
BChl  ring  harvest  light  in  a  different  spectral  range  and  also 
prevent  photooxidation  of  the  chlorophylls.  The  LH-II  of  the 
above  species  is  composed  of  eight  or  nine  such  units. 

This  article  is  concerned  with  the  energy-transfer  process 
within  the  inner  ring  of  these  LH-II  systems.  In  the  absence  of 
static  disorder,  the  eigenstates  of  the  16  singly  excited  BChl 


*  To  whom  correspondence  should  be  addressed.  Address:  School  of 
Chemical  Sciences,  University  of  Illinois,  601  S.  Goodwin  Avenue,  Urbana, 
Illinois  61801. 


molecules  of  Rs.  molischianum  form  two  exciton  bands.  Only 
the  degenerate  second  and  third  excited  states  carry  oscillator 
strength,  and  thus,  initial  excitation  at  zero  temperature  should 
produce  a  delocalized  linear  combination  of  these.  Femtosecond 
pumb—probe  experiments  have  monitored  the  subsequent  energy 
flow  and  found  that  intraband  relaxation  occurs  within  less  than 
50  fs  at  room  temperature.^” Whether  the  energy  deposited 
in  the  ring  remains  delocalized  under  biological  conditions  is  a 
matter  of  considerable  debate.  Static  disorder,  caused  by 
structural  inhomogeneity,  and  also  exciton— vibration  cou¬ 
pling  and  temperature  are  factors  expected  to  favor  localization. 
The  energy-transfer  process  within  the  LH-II  system  has  been 
studied  by  fluorescence,  transient  absoprtion,  and  time-resolved 
fluorescence  anisotropy  techniques,  Because  of  the 

complexity  of  these  systems,  the  interpretation  of  the  measured 
superradiance  and  emission  anisotropy  has  been  elusive  and  the 
reported  estimates  of  the  coherence  lengths  vary  from  one  to 
two  subunits  to  a  substantial  portion  of  the  ring.  Some  groups 
have  reported  evidence  of  delocalized  states  at  all  tempera- 
tui'es,22-24  while  the  findings  of  others  indicate  incoherent  energy 
transfer  between  monomers  or  dimers  even  under  cryogenic 
conditions,  These  apparent  discrepancies  have  been  at¬ 
tributed^^  to  a  strong  temperature  dependence  of  the  super¬ 
radiance  enhancement  factor  not  accounted  for  in  the  interpreta¬ 
tion  of  these  experiments.  Theoretical  investigations  have 
assessed  the  effect  of  static  disorder  on  the  coherence  of  the 
exciton  eigenstates  in  an  isolated  ring  and  found  it  to  be  small.^*^ 
The  effects  of  static  and  dynamic  disorder  on  the  resulting 
superradiance  have  been  examined  using  adiabatic  and  polaron 
models.^^  Other  recent  work  has  employed  a  multilevel  Redfield 
description  to  follow  the  dynamics  of  the  photoexcited  state  in 
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Figure  1.  Top  view  of  the  B850  ring  of  the  LH-II  in  Rs.  molischianum.  The  16  bacteriochlorophyll  monomers  are  shown  in  red,  while  the  a  and 
P  heterodimers  are  depicted  in  green. 


the  presence  of  coupling  to  vibrations  modeled  in  terms  of  a 
dissipative  bath  and  estimated  the  exciton  coherence  domain.^^"^^ 

In  the  present  paper  we  adopt  the  imaginary  time  path  integral 
formulation  of  quantum  statistical  mechanics^^  to  investigate 
the  equilibrium  properties  of  the  excited  LH-II  complex.  The 
Monte  Carlo  path  integral  description  of  light-harvesting  systems 
is  appealing  for  several  reasons:  it  can  take  into  account  the 
effects  of  ensemble  averaging  at  a  given  temperature,  exciton— 
vibration  coupling,  and  static  disorder  automatically  in  a  single 
calculation;  in  addition,  it  leads  to  simple  pictures  that  allow 
easy  visualization  of  the  pertinent  coherence  length. 

In  section  n  we  use  a  simple  two-level-system  paradigm  to 
motivate  the  path  integral  analysis  of  the  coherence  length  in 
LH-n.  Section  IQ  describes  the  model  and  the  discretized  path 
integral  representation  of  the  quantum  partition  function,  which 
we  adopt.  The  results  of  our  calculations  are  presented  in  section 
IV.  That  section  reports  the  mean  coherence  length  that  we 
obtain  as  a  function  of  temperature  and  dynamic  disorder. 
Further,  graphical  representation  of  typical  paths  provides  an 
intuitive  picture  of  the  coherence  in  the  energy  transfer.  Finally, 
some  concluding  remarks  are  given  in  section  V. 

n.  Theoretical  Analysis 

To  motivate  the  calculation  and  facilitate  the  analysis  of  the 
results  presented  in  the  next  section,  it  is  instructive  to  consider 
the  equilibrium  distribution  of  an  isolated  two-level  system 
(TLS).  In  the  site  representation  the  Hamiltonian  reads 

/f=-ftQ(|LX/?|  +  |/?XL|)  (2.1) 

where  |L)  and  \R)  are  left-  and  right-localized  states  and  the 


tunneling  splitting  is  2hQ.  Coherences  are  associated  with  the 
off-diagonal  elements  of  the  density  matrix  in  the  site  basis. 
To  obtain  a  quantitative  measure  for  the  significance  of  these 
off-diagonal  elements,  we  examine  their  contribution  to  the 
canonical  partition  function.  The  latter  is  given  by  the  expression 

Z  =  Tr  =  (L|e“^^|L)  +  {R\c~^^\R)  ^  2{L\c~^"\L) 

(2.2) 

where  the  last  step  follows  from  the  symmetry  of  the  Hamil¬ 
tonian.  By  use  of  the  path  integral  representation  of  the 
imaginary  time  propagator,  this  element  takes  the  form 

<l|e-'>»|Z,>=  X  ...  X 

k\ — L,R  1 — 

where  Ok  =  L,R  and  N  is  the  number  of  imaginary  time  steps. 
As  is  well-known,  each  realization  L,  Ok2^  ...,  L  of 
localized  states  defines  a  closed  path.  Coherence  prevails  if  the 
paths  that  contribute  most  to  the  partition  function  alternate 
between  the  two  sites.  On  the  other  hand,  if  most  statistically 
significant  paths  are  localized  for  the  most  part,  the  equilibrium 
distribution  is  characterized  by  lack  of  coherence. 

To  obtain  a  feel  for  the  nature  of  the  coherent  and  incoherent 
contributions,  we  examine  the  terms  that  enter  the  path  sum 
for  N  =2.  We  choose  this  particular  value  of  N  because  it  is 
the  smallest  value  that  allows  paths  to  visit  both  accessible  sites. 
A  straightforward  calculation  leads  to  the  following  result  for 
the  contributions  of  localized  vs  delocalized  paths: 
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(L|e-^«'^|LXL|e-^®'|L>  =  (2.4a) 

(Lle"^®^|/?>(/?le"^®^|L)  =  -  e"'^“)j^  (2.4b) 

From  these  expressions  it  follows  that  localized  and  delocalized 
paths  make  equal  contributions  to  the  partition  function  at  zero 
temperature.  In  the  opposite  limit  of  infinite  temperature  the 
weight  of  the  delocalized  path  vanishes  and  the  partition  function 
is  dominated  by  paths  that  remain  on  one  site. 

We  define  the  coherence  length  of  a  path  as  twice  the  root- 
mean-square  deviation  of  the  path  from  its  centroid.  Restricting 
attention  to  the  above  two  types  of  paths,  the  mean  coherence 
length  (MCL)  at  a  given  temperature  becomes 


TABLE  1:  Parameterization  of  Eq  3.1  As  Obtained  by  Hu 
et  al." 


€ 

13059 

Ai2 

806 

A23 

377 

Ai3 

-152 

A24 

-102 

“  All  Parameters  are  in  cm  ^ 

modeling  the  nuclear  motion  of  the  complex  in  terms  of  a 
dissipative  bath  of  effective  harmonic  modes  whose  coordinates 
Xj  are  denoted  collectively  by  the  vector  x.  The  harmonic  bath 
picture  is  justified  by  virtue  of  the  linear  response  approxima- 
tion^"^  as  in  the  case  of  electron  transfer.^^’^^  The  total  Hamil¬ 
tonian  takes  the  form 


^  ^loc^loc  ^deloc^deloc  (2’ *5) 

where  wioc,  Wdeioc  are  the  weights  of  the  locahzed  and  delocalized 
paths  and  Aioc,  Adeioc  are  the  corresponding  lengths.  In  the  TLS 
example  one  finds 


1  =  —^  (2.6a) 

Vl  +  y^ 

where  d  is  the  distance  between  left  and  right  sites  and 

y  =  coth(ftQ^/2)  (2.6b) 


^Pj  .  1  V 

=  ^0  +  S—  +  - 

j=\2mj  2 


mpj 


(3.2) 


As  is  well-known,  only  the  collective  characteristics  of  the  bath, 
rather  than  the  individual  mode  frequencies  (Oj  and  coupling 
constants  Cp  affect  the  ring  dynamics  with  this  Hamiltonian. 
These  collective  features  are  contained  in  the  spectral  density 


jt 

/(ft>)  =  -T - (5(<w-<w ) 

2  j  mfjDj 


(3.3) 


Applying  eq  2.6,  one  concludes  that  /  =  0  at  infinite  temperature, 
while  the  zero  temperature  coherence  length  is  found  to  be  /  = 
dis/l.  Note  that  even  at  zero  temperature  the  MCL  is  smaller 
than  the  site-to-site  separation  with  the  present  definition.  Other 
workers  have  adopted  different  measures  where  the  MCL  is 
defined  as  the  inverse  participation  ratio  or  the  autocorrelation 
function  of  the  exciton  wave  function.  Finally,  at  a  temperature 
=  2hQ  the  TLS  coherence  length  is  I  ^  0.24d.  Given  that 
the  population  of  the  excited  state  is  only  0.37  at  this 
temperature,  one  might  expect  a  higher  degree  of  coherence. 
The  reason  for  the  short  delocalization  length  predicted  by  eq 
2.6  is  the  cyclic  nature  of  equilibrium  paths;  as  a  consequence, 
the  actual  distance  traversed  by  such  a  path  is  double  the  site- 
to-site  distance. 

HI.  Model  and  Computational  Procedure 

We  model  the  photosynthetic  antenna  system  by  an  n-state 
model  in  the  basis  of  localized  single  excitations.  This  Hamil¬ 
tonian  is  coupled  diagonally  to  a  dissipative  heat  bath  comprising 
the  vibrational  and  torsional  modes  of  the  pigments  and  their 
protein— water  environment.  In  the  absence  of  static  or  dynamic 
disorder  the  system  is  completely  symmetric  and  takes  the  form 

Ho  =  +  XA,^l«/X«yl  (3-1) 

i=l 

where  n  =  16  for  the  B850  ring  of  LH-II  in  Rs.  molischianum. 
Here,  |m/)  denote  single  excitations  of  individual  chlorophylls, 
€  is  the  corresponding  excitation  energy,  and  Ay  are  the 
couplings  that  are  due  primarily  to  dipolar  interactions.  Sym¬ 
metry  implies  that  =  Ay.  Hu  et  al.^^  have  parametrized 

this  Hamiltonian  by  fitting  the  corresponding  eigenvalues  to 
results  of  ZINDO  electronic  structure  calculations.^^  The  result¬ 
ing  parameters  are  given  in  Table  1. 

A  qualitative  description  of  the  effects  of  exciton-vibration 
coupling  on  the  dynamics  of  energy  transfer  is  obtained  by 


which  can  be  obtained  from  the  force-force  autocorrelation 
function  of  the  medium.^^’^^’^^  Since  molecular  dynamics 
calculations  of  the  LH-II  correlation  function  have  not  been 
reported,  we  employ  a  simple  model  of  a  generic  Ohmic  bath 
whose  spectral  density  takes  the  form 

J{o))  -  27d^^o)  (3.4) 

This  function  has  a  maximum  at  0)c  —  100  The 

reorganization  energy  between  two  adjacent  chlorophyll  mono¬ 
mers  is  related  to  the  exciton-vibration  coupling  characterized 
by  §  through  the  expression 

E.  =  (3.5) 

Given  the  unequal  separations  of  neighboring  chlorophyll 
monomers  that  belong  to  a  single  or  to  adjacent  dimers,  we 
expect  the  intra-  and  interdimer  reorganization  energies  to  have 
somewhat  different  values.  Knowledge  of  these  reorganization 
energies  would  uniquely  determine  the  parameters  ^  and  Ok  that 
are  needed  to  complete  the  model.  A  rough  estimate  of  the 
reorganization  energy  can  be  obtained  from  the  dynamic  Stokes 
shift,  which  has  been  found'^^’^®  to  be  about  80  cm”^  Ultrafast 
experiments^®  also  revealed  that  the  electronic  excitations  are 
coupled  to  nuclear  motions  with  frequencies  ranging  from  20 
to  1000  cm~^  We  thus  choose  cOc  =  100  cm“^  In  the  absence 
of  more  detailed  information,  we  set  Ok  equal  to  the  chlorophyll 
monomer  index  k  with  periodic  boundary  conditions,  i.e.,  On^\ 
=  (7i.  We  have  verified  that  the  coherence  length  reported  in 
section  IV  remains  essentially  unchanged  if  a  slightly  nonuni¬ 
form  choice  of  Gk  is  made.  Finally,  we  present  results  for  the 
values  I  =  0.1  and  0.25,  which  describe  exciton-vibration 
coupling  corresponding  to  reorganization  energies  equal  to  20 
and  50  cm"^  respectively. 

The  off-diagonal  coupling  elements  obtained  by  Hu  et  al.  are 
likely  to  be  too  large."^^""^^  For  this  reason  we  also  report  results 
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for  couplings  that  have  been  scaled  down  compared  to  those 
given  in  Table  1  by  a  factor  of  2. 

The  calculation  is  performed  in  the  site  basis  The  partition 
function  is  given  by  the  expression 

Z  =  Tr  =  X/1  <1*  <M,x|e"^"|xM,.)  (3.6) 

1=1 

which  is  written  in  the  discretized  path  integral  representation: 

^  =  X  E  -  E  /-“  /I  dX2  •••/_“ 

ki=l  k2=l  kf^l 

(MiXile-^^^lx^yMjv)  (3.7) 

The  imaginary  time  propagator  is  split  symmetrically  using  the 
isolated  exciton  Hamiltonian  as  the  reference:"^ 

{upL,\o-^^\Xju)  = 

(3.8) 

In  turn,  the  isolated  exciton  propagator  is  calculated  in  terms 
of  the  eigenstates  and  eigenvalues  E’jt  of  eq  3.1: 

(3.9) 

k=l 

With  the  present  harmonic  model  for  the  nuclear  vibrations, 
the  integrals  in  eq  3.5  are  of  the  Gaussian  form  and  can  be 
performed  analytically.  The  result  is^^ 


Figure  2.  Coherence  length  as  a  function  of  temperature  for  the  LH- 
n  model  with  couplings  from  Table  1:  (solid  circles)  isolated  ring 
(§  =  0);  (hollow  triangles)  very  weak  exciton-vibration  coupling 
(^  =  0.1);  (hollow  squares)  weak  exciton-vibration  coupling 
(I  =  0.25).  The  lines  are  guides  to  the  eye. 

The  effects  of  static  diagonal  disorder  can  be  evaluated  by 
replacing  the  parameter  €  in  eq  3.1  by  the  individual  site  energies 
€i,  which  are  chosen  from  a  Gaussian  distribution  with  variance 
D.  The  MCL  is  then  obtained  from  the  ensemble  average  of  I 
with  respect  to  the  fluctuation  of  the  site  energy.  Interestingly, 
the  integration  associated  with  the  inhomogeneous  broadening 
of  the  ensemble  can  be  combined  with  the  Monte  Carlo  search 
for  cyclic  paths  such  that  the  effects  of  static  disorder  can  be 
assessed  within  a  single  random  walk.  In  this  case  the 
Boltzmann  matrix  elements  of  the  reference  Hamiltonian  must 
be  reevaluated  for  each  choice  of  site  energies. 

In  the  next  section  we  report  the  mean  coherence  length  of 
the  random  walk  and  sketch  typical  paths  for  various  parameters. 


—  1  ^2 — I  ^JV~1 

f(<7i,CT2.-.%)  (3.10) 

where  F  is  the  influence  functional  and  is  given  by  the 
expression 


N  N 

F((j^,02,...,oP)  =  exp(-2^^  Vki^k(^k')  (3.11) 

/t=U'=l 

The  coefficients  rjkkf  are  given  through  integrals  of  the  spectral 
density. 

Because  paths  entering  the  path  integral  expression  of  the 
partition  function  are  closed,  these  paths  can  be  thought  of  as 
a  necklace  whose  beads  correspond  to  the  auxiliary  variables 
of  eq  3.8."^  In  the  present  case  each  bead  can  occupy  one  of 
the  n  lattice  sites  of  the  LH-II  ring.  This  correspondence  allows 
straightforward  visual  examination  of  the  system’s  coherence. 

Paths  contributing  to  eq  3.10  are  sampled  via  a  Metropolis 
procedure  using  the  entire  integrand  as  the  sampling  function. 
The  coherence  length  of  a  path  is  obtained  from  the  expression 
i.e.. 


(  =  2i  i  ...t 

— 1  ^2 — t  kfif—\ 

-  of  +  {02  -  of  + 

■■■  +  (oM-off'^  (3.12) 

where  Oc  is  the  centroid  of  the  closed  path  {01,02,.. ^,(7n}. 


IV.  Results 

In  this  section  we  present  the  results  of  the  path  integral 
simulations  described  in  section  III.  Figure  2  shows  the 
coherence  length  in  a  16-unit  model  of  LH-II  as  a  function  of 
temperature  for  the  isolated  ring  and  also  in  the  presence  of 
small  dissipation  corresponding  to  §  =  0.1  and  ^  =  0.25.  These 
calculations  are  performed  without  including  disorder,  using  the 
coupling  parameters  of  Table  1  for  V  =  32  path  integral  slices 
and  50  000  Monte  Carlo  points  per  integration  variable  after 
an  equilibration  step  of  equal  length.  At  absolute  zero  the 
eigenstates  are  entirely  delocalized.  Dominant  paths  reflecting 
this  delocalized  structure  exhibit  coherence.  The  centroid  of  a 
completely  delocalized  path  {Ok  =  intikn/N),  k  =  !,...,«)  is  equal 
to 


o^ 


w  +  1 
2 


(4.1) 


and  (taking  V  =  n  for  simplicity),  the  coherence  length  is 


(4.2) 


which  for  n  =  16  equals  9.22.  At  low  temperatures  and  in  the 
absence  of  any  disorder  the  system  exhibits  moderate  coherence, 
reflecting  the  delocalized  nature  of  the  eigenstates.  This  is 
illustrated  in  Figure  3,  which  shows  typical  paths  having 
coherence  length  within  one  unit  of  the  calculated  MCL  at  T  = 
50  K.  Clearly,  the  delocalized  exciton  picture  is  relevant  at  or 
below  this  temperature.  However,  even  in  the  case  of  an  isolated. 
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Figure  3.  Typical  paths  for  the  isolated  LH-II  system  =  0,  no  static 
disorder)  at  T  =  50  K  with  the  parameters  shown  in  Table  1.  The 
markers  represent  the  chlorophyll  monomers. 


Figure  4.  Typical  paths  for  the  isolated  LH-II  system  (|  =  0,  no  static 
disorder)  at  7  =  300  K  with  the  parameters  shown  in  Table  1.  The 
markers  represent  the  chlorophyll  monomers. 

perfectly  symmetric  ring,  only  at  very  low  temperatures  does 
the  path  integral  necklace  begin  to  extend  over  the  entire  domain 
of  the  ring.  As  seen  in  Figure  2,  thermal  averaging  has  a 
dramatic  effect  on  energy  localization.  At  room  temperature  the 
coherence  length  is  only  2.3  in  the  absence  of  any  disorder. 
Typical  paths  at  7  =  300  K  are  shown  in  Figure  4.  These  paths 
now  extend  over  only  a  few  chlorophyll  units.  Note  that  these 
paths  appear  more  delocalized  than  they  actually  are,  since 
significant  portions  of  the  path  integral  necklace  have  collapsed 
on  a  single  chlorophyll  unit,  an  effect  that  cannot  be  discerned 
in  the  graphs.  Coupling  the  ring  to  a  weakly  dissipative 
environment  induces  further  localization,  leading  to  /  =  2.1  with 
§  =  0.1  and  /  =  2.0  if  ^  =  0.25  at  300  K.  Still,  coherence 
spans  one  to  two  dimers  at  room  temperature,  so  hopping 
between  individual  monomers  does  not  provide  a  faidiful 
representation  of  energy  transfer.  At  low  temperatures  where 
the  perfect  ring  exhibits  a  high  degree  of  coherence  the  effects 
of  dissipation  are  more  dramatic,  as  can  be  seen  from  Figure  2. 
Finally,  inclusion  of  static  disorder  further  enhances  localization, 
although  this  effect  is  rather  small,  since  the  standard  deviation 
of  the  site  energies  is  small  compared  to  the  off-diagonal 
elements  of  the  ring  Hamiltonian.^^’"^^ 

As  alluded  to  in  the  previous  section,  the  coupling  parameters 
obtained  by  Hu  et  al.  are  deemed  too  large.  For  this  reason  we 
repeat  the  calculation  of  the  MCL  using  coupling  parameters 
that  are  scaled  by  a  factor  of  V2  with  respect  to  those  presented 
in  Table  1.  The  resulting  MCL  is  shown  in  Figure  5.  Even 


Figure  5.  Coherence  length  as  a  function  of  temperature  for  the  LH- 
II  model  with  couplings  from  Table  1  scaled  by  0.5:  (solid  circles) 
isolated  ring  (§  =  0);  (hollow  triangles)  very  weak  exciton— vibration 
coupling  (^  =  0.1);  (hollow  squares)  weak  exciton— vibration  coupling 
(f  =  0.25).  The  lines  are  guides  to  the  eye. 

though  the  MCL  at  zero  temperature  (where  the  ensemble  is 
dominated  by  the  ground  state)  is  still  given  by  eq  4.2,  the  MCL 
now  decreases  faster  with  increasing  temperature  and  is  equal 
to  /  =  1.5  at  300  K.  The  effects  of  dynamic  disorder  are  again 
significant  at  low  temperature,  but  given  the  very  small  extent 
of  the  paths  at  7  >  250  K,  this  effect  is  negligible  at  room 
temperature. 

From  the  results  of  these  calculations  it  is  evident  that  the 
coherence  characterizing  the  exciton  eigenstates  of  a  perfect 
light-harvesting  ring  prevails  only  at  very  low  temperatures.  The 
calculated  low-temperature  MCL  is  in  agreement  with  the 
estimate  of  Fleming  and  co-workers The  major  contributor 
to  the  localization  observed  at  room  temperature  is  thermal 
averaging,  which  destroys  the  coherent  nature  of  individual 
eigenstates.  Although  static  and  dynamic  disorder  induce  further 
localization,  they  are  not  crucial  for  disruption  of  coherence  at 
biological  temperatures.  For  this  reason  the  conclusions  reached 
on  the  basis  of  the  simple  model  employing  a  harmonic 
dissipative  bath  appear  robust  and  rather  general. 

In  contrast  to  ^e  localizing  effects  of  the  environment 
(temperature  and  static  and  dynamic  disorder),  the  geometry  of 
light-harvesting  rings  favors  coherent  energy  transfer  at  low 
temperatures.  Compared  to  a  linear  aggregate,  the  circular 
arrangement  of  the  chlorophyll  molecules  eliminates  the  penalty 
in  the  Boltzmann  factor  associated  with  closing  the  path  integral 
necklace  for  a  path  extending  over  at  least  half  of  the  ring  units. 
Choosing,  for  example,  A  =  n,  a  completely  delocalized  path 
with  ak  =  k,k=l, ...,  n  enters  the  partition  function  with  exactly 
the  same  weight  as  the  path 

Oj^  =  k,  k=l,...,nl2 

=  n-\-  I  —  k,  k  —  nil  +  1, ...,  n 

This  would  not  be  the  case  if  the  pigments  were  arranged  in  an 
open  shape.  Since  the  coherence  length  of  the  first  of  these  paths 
is  larger,  the  overall  MCL  is  increased.  The  geometric  enhance¬ 
ment  of  coherence  is  modest  under  conditions  that  already  favor 
delocalized  paths,  i.e.,  at  low  temperatures  and  weak  disorder, 
but  does  not  have  an  observable  effect  under  biological 
conditions  where  coherence  appears  to  span  a  small  portion  of 
the  ring. 

V.  Concluding  Remarks 

In  the  absence  of  static  disorder,  the  energy  absorbed  by  the 
B850  ring  of  the  LH-II  system  is  used  to  excite  a  pair  of 
degenerate  exciton  states  that  are  delocalized  over  the  entire 
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ring.  However,  coherence  does  not  survive  thermalization.  At 
room  temperature,  the  onset  of  thermal  equihbrium  is  character¬ 
ized  by  an  incoherent  ensemble  of  excitations  that  extend  over 
two  to  three  chlorophyll  units.  At  very  low  temperatures 
coherence  spans  a  significant  portion  of  the  ring  and  is  enhanced 
by  the  circular  arrangement  of  the  pigments. 

Although  these  conclusions  were  reached  on  the  basis  of  a 
very  simple  model,  they  appear  quite  robust  and  insensitive  to 
the  details  of  the  calculation.  We  employed  the  Hamiltonian  of 
Hu  et  al.  and  a  simple  model  for  the  effects  of  exciton— vibration 
coupling  to  describe  the  equilibrium  properties  of  the  LH-II  ring. 
Despite  the  strong  couplings  in  this  parametrization,  which 
certainly  favor  delocalization,  we  find  that  at  room  temperature 
the  coherence  length  is  reduced  by  a  factor  of  4  with  regard  to 
the  zero  temperature  case.  Our  estimate  of  the  room-temperature 
MCL  is  in  reasonable  agreement  with  the  conclusions  reached 
by  the  groups  of  van  Grondelle^^’^^  and  Sundstrom,^’^^’^^’^^  who 
report  a  coherence  domain  of  three  to  four  monomers.  If  the 
couplings  of  the  model  are  scaled  down  to  more  likely  values, 
localization  is  even  more  pronounced.  Addition  of  exciton— 
vibration  coupling  enhances  localization.  In  the  present  work 
this  coupling  was  modeled  in  terms  of  a  dissipative  harmonic 
bath.  Although  anharmonicity  of  the  vibrational  degrees  of 
freedom  may  weaken  the  localizing  effects  of  dynamic  disorder, 
such  motion  should  nevertheless  destabilize  extended  states.  It 
is  thus  hard  to  imagine  the  more  intricate  motion  of  the  pigments 
and  protein  atoms  resulting  in  a  different  outcome.  Finally,  if 
static  disorder  is  also  taken  into  consideration,  the  resulting  MCL 
becomes  even  shorter.  Thus,  energy  delocalization  over  the 
entire  ring  appears  extremely  improbable  under  biological 
conditions,  although  within  a  dimer  and  probably  across  two 
dimers  coherence  appears  to  prevail. 

Acknowledgment  This  material  is  based  on  work  supported 
by  the  Research  Corporation  through  a  Cottrell  Scholar  Award 
and  by  the  National  Science  Foundation  through  Award  No. 
93-57102.  N.M.  is  grateful  to  the  Director  and  the  Faculty  of 
the  National  Hellenic  Research  Foundation  for  their  hospitality 
during  her  sabbatical  leave  from  the  University  of  Illinois. 

References  and  Notes 

(1)  van  Grondelle,  R.;  Dekker,  J.  P.;  Gillbro,  T.;  Sundstrom,  V. 
Biochim.  Biophys.  Acta  1994,  1187,  1—65. 

(2)  Pullerits,  T.;  Sundstrom,  V.  Acc.  Chem.  Res.  1996,  29,  381-389. 

(3)  Frank,  H.  A.;  Cogdell,  R.  J.  Photochem.  Photobiol  1996,  63, 257- 
264. 

(4)  Kiihn,  O.;  Renger,  T.;  May,  V.;  Voigt,  J.;  Pullerits,  T.;  Sundstrom, 
V,  Trends  Photochem.  Photobiol.  1997,  4,  213—256. 

(5)  Resonance  energy  transfer,  Gnanakaran,  S.,  Haran,  G.,  Kumble, 
R.,  Hochstrasser,  R.  M.,  Eds.;  John  Wiley  and  Sons:  Chichester,  1999;  pp 
308-365. 

(6)  Sundstrom,  V.;  Pullerits,  T.;  van  Grondelle,  R.  J.  Phys.  Chem.  B 
1999,  103,  2327-2346. 

(7)  McDermott,  G.;  Prince,  S.;  Freer,  A.;  Hawthomthwaite-Lawless, 
A.;  Papiz,  M.;  Cogdell,  R.;  Isaacs,  N.  Nature  1995,  374,  517. 

(8)  Hu,  X.;  Xu,  D.;  Hamer,  K.;  Schulten,  K.;  Koepke,  J.;  Michel,  H. 
Protein  Sci.  1995,  4,  1670-1682. 

(9)  Nagarajan,  V.;  Alden,  R.  G.;  Williams,  J.  C.;  Parson,  W.  W.  Proc. 
Natl.  Acad.  Sci.  U.S.A.  1996,  93,  13774. 


Ray  and  Makri 

(10)  Kumble,  R.;  Palese,  S.;  Visschers,  R.  W.;  Dutton,  P.  L.;  Hoch¬ 
strasser,  R.  M.  Chem.  Phys.  Lett.  1996,  262,  396-404. 

(11)  Arnett,  D.  C.;  Kumble,  R.;  Visschers,  R.  W.;  Dutton,  P.  L.; 
Hochstrasser,  R.  M.;  Scherer,  N.  F.  Laser  techniques  for  condensed  phase 
and  biological  systems.  SPIE  Proc.  1998. 

(12)  Freiberg,  A.;  Jackson,  J.  A.;  Lin,  S.;  Woodbury,  N.  W.  J.  Phys. 
Chem.  A  1998,  102,  4372-4380. 

(13)  Kennis,  J.  T.  M.;  Streltsov,  A.  M.;  Permentier,  H.;  Aartsma,  T.  J.; 
Amesz,  J.  J.  Phys.  Chem.  B  1997,  101,  8367-8372. 

(14)  Reddy,  N.  R.  S.;  Small,  G.  J.;  Seibert,  M.;  Picorel,  R.  Chem.  Phys. 
Lett.  1991,  181,  391-399. 

(15)  van  Mourik,  F.;  Visschers,  R.  W.;  v.  Grondelle,  R.  Chem.  Phys. 
Lett.  1992,  193,  1-7. 

(16)  Reddy,  N.  R.  S.;  Codgell,  R.  J.;  Zhao,  L.;  Small,  G.  J.  Photochem. 
Photobiol.  1993,  57,  35. 

(17)  Visschers,  R.  W.;  van  Mourik,  F.;  Monshouwer,  R.;  van  Grondelle, 
R.  Biochim.  Biophys.  Acta  1993,  1141,  238. 

(18)  Bradforth,  S.  E.;  Jimenez,  R.;  van  Mourik,  F.;  van  Grondelle,  R.; 
Fleming,  G.  R.  J.  Phys.  Chem.  1995,  99,  16179. 

(19)  Pullerits,  T.;  Visscher,  K.  J.;  Hess,  S.;  Sundstrom,  V.;  Freibert,  A.; 
Timpmann,  K.;  van  Grondelle,  R.  Biophys.  J.  1994,  66,  236. 

(20)  Monshouwer,  R.;  van  Grondelle,  R.  Biochim.  Biophys.  Acta  1996, 
1275,  70-75. 

(21)  Hess,  S.;  Chachisvilis,  M.;  Timpmann,  K.;  Jones,  M.  R.;  Fowler, 
G.  J.  S.;  Hunter,  C.  N.;  Sundstrom,  V.  Proc.  Natl.  Acad.  Sci.  V.S.A.  1995, 
92,  12333-12337. 

(22)  Xiao,  W.  H.;  Lin,  S.;  Taguchi,  K.  W.;  Woodbury,  N.  W. 
Biochemistry  1994,  33,  8313—8222. 

(23)  Wu,  H.-M.;  Ratsep,  M.;  Lee,  I.-J.;  Cogdell,  R.  J.;  Small,  G.  J.  J. 
Phys.  Chem.  B  1997,  101,  7654-7663. 

(24)  Kennis,  J.  T.  M.;  Streltsov,  A.  M.;  Aartsma,  T.  J.;  Nozawa,  T.; 
Amesz,  J.  J.  Phys.  Chem.  1996,  100,  2438-2442. 

(25)  Monshouwer,  R.;  Abrahamsson,  M.;  van  Mourik,  F.;  van  Grondelle, 
R.  J.  Phys.  Chem.  B  1997,  101,  7241-7248. 

(26)  Meier,  T.;  Chernyak,  V.;  Mukamel,  S.  J.  Phys.  Chem.  B  1997, 101, 
7332-7342. 

(27)  Hu,  X.;  Ritz,  T.;  Damjanovic,  A.;  Schulten,  K.  J.  Phys.  Chem.  B 
1997,  101,  3854-3871. 

(28)  Meier,  T.;  Zhao,  Y.;  Chernyak,  V.;  Mukamel,  S.  J.  Chem.  Phys. 
1997,  107,  3876-3893. 

(29)  Kiihn,  O.;  Sundstrom,  V.  J.  Phys.  Chem.  B  1997, 101,  3432-3440. 

(30)  Kiihn,  O.;  Sundstrom,  V.  J.  Chem.  Phys.  1997, 107,  4154-4164. 

(31)  Chachisvilis,  M.;  Kiihn,  O.;  Pullerits,  T.;  Sundstrom,  V.  J.  Phys. 
Chem.  B  1997,  101,  7275-7283. 

(32)  Feynman,  R.  P.  Statistical  Mechanics;  Addison- Wesley:  Redwood 
City,  CA,  1972. 

(33)  Cory,  M.  G.;  Zemer,  M.  C.;  Hu,  X.;  Schulten,  K.  J.  Phys.  Chem. 
B  1998,  102,  7640-7650. 

(34)  Makri,  N.  J.  Phys.  Chem.  B  1999,  103,  2823-2829. 

(35)  Marcus,  R.  A.;  Sutin,  N.  Biochim.  Biophys.  Acta  1985,  811,  265— 
322. 

(36)  Onuchic,  J.  N.;  Wolynes,  P.  G.  J.  Chem.  Phys.  1993,  98,  2218— 
2224. 

(37)  Warshel,  A.;  Hwang,  J.-K.  J.  Chem.  Phys.  1986,  84,  4938-4957. 

(38)  Schulten,  K.;  Tesch,  M.  Chem.  Phys.  1991,  158,  421-446. 

(39)  Pullerits,  T.;  Van  Mourik,  F.;  Monshouwer,  R.;  Visschers,  R.  W.; 
Van  Grondelle,  R.  J.  Lumin.  1994,  58,  168. 

(40)  Visser,  H.  M.;  Somsen,  O.  J.  G.;  van  Mourik,  F.;  Lin,  S.;  van 
Stokkum,  I.  H.  M.;  van  Grondelle,  R.  Biophys.  J.  1995,  69,  1083. 

(41)  Sauer,  K.;  Cogdell,  R.  J.;  Prince,  S.  M.;  Isaacs,  N.  W.;  Scheer,  H. 
Photochem.  Photobiol  1996,  64,  564. 

(42)  Pullerits,  T.;  Hess,  S.;  Herek,  J.;  Sundstrom,  V.  J.  Phys.  Chem.  B 

1997,  101,  10560-10567. 

(43)  Krueger,  B.  P.;  Scholes,  G.  D.;  Fleming,  G.  R.  J.  Phys.  Chem.  B 

1998,  102,  5378-5386. 

(44)  Makri,  N.  Chem.  Phys.  Lett.  1992,  193,  435-444. 

(45)  Feynman,  R.  P.;  Vernon,  J.  Ann.  Phys.  1963,  24,  118-173. 

(46)  Chandler,  D.;  Wolynes,  P.  G.  J.  Chem.  Phys.  1981,  74,  4078- 
4095. 

(47)  Wu,  H.-M.;  Reddy,  N.  R.  S.;  Small,  G.  J.  J.  Phys.  Chem.  B  1997, 
101,  651-656. 

(48)  Jimenez,  R.;  Dikshit,  S.  N.;  Bradforth,  S.  E.;  Fleming,  G.  R.  J. 
Phys.  Chem.  1996,  100,  6825-6834. 


/  Phys.  Chem.  A  1999, 103,  9423-9431 


9423 


Electron  Dynamics  in  Dendrimers 

T.  Sean  Elicker  and  Deborah  G.  Evans* 

Quantum  Chemistry  Research  Group,  Albuquerque  High-Performance  Computing  Center  and  Department  of 
Chemistry,  University  of  New  Mexico,  Albuquerque,  New  Mexico  87131 

Received:  May  17,  1999;  In  Final  Form:  September  2,  1999 


Electron  transfer  dynamics  in  extensively  branched  macromolecules  (dendrimers)  is  studied  using  time- 
dependent  quantum  mechanical  techniques.  A  split  operator  method  that  fully  exploits  the  Cayley  tree  topology 
of  these  macromolecules  is  developed  within  a  tight-binding  model  Hamiltonian.  Solvent  effects  are  simulated 
by  time-dependent  random  fluctuations;  this  dephasing  eliminates  the  localized  oscillations  that  characterize 
the  nonsolvated  dynamics,  and  results  in  decay  of  the  electron  density  from  an  initially  photoexcited  state. 
Electron  transfer  is  asymmetric  depending  on  the  site  of  initial  excitation,  and  solvent  fluctuations  in  general 
enhance  the  directed  transport  within  the  structure.  Some  dendrimers,  particularly  those  with  a  certain  extended 
structures  show  enhanced  transport  toward  their  central  nodes.  The  efficiency  of  electron  transfer  to  the  central 
node  depends  on  both  the  dendrimer  structure  and  the  characteristics  of  the  solvent  fluctuations. 


I.  Introduction 

Dendrimers  have  been  the  topic  of  numerous  synthetic  studies 
in  the  last  few  years.  Sophisticated  molecules  with  a  wide  range 
of  monomer  units  ranging  from  silicon  to  porphyrins  have  been 
assembled  with  extensively  branched  tree  structures.^  They  are 
currently  the  only  synthetic  realizations  of  the  Cayley  tree 
structure;^  this  novel  topology,  along  with  the  existence  of 
precise  control  over  the  size  of  the  product  molecule,  makes 
dendrimers  a  useful  model  for  investigating  the  dependence  of 
physical  properties  on  molecular  size  and  topology.  Recent 
experiments  examining  the  physical  and  spectroscopic  properties 
of  certain  classes  of  dendrimers  provide  preliminary  evidence 
that  some  dendrimers  may  have  applications  in  molecular 
electronics,  as  LEDs^  and  single-molecule  photonic  antennae."^ 

A  number  of  theoretical  papers  have  focused  on  the  classical 
simulation  of  dendrimer  stmcture.^  Molecular  dynamics  simula¬ 
tions  of  large  dendrimers  in  solvent  have  successfully  explained 
phenomena  like  the  uptake  of  small  chromophores  into  a 
dendrimer  structure,  for  example.^  Effective  coupling  matrix 
elements  for  electron  transfer  have  been  studied  by  Risser  et 
al.^  They  have  shown  that  the  connectivity  gives  rise  to  different 
electronic  properties  from  those  of  corresponding  linear  poly¬ 
mers.  By  focusing  on  the  electron  pathways  model  of  electron 
transfer^  in  macromolecules,  Risser  et  al.”^  were  able  to  show 
that  at  certain  levels  of  static  disorder  in  the  dendrimer 
Hamiltonian,  there  is  a  growth  of  strong  paths  to  the  dendrimer 
surface  in  comparison  with  their  linear  counterparts.  Interest¬ 
ingly,  they  have  found  that  static  disorder  in  dendrimers  may 
therefore  increase  coupling  between  the  donor  and  acceptor  sites. 

Recent  spectroscopic  studies  on  two  classes  of  dendrimer 
structures  have  provided  interesting  results.^” The  structures 
are  phenyl  dendrimers,  where  the  branching  nodes  are  1,3,5- 
trisubstituted  benzene  and  the  node-to-node  linkage  is  via 
various  bridging  systems  (see  for  example,  ref  9).  These 
macromolecules  are  generally  synthesized  by  a  convergent 
method,  in  which  each  of  the  three  main  branches  are  formed 
independently.  The  final  step  of  the  synthesis  then  couples  these 
branches  to  a  central  molecule.  This  method  is  know  to  be 
superior  to  divergent  methods,  where  the  dendrimer  is  grown 


outward  from  an  initial  core;  indeed,  convergent  synthesis 
practically  guarantees  a  Cayley  tree  structure  in  the  product, 
and  the  size  limitations  of  that  product  are  due  solely  to  steric 
interactions  between  elements  of  the  outermost  layer,  or 
"generation".  By  modifying  the  synthesis  slightly,  a  selected 
number  of  paradisubstituted  benzenes  (and  accompanying 
bridging  groups)  may  be  inserted  between  successive  generations 
of  branching  nodes.  These  structures,  called  extended  Cayley 
dendrimers,  manifest  different  spectroscopic  properties  from 
their  compact  counterparts.  In  extended  structures,  the  electronic 
absorption  peak  maximum  exhibits  a  red  shift  with  increasing 
generation  number,  whereas  in  compact  dendrimers  no  such  shift 
occurs.  This  energy  gradient  could  be  exploited  to  create  an 
energy  funnel  in  these  structures.^  The  collective  electronic 
oscillator  approach^^  for  calculating  the  absorption  spectrum  has 
been  applied  to  a  series  of  these  phenylacetylene-type  dendrim¬ 
ers.  It  has  been  shown  that  the  electron-hole  pairs  that 
contribute  to  the  elementary  collective  excitations  are  well- 
localized.  This  has  enabled  the  calculation  of  the  absorption 
spectra  of  a  series  of  dendrimers  to  be  approximated  from  the 
absorption  profiles  of  the  independent  constituent  oligomers, 
and  these  show  a  red  shift  commensurate  with  the  experimental 
data. 

Intermolecular  electron  transfer  studies  have  been  conducted 
on  a  variety  of  systems.  For  example,  encapsulated  electroactive 
molecules  have  been  synthesized  with  iron— sulfur  cluster 
cores. Photoinduced  electron  transfer  rates  from  metallopor- 
phorin  dendrimers  to  solvated  ions  have  been  recorded 

spectroscopically^^  and  electron  transfer  from  dendrimeric 
metallophthalocyanines  to  has  been  monitored  via 

fluorescence  quenching.^^  Other  studies  have  used  electron  spin 
resonance  to  study  electron  transfer  from  carboxylated  den¬ 
drimers  to  Ceo  as  a  function  of  the  number  of  dendrimer 
generations.^^  Recently,  intermolecular  photoinduced  experi¬ 
ments  have  been  carried  out  on  a  series  of  phenylacetylene 
dendrimers  with  geometries  very  similar  to  the  phenylacetylene 
dendrimers  studied  spectroscopically  as  photonic  antennae.^® 
These  measurements  are  a  prelude  to  studies  on  intramolecular 
electron  transfer  with  suitable  donor  and  acceptor  functionalities. 

1999  American  Chemical  Society 


10.1021/jp991606g  CCC:  $18.00  © 

Published  on  Web  11/05/1999 


9424  /.  Phys,  Chem.  A,  Vol  103,  No.  47,  1999 


Elicker  and  Evans 


These  studies  demonstrate  that  dendrimers  can  act  as  suitable 
bridging  media  for  electron  transfer  between  redox  centers,  and 
indicate  the  feasibility  to  effect  photoinduced  electron  transfer 
in  dendrimers  with  a  suitable  choice  of  electron/donor  func¬ 
tionality  at  the  core  and  on  the  periphery. 

A  study  of  electron  transfer  within  dendrimers  is  therefore 
timely.  In  particular,  this  study  focuses  on  the  electron  dynamics 
of  photoinduced  electron  transfer  in  both  condensed  and 
extended  dendrimeric  structures.  The  role  of  solvent  fluctuations 
on  electron  transfer  is  examined  and  the  behavior  compared 
with  linear  donor-bridge-acceptor  molecules.  Unlike  the  work 
of  Risser  et  al.,^^  our  research  focuses  on  the  time  evolution  of 
electron  population  dynamics  within  the  dendrimeric  structure. 
In  order  to  extend  this  to  more  sophisticated  models  in  the  future, 
we  have  developed  a  split-operator  method  that  exploits  the 
unique  dendrimer  connectivity,  and  incorporates  time-dependent 
solvent  fluctuations  as  discussed  in  Section  II.  In  Section  m, 
the  electron  transfer  dynamics  is  simulated  for  several  classes 
of  condensed  and  extended  dendrimer  structures.  The  effects 
of  changes  in  dendrimer  size,  and  particularly  geometry,  are 
examined.  Changes  induced  by  solvent  fluctuations  are  studied 
both  in  terms  of  the  magnitude  and  time  scales  of  the  solvent 
fluctuations.  A  discussion  of  the  experimental  ramifications  of 
these  results  is  presented  in  the  final  section. 

n.  Methods 

We  have  devised  an  algorithm  for  the  time  evolution  of  an 
initial  photoexcited  state.  The  algorithm,  DEVO  (<iendrimer 
^i;olution),  is  a  split  operator  method  and  it  is  specifically 
designed  to  perform  quantum-dynamic  simulations  of  electron 
transport  in  dendrimers.  Although  DEVO  is  applicable  to  both 
electron  and  exciton  dynamics,  this  study  is  concerned  exclu¬ 
sively  with  electron  dynamics  following  photoexcitation.  The 
tight-binding  Hamiltonian  for  electron  transport  in  a  dendrimer 
is  written  as 

H  =  +  aja,.)  +  +  ^(t)  (1) 

ij  i 

where  we  use  the  parameter  values  of  Felts  et  al.:^^  €  =  1500 
cm”^  for  the  donor  and  acceptor  sites  and  zero  for  all  other 
sites;  P  =  300  cm“^  for  nearest  neighbors  and  zero  otherwise. 
Further  details  on  the  workings  of  the  DEVO  algorithm  may 
be  found  in  Appendix  A. 

The  ^  (0  term  represents  the  influence  of  the  solvent  on  the 
electron  process 

+  aja,)  (2) 

i  ij 

Both  the  on-site  (pi  and  off-diagonal  piij  components  are 
described  as  uncorrelated  Gaussian  noise,  and  in  this  model 
represent  a  way  of  incorporating  the  solvent  influences  into  a 
calculation  of  die  electron  dynamics.  Unlike  more  phenomeno¬ 
logical  approaches,^^  these  effects  can  be  incorporated  into  the 
model  using  further  calculations.  For  example,  for  electron 
transfer  in  a  particular  dendrimer  in  a  specific  solvent,  these 
fluctuating  matrix  elements  can  be  obtained  from  simulations 
of  the  system.  In  particular,  on-site  fluctuations  could  be 
determined  fi*om  ab  initio  reaction  field  calculations  and  off- 
diagonal  coupling  matrix  elements  could  be  determined  by 
calculating  the  fluctuating  site— site  distances  using  classical 
molecular  dynamics  simulations  and  correlating  these  with 
changes  in  the  bond  integral.^^  We  represented  different  solvents 
by  changing  the  magnitude  of  the  fluctuations  and/or  the 


characteristic  updating  time  Tsoiv  of  the  fluctuations.  The  three 
different  solvation  regimes  are  characterized  by  the  magnitude 
of  the  standard  deviations  of  the  two  types  of  fluctuations:  {(pr 
(0,  (piif))  =  Oi  •  -  t')  and  pcij(f))  =  Oij  •  d(t  -  f).  We 

set  O',  =  0.046/  and  Oy  =  O.OOOl^y  in  the  nearly-coherent  regime 
I;  o,  =  0.16/  and  Oy  =  0.01^,;  in  regime  11;  finally,  O/  =  0.256/ 
and  Oij  =  Pij  for  the  strongly  solvated  regime  IE.  The 
organometallic  center  and  radially  symmetric  arrangement  of 
organic  centers  is  reminiscent  of  donor/acceptor  models  in  linear 
conjugated  systems,  which  motivated  our  choice  of  energetic 
parameters  from  earlier  work  on  such  linear  systems.^^’^^ 

In  our  simulations,  we  have  examined  the  nature  of  the 
evolution  of  electron  density  through  a  series  of  structurally 
distinct  dendrimers,  and  the  spatial  character  of  the  evolving 
electron  density  in  these  structures.  Using  DEVO  to  compute 
the  wavefunction  at  each  time  step  enables  the  evaluation  of 
electron  probability  density  on  each  node  in  the  dendrimer,  as 
well  as  the  total  density  on  each  generation.  In  order  to 
investigate  possible  wavefunction  localization,  we  have  calcu¬ 
lated  the  inverse  participation  ratio.^"^*^^ 

i 

In  a  system  with  N  sites,  this  ratio  is  unity  for  a  perfectly 
localized  state,  and  equal  to  UN  for  a  completely  delocalized 
state.  Therefore,  P  (the  participation  number)  gives  a  rough 
estimate  of  the  extent  of  wavefunction  delocalization  over  the 
dendrimer  sites.  We  also  compute  the  ratios  of  the  site  densities 
to  the  value  UN,  to  study  how  the  asymptotic  probability 
distribution  varies  from  the  perfectly  delocalized  state. 

in.  Results  and  Discussion 

In  order  to  focus  on  the  general  properties  of  dendrimers  with 
a  certain  geometrical  structure,  our  study  is  confined  to  a  class 
of  synthetically  well  known  phenyl-based  dendrimers  with  an 
organometallic  central  node.  As  shown  in  Appendix  A,  there  is 
no  loss  of  generality  in  modeling  these  dendrimers  as  benzene 
nodes  with  no  bridging  groups.  Recent  experimental  work  has 
shown  that  interesting  spectroscopic  behavior  occurs  in  den¬ 
drimers  with  extended  structures,^  which  is  different  to  the 
behavior  observed  for  condensed,  or  self-similar  structures.  To 
determine  whether  dendrimers  with  these  different  geometries 
can  display  radically  different  behavior  in  electron  transfer 
experiments,  we  studied  electron  transfer  dynamics  in  both 
condensed  and  extended  dendrimers.  Our  simulations  include 
condensed  dendrimers  with  three,  four,  and  five  generations, 
denoted  hereafter  as  3V,  AN,  and  5N  and  a  set  of  three 
qualitatively  different  three-generation  extended  dendrimers: 
(14),  (33),  and  (52).  Schematics  of  the  six  structures  are  shown 
in  Figure  1.  The  first  number  in  the  ordered  pair  is  the  size  (in 
terms  of  nodes)  of  the  three  interstitial  groups  between  the  center 
and  first  branching  nodes,  while  the  second  number  in  the 
ordered  pair  is  the  size  of  the  six  interstitial  groups  between 
these  first  branching  nodes  and  the  outer  nodes  in  the  three- 
generation  dendrimer.  These  particular  extended  geometries  have 
been  selected  because  each  one  involves  the  addition  of  exactly 
27  interstitial  nodes  to  a  three-generation  dendrimer.  This 
excludes  the  possibility  that  variations  in  dynamics  are  due  to 
a  change  in  tiie  total  number  of  nodes  in  the  dendrimer.  The 
electron  density  following  photoexcitation  is  monitored  for  100 
fs  in  these  simulations,  and  the  solvent-induced  fluctuations  are 
updated  (on  average)  every  15  fs.  The  final  data  sets  are 
averaged  over  an  ensemble  of  solvent  fluctuations. 
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’3N’  Condensed  Geometry 


’(14)’  Extended  Geometry 


’4N’  Condensed  Geometry  ’5N’  Condensed  Geometry 


Figure  1.  Schematic  diagrams  of  the  six  dendrimer  geometries  studied  (circles  represent  chemical  units). 


Dendrimers  in  which  the  outer  generation  of  benzene  rings 
is  replaced  with  a  generation  of  nodes  chemically  identical  to 
the  center  node  are  also  studied;  such  structures  are  analogous 
to  linear  conjugated  donor/acceptor  systems  that  have  been  well- 
studied  elsewhere.  Linear  systems  at  high  solvent  coupling 
exhibit  the  phenomenon  of  bridge  trapping,  where  the  measur¬ 
able  electron  density  is  found  on  the  intermediate  bridge  sites. 
Figure  2  shows  the  values  of  pu/pBO  for  the  various  dendrimer 
geometries;  pB  is  the  asymptotic  total  density  on  all  the 
intermediate  (bridge)  nodes  of  the  dendrimer,  and  the  zero 
subscript  denotes  data  from  simulations  without  an  outer 
acceptor  layer.  Bridge-trapping  behavior  is  observed  in  those 
simulations  where  the  electron  starts  on  the  center  node(SN  = 
1),  but  not  in  those  simulations  where  the  electron  starts  on  the 
outer  layer  (SN  =  AO-  In  the  SN  =  1  case,  the  Cayley  tree 
topology  ensures  that  all  paths  from  the  donor  (center)  to  an 
acceptor  are  equivalent  in  length,  and  the  electron  transfer 
system  is  analogous  to  linear  donor  “bridge— acceptor  systems. 
In  all  solvent  regimes,  evidence  for  bridge  trapping  is  found, 
unlike  previous  studies  on  linear  systems.  This  is  due  to  the 
fact  that  this  model  incorporates  both  on-site  and  site-site 
fluctuations  which  dephase  the  electron  wavefunctiori  on  the 
bridge  even  at  relatively  small  solvent  fluctuations.  The  SN  = 
N  case  lacks  the  symmetry  of  the  SN  =  1  case,  and  electron 
transfer  is  different  from  linear  systems  if  the  dephasing  time 
scale  is  longer  than  it  takes  for  the  electron  on  one  of  the 
periphery  sites  to  move  to  the  center  and  then  be  transferred  to 
alternative  branches.  In  fact,  the  natural  bias  in  the  dendrimer 
geometry  for  outward  movement  of  quasiparticles  in  the 
incoherent  (strong  solvent  coupling)  regime  has  previously  been 
illustrated  using  simple  rate  equations.^®  That  our  results  differ 
for  SN  =  1  or  N  tends  to  support  that  this  is  also  the  situation 
for  typical  electron  transfer  in  dendrimeric  bridge  molecules 
for  a  range  of  solvent  regimes  where  the  fluctuations  are  on 
the  order  of  10—15  femtoseconds.  Thus,  the  SN  =  N  system  is 
not  analogous  to  a  linear  donor-acceptor  system,  and  the 
dynamics  of  these  systems  is  asymmetric  in  terms  of  where  the 
excitations  are  initiated.  As  shown  in  Figure  2,  Pb/Pbo  is  less 
than  one  for  the  SN  =  N  simulations,  which  is  evidence  that 
less  electron  density  is  found  on  the  bridge  sites  in  those 
simulations  with  an  outer  layer  of  acceptor  nodes.  This  suggests 
that  for  the  case  with  no  acceptor  nodes  on  the  periphery, 
electron  transfer  to  the  center  takes  place,  and  then  the  less 
efficient  back  transfer  to  the  outer  nodes  occurs,  creating  a 


buildup  of  electron  density  on  the  bridge  sites  as  the  dynamics 
is  dephased  by  the  solvent-induced  fluctuations. 

There  is  evidence  of  substantial  localization  in  all  of  our 
simulations.  Figure  3  shows  the  participation  number  P  in 
dendrimers  of  various  geometries,  as  compared  to  the  total 
number  of  nodes  in  the  dendrimer.  In  all  cases,  the  number  of 
nodes  participating  in  the  wavefunction  is  much  less  than  the' 
total  number  of  nodes.  P  increases  as  the  stochastic  fluctuations 
increase,  indicating  that  the  destruction  of  interferences  in  these 
finite  systems  have  more  impact  on  localization  than  the 
structural  distortion  induced  by  the  solvent.  The  degree  of 
localization  was  much  smaller  for  simulations  in  which  the 
excitation  begins  on  the  outer  layer  of  the  dendrimer;  this 
provides  further  evidence  that  the  spatial  anisotropy  of  such 
simulations  has  a  real  effect  on  the  observed  asymmetric 
dynamics. 

Photoinduced  electron  transfer  experiments  have  recently 
demonstrated  intermolecular  electron  transfer  between  pheny- 
lacetylene  dendrimers  and  donor  molecules  in  the  surrounding 
solution.^®  The  following  section  is  therefore  focused  on  in 
dendrimers  without  an  outer  acceptor  layer,  and  the  exploration 
of  the  possibility  that  certain  structures  may  be  capable  of 
directed  electron  transport  of  the  electron  density  from  the  outer 
layers  to  the  center  node.  To  compare  the  relative  abilities  of 
the  various  structures  to  do  this,  ptot  where  the 

integral  is  over  the  entire  time  interval  [0,t/]  of  the  simulation, 
is  calculated.  For  SN  =  N  simulations,  this  integral  provides  a 
measure  of  how  effectively  the  electron  density  is  transferred 
from  the  outer  layer  to  the  central  node,  and  could  be  observed 
as  the  integrated  emission  intensity  from  a  fluorescent  central 
core  over  this  time  period.  Figure  4  shows  ptot  for  the  six 
structures  in  this  set  of  experiments.  The  efficiency  of  direct 
electron  density  to  the  central  nodes  of  the  condensed  structures 
decreases  exponentially  with  the  generation  number,  but  this 
may  be  a  consequence  of  the  number  of  nodes  between  the 
center  and  outer  layer  of  the  dendrimer.  Casting  the  dependence 
in  terms  of  this  radius  allows  for  a  direct  comparison  of  the 
condensed  and  extended  structures.  The  lack  of  relative  differ¬ 
ence  in  efficiency  between  the  three  extended  structures  is 
expected,  because  their  large  rN  values  (6,  7,  and  8)  lead  to 
small  efficiency  differences.  This  result  is  supported  by  examin¬ 
ing  the  effective  coupling  elements  between  an  outer-layer  node 
and  the  central  node  for  the  three  extended  structures.  As  shown 
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Figure  2.  Trapping  ratio  (p/pBo)  for  various  dendrimer  geometries  with  SN  =  1  (left-hand  bar  )  and  SN  =  N  (right-hand  bar). 


Dendrimer  Type  (Condensed)  Dendrimer  Type  (Extended) 

Figure  3.  Comparison  of  participation  number  for  simulations  in  the  three  solvent  regimes  described  in  Section  H.  Open  symbols  denote  simulations 
with  STARTNODE  =  1,  filled  symbols  denote  simulations  with  STARTNODE  =  N,  and  asterisks  denote  the  total  number  of  nodes  in  the  dendrimer. 

in  Appendix  B,  there  is  a  negligible  difference  between  the  three  extended  structures  is  qualitatively  similar,  but  the  timescales 

effective  couplings  for  \P\  values  less  than  one-half  of  the  for  various  components  of  the  dynamics  vary.  For  example, 

magnitude  of  the  on-site  energies.  Nevertheless,  the  efficiency  Figure  6  graphs  the  timescales  for  two  components:  (i)  the  first 

of  the  (52)  structure  is  higher  than  expected ,  given  its  increased  minimum  of  the  density  of  the  initial  node,  and  (ii)  the  first 

rN,  in  comparison  with  the  condensed  geometry.  The  increased  maximum  in  the  density  of  the  branching  node  nearest  to  the 

efficiencies  of  the  extended  structures  must  therefore  arise  from  initial  node  for  four  similar  dendrimers.  The  relationship 
other  considerations.  between  structure  and  time  scales  is  easily  seen:  decay  out  of 

The  electron  densities  on  each  dendrimer  node  vary  in  an  the  initial  node  is  independent  of  the  dendrimer  size,  while  the 

oscillatory  manner  in  the  absence  of  solvent;  although  explicit  growth  on  the  first  branching  node  depends  on  the  number  of 

oscillations  are  not  apparent  in  the  stronger  solvent  regimes,  monomer  spacers  in  a  regular  fashion, 

the  timescales  of  the  unsolvated  recurrences  will  affect  the  The  results  shown  in  Figure  4  are  obtained  by  updating  the 

observed  electron  dynamics  in  the  solvated  system.  Figure  5  solvent  fluctuations  every  15  fs  (realistic  for  a  generic  polar 

shows  the  total  generation  densities  for  four  three-generation  solvent).  Different  solvents  will  have  different  relaxation  times, 

structures  in  an  unsolvated  dendrimer.  The  behavior  for  the  three  and  the  variation  of  dendrimer  timescales  shown  above  indicates 
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Figure  4.  Comparison  of  ptot  values  for  six  dendrimers,  in  the  three  solvent  regimes  described  in  Section  II. 


time  (fs) 

Figure  5.  Unsolvated  dynamics  of  (3A0,  (14),  (33),  and  (52),  showing  the  total  density  on  the  initial  node  (circles),  the  inner  branching  nodes 
(solid),  and  the  inner  group  of  interstitial  nodes  (gray). 


that  the  dynamics  is  closely  linked  to  the  statistics  of  the  solvent. 
Figures  7  and  8  show  ptot  for  the  dendrimer  families  (5m)  (1  < 
m  <4)  and  (m2)  (1  €  m  <5).  For  each  structure,  ptot  was 
calculated  in  four  different  solvents,  with  equivalent  fluctuation 
magnitudes  but  different  timescales.  The  update  times  for  the 
fluctuations  of  the  four  solvents  are  Tsoiv  “7,  15,  30,  and  60  fs 
respectively.  For  a  fixed  value  of  tsoiv,  the  efficiency  tends  to 
decrease  as  tn  increases.  The  increasing  radius  increases  the 
recurrence  timescales  for  densities  of  the  inner  nodes,  so  that 
solvent  relaxation  results  in  less  electron  density  trapped  near 
the  center  of  the  dendrimer  in  structures  with  larger  tn.  In  such 
structures,  density  moves  to  the  center  via  repeated  trapping, 
and  the  overall  efficiency  is  lower.  This  effect  vanishes  as  rsow 
increases,  for  two  reasons:  the  longer  solvent  timescale  allows 
for  significant  trapping  in  the  inner  regions  even  for  those 
structures  with  longer  recurrences  timescales;  also,  there  are  far 
fewer  relaxation  steps  in  the  simulation  for  large  TsoIv,  so 
structural  differences  are  less  important. 


The  rN  dependence  is  important;  in  the  15  fs  solvent,  the 
efficiency  of  the  three-generation  condensed  structure  is  many 
times  greater  than  any  of  the  (5m)  structures,  and  more  than 
twice  as  great  as  the  most  efficient  structures  in  the  (m2)  family. 
This  may  not  translate  into  a  preference  for  condensed  structures 
in  devices,  however;  we  expect  that  molecular  volume  will  also 
be  an  important  characteristic  for  directed  transfer  applications, 
and  (for  example)  (52)  has  4  times  as  many  benzene  nodes  as 

(3^. 

Along  with  the  strong  dependence  of  efficiency  on  tn,  the 
relative  sizes  of  the  two  interstitial  groups  are  also  important. 
For  example,  the  data  for  (n2)  shows  that,  in  all  four  solvents, 
the  drop  off  in  efficiency  between  (22)  and  (32)  is  less  than  the 
drop  off  between  (32)  and  (42).  In  three-generation  structures 
where  does  not  change  by  more  than  one,  those  dendrimers 
with  more  interstitial  nodes  in  the  innermost  group  were  more 
efficient  at  funneling  electron  density  to  the  center.  Table  1 
shows  comparison  of  (22)  with  various  structures  having  the 
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Figure  6.  Comparison  of  two  particular  timescales  for  the  (5n)  family  of  extended  dendrimers,  n  —  1,  2,  3,  4, 
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Figure  7.  ptot  values  for  the  (5n)  family  of  extended  dendrimers,  n  =  1,  2,  3,  4. 


same  rN  value.  The  efficiencies  of  (13)  and  (22)  are  comparable, 
while  (31)  is  nearly  150%  more  efficient.  The  trend  does  not 
continue,  however;  (40)  is  only  about  60%  as  efficient  as  (22); 
the  complete  absence  of  one  interstitial  group  changes  the 
underlying  topology  in  addition  to  altering  the  recurrence  time 
scales. 

This  importance  of  the  relative  sizes  of  the  interstitial  groups 
can  also  be  seen  in  four-generation  dendrimers.  In  Table  2,  three 
structures  that  (as  above)  have  the  same  value  are  compared 
in  a  15  fs  solvent. 

The  (321)  structure  is  more  than  twice  as  efficient  as  either 
the  (420)  or  the  (402)  structures,  which  is  consistent  with  our 
hypothesis  that  structures  like  (ni,  n2,  •••j  ^k)  with  ni  >  n,  +  1 
are  the  most  efficient  among  those  with  the  same  value.  Note 
that,  to  a  lesser  extent,  (420)  is  more  efficient  than  (402), 
although  the  presence  of  the  null  interstitial  groups  complicates 
a  direct  comparison.  Indeed,  the  efficiency  of  (302)  is  less  than 
that  of  (321),  despite  the  fact  that  the  latter  structure  has  a  larger 
radius. 


IV.  Conclusions 

This  study  examines  the  electron  transfer  dynamics  in  various 
dendrimer  structures  and  the  effects  solvent  fluctuations  have 
on  those  dynamics.  To  perform  these  calculations  on  large 
dendrimers  at  the  atomistic  scale  and  include  time-dependent 
solvent  fluctuations,  we  have  developed  a  split-operator  algo¬ 
rithm  (DEVO)  to  study  electron  dynamics  in  dendrimers.  This 
algorithm  exploits  the  Cayley  tree  structure  of  dendrimers  and 
is  consistentiy  about  40%  faster  than  the  checkerboard  algorithm. 
However,  DEVO  is  particularly  well-suited  to  parallelization, 
and  simple  scaling  arguments  increase  its  efficiency  over  the 
checkerboard  algorithm  to  several  orders  of  magnitude  for 
reasonable-sized  dendrimers  of  7— 8  generations. 

Intermolecular  electron  transfer  in  analogs  of  phenylacetylene 
dendrimers  has  recently  been  observed,^®  and  given  a  suitable 
choice  of  donor  and  acceptor  sites,  it  appears  that  intramolecular 
electron  transfer  in  dendrimers  will  soon  be  effected.  Experi¬ 
mental^  and  theoretical^  work  on  the  spectroscopic  behavior 
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Figure  8.  ptot  values  for  the  (n2)  family  of  extended  dendrimers,  n  =  1,  2,  3,  4,  5. 


TABLE  1:  Efficiencies  for  a  Family  of  Dendrimers  with 
=  5,  in  a  15  fs  Solvent 


structure 

Ptot(rsoiv  15  fs) 

(22) 

5 

0.7010  ±0.15916 

(13) 

5 

0.7939  ±0.09751 

(31) 

5 

1.0353  ±0.14736 

(40) 

5 

0.4849  ±0.08159 

TABLE  2:  Values  of  ptot  for  a  Group  of  Four-Generation 
Extended  Dendrimers 

structure 

radius 

ptot(rsoiv  15  A) 

(420) 

8 

0.1243  ±0.03259 

(402) 

8 

0.1024  ±0.03446 

(321) 

8 

0.2525  ±  0.04472 

(302) 

7 

0.2284  ±  0.04849 

of  phenylacetylene  dendrimers  has  shown  that  for  dendrimers 
of  a  particular  extended  geometry,  energy  funneling  can  occur. 
It  has  been  demonstrated  that  the  spectroscopic  behavior  of  these 
extended  dendrimers  is  quite  different  from  those  with  con¬ 
densed  geometries.  In  this  study  we  have  focused  on  determining 
whether  these  two  types  of  dendrimer  structure  show  different 
electron  transfer  behavior  as  well.  In  particular,  we  have 
examined  a  number  of  geometries  in  order  to  determine  if  the 
extended  structures  are  more  efficient  in  transferring  an  electron 
from  the  periphery  to  the  center  in  a  photoinduced  electron 
transfer  process. 

We  have  studied  electron  transfer  in  dendrimers  with  orga- 
nometallic  donor  sites  at  the  core,  both  with  and  without 
electroactive  groups  on  the  periphery.  All  these  structures  have 
trisubstituted  benzene  molecules  as  the  regular  nodes  of  the 
dendrimer  branches.  Our  study  focuses  on  the  behavior  of  four 
related  families  of  geometric  arrangements:  the  first  set  of 
simulations  were  performed  on  condensed  dendrimers  with 
three,  four,  and  five  generations,  as  well  as  three  different 
extended  geometries  that  have  disubstituted  nodes  between 
successive  generations  of  branching  nodes.  All  our  simulations 
included  solvent  effects  through  stochastic  fluctuations  of  the 
Hamiltonian  matrix  elements;  the  magnitudes  of  these  effects— 
along  with  the  values  of  the  matrix  elements— were  taken  from 
previous  studies  on  electron  transfer  in  donor-acceptor  linear 
conjugated  systems.^^’^^ 


When  a  layer  of  trapping  acceptor  nodes  was  placed  at  the 
outer  edge  of  these  dendrimers,  we  found  analogies  between 
the  resulting  dynamics  and  the  dynamics  of  the  linear  donor- 
acceptor  systems.  In  particular,  we  found  evidence  of  bridge 
trapping,  where  significant  electron  density  is  found  on  the  nodes 
between  the  center  and  the  outer  acceptor  layer  in  simulations 
where  the  electron  density  was  initially  on  the  central  node.  If 
the  electron  density  was  initially  located  on  one  of  the  outer 
nodes,  no  bridge-trapping  occurs  as  the  electron  transfer  to  the 
center  and  subsequent  branches  is  now  inherently  asymmetric, 
and  unlike  the  linear  donor— acceptor  bridge  systems. 

Our  studies  indicate  that  strong  solvent  fluctuations  may 
increase  the  efficiency  of  electron  transfer  to  the  central  core, 
and  that  the  different  types  of  extended  dendrimers  do  indeed 
display  different  behavior  for  electron  transport  to  the  central 
node  in  simulations  where  the  electron  density  was  initially  at 
the  periphery.  We  found  that,  in  general,  the  efficiency  of  both 
condensed  and  extended  dendrimers  decreases  as  the  radius 
(number  of  nodes  between  the  outer  node  and  the  center) 
increases,  but  the  efficiency  of  extended  structures  is  larger 
than  that  of  a  condensed  dendrimer  with  the  same  radius.  Our 
data  on  nonsolvated  dynamics  shows  a  strong  correlation 
between  the  size  of  interstitial  groups  and  the  timescales  of 
electron  density  recurrences  for  the  various  generations  in  the 
dendrimer.  In  many  of  the  structures  we  studied,  the  relationship 
between  these  recurrence  timescales  and  the  relaxation  time  of 
the  solvent  can  be  directly  linked  to  the  directed  electron 
transport  to  the  dendrimer  core.  There  are  also  specific  structural 
considerations:  for  example,  the  decrease  in  efficiency  from 
(22)  to  (32)  is  smaller  than  between  other  pairs  of  successive 
structures  in  the  (n2)  family,  and  among  dendrimers  of  equal 
radius  those  with  interstitial  groups  that  decrease  with  distance 
from  the  center  tend  to  have  higher  efficiency  of  transport  to 
the  center. 

Attempts  to  increase  the  sophistication  of  describing  the 
solvation  effects  on  the  electron  transfer  are  currently  underway. 
Using  the  DEVO  algorithm  with  solvent  fluctuation  data 
extracted  from  classical  molecular  dynamics  simulations,  spe¬ 
cific  experimental  systems  (e.g.,  Fe-S  cluster  dendrimers^^)  can 
be  described  realistically.  These  results  can  then  be  compared 
with  phenomenological  approaches'^  and  the  dissipative 
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Redfield  models  of  long  range  electron  transfer  used  by  Friesner 
et  al.^^ 
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Appendix  A 

The  DEVO  algorithm  decomposes  the  Hamiltonian  (eq  1)  in 
a  way  that  facilitates  construction  of  the  propagator  for  the 
associated  time-dependent  Schrodinger  equation.  DEVO  is 
a  simple  extension  of  the  checkerboard  algorithm,^"^’^^  where 
the  Hamiltonian  is  shredded  into  pairs  of  interactions  and  the 
full  propagator  A  =  exp[“iH(0*^fl  is  evaluated  using  split 
operator  techniques.  As  in  other  studies,^’^^  this  algorithm 
specifically  exploits  the  topology  of  the  dendrimer.  How¬ 
ever,  DEVO  is  a  split-operator  method  that  replaces  the  full 
short-time  propagator  with  an  product  of  simpler  propagators 
that  update  the  evolution  of  those  wavevector  coefficients 
corresponding  to  a  particular  subset  of  nodes.  DEVO  decom¬ 
poses  the  overall  propagator  A  into  Ao’rifB/.  The  operator  Ao 
=  exp[— iHo(/)’(5f]  describes  the  evolution  of  the  central  node 
and  the  three  benzene  nodes  adjacent  to  those  connector  sites. 
The  sub-Hamiltonian  matrix  for  constructing  this  evolution 
operator  is 


^0  ^0  ^0  Po 

/3o  ei  0  0 

ySo  0  0 

jSo  0  0  e, 

where  €o  is  the  on-site  energy  of  the  central  node,  €i  is  the  on¬ 
site  energy  of  the  neighboring  benzene  nodes,  and  Po  is  the 
overlap  between  the  central  node  and  its  neighbors.  Similarly, 
the  B,-  describe  the  evolution  for  each  branching  node  and  the 
two  adjacent  benzene  nodes  in  the  next  generation  outward. 
These  three-node  evolution  operators  are  constructed  from  sub- 
Hamiltonian  matrices  similar  to  the  above  matrix 


0  P  P 
0 


with  p  the  overlap  between  two  benzene  nodes.  Note  that 
the  (1,1)  entry  of  H/  is  set  to  zero,  to  avoid  double-counting; 
that  matrix  element  is  already  accounted  for  in  either  the  (2,2) 
or  the  (3,3)  entry  of  the  submatrix  from  the  next  generation 
inward.  Operating  on  the  full- system  wavevector  with  this 
outward  cascade  of  evolution  operators  is  thus  an  approximation 
of  the  total  propagator  for  the  system.  Figure  9  is  a  schematic 
of  how  this  cascade  is  performed  in  a  three-generation  den¬ 
drimer.  In  a  typical  dendrimer,  the  problem  of  diagonalizing  a 
(3.2V-1  _  2)  X  (3*2^“^  —  2)  matrix  is  replaced  by  the 
diagonalization  of  a  single  4x4  matrix  and  3  *(2^“^  —  1)3  x 
3  matrices. 

Many  dendrimers  have  connectors  (e.g.,  oxygen  centers  and 
acetylene  groups)  between  adjacent  nodes,  but  DEVO  is  easily 
adapted  to  such  systems.  In  our  formalism,  such  a  bridging 
group  is  treated  as  a  single  interstitial  node,  so  that  the  sub- 
Hamiltonian  matrices  for  the  bridged  dendrimer  are 


'  '  '  '  first  iteration  step 

—  .  »  second  iteration  step 


Figure  9.  Decomposition  scheme  for  a  three-generation  dendrimer  with 
connector  nodes. 
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where  the  on-site  energies  of  the  central,  benzene,  and  bridging 
nodes  are  given  (respectively)  by  60,  61,  and  62;  the  central- 
bridging  and  bridging— benzene  overlaps  are  given  by  Pq  and 
Pi.  These  two  matrices  may  now  be  reduced  to  4  x  4  and  3  x 
3  matrices  via  Lowdin  decomposition;^^  the  reduced  matrices 
will  have  the  same  form  as  the  matrices  in  the  DEVO  algorithm, 
with  the  non-zero  entries  now  algebraic  combinations  of  the 
various  elements  of  the  original  matrices.  The  DEVO  algorithm 
only  requires  that  the  two  matrices  have  the  form  shown  above, 
so  it  works  perfectly  well  with  the  reduced  matrices  of  the 
bridged  dendrimer. 

DEVO  is  also  applicable  for  extended  dendrimers,  which  have 
a  number  of  disubstituted  benzene  nodes  between  branching 
benzene  nodes  of  successive  generations.  We  chose  to  include 
these  disubstituted  nodes  directly  in  the  algorithm  (rather  than 
calculating  effective  matrix  elements  as  above)  because  the 
electron  population  of  these  new  nodes  was  of  interest  to  us. 
Each  set  of  interstitial  nodes  introduces  a  tridiagonal  matrix  into 
the  decomposition  of  the  Hamiltonian,  since  these  new  nodes— 
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along  with  the  branching  nodes  at  each  end— form  a  linear  chain. 
These  tridiagonal  matrices  are  used  to  construct  sub-propagators 
which  are  inserted  at  the  proper  place  in  the  DEVO  evolution 
cascade. 

The  development  of  a  time-evolution  algorithm  like  DEVO 
is  motivated  by  the  fact  that  the  Hamiltonian  is  explicitly  time- 
dependent  as  a  result  of  the  solvent  induced  fluctuations;  the 
use  of  many  small  matrices  speeds  up  the  diagonalization 
process,  allowing  several  updates  without  making  the  simulation 
run-time  prohibitively  long.  This  formalism  also  works  well  in 
simulations  where,  due  to  steric  or  other  factors,  the  effect  of 
the  solvent  is  spatially  anisotropic. 


Appendix  B 


For  the  three  different  three-generation  extended  structures— 
(14),  (33),  and  (52)— explicit  algebraic  formulae  for  the  effective 
coupling  elements  (ECE)  between  the  central  node  and  a  node 
in  the  outer  generation  can  be  calculated.  This  is  done  via  the 
Lowdin  decomposition;^^  in  each  case  the  Hamiltonian  matrix 
representing  an  entire  branch  of  the  dendrimer  is  reduced  to  a 
4x4  matrix  for  the  central  node,  the  single  branching  node, 
and  the  two  nodes  on  the  outer  layer.  (For  details  on  these 
structures,  see  Figure  1 .)  In  the  following  formulae,  the  on-site 
energy  of  benzene  nodes  is  denoted  by  a;  the  energy  scale  is 
assumed  to  be  shifted  such  that  the  on-site  energy  of  the  donor- 
acceptor  nodes  is  zero.  The  benzene— benzene  overlap  is  given 
by  b,  and  B  is  the  overlap  between  a  benzene  node  and  a  donor- 
acceptor  node  (although  the  outer  layer  of  nodes  in  most  of  our 
simulations  were  benzenes,  we  included  the  more  general  case 
in  these  calculations  for  completeness.).  For  clarity,  Dn  denotes 
the  determinant  of  an  n  x  n  tridiagonal  matrix  with  a  on  the 
main  diagonal  and  b  on  both  subdiagonals. 

The  three  ECE  are 


For  the  relative  energies  used  in  our  simulations  (the 
magnitude  of  the  overlap  matrix  elements  never  more  than  25% 
of  the  on-site  energy)  the  difference  between  these  three  ECE 
is  negligible.  There  are  quantitative  changes  if  the  outer  layers 
are  taken  to  be  benzene  rings  rather  than  acceptor  nodes,  but 
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the  difference  between  the  ECE  for  these  three  structures  are 
still  essentially  equal  in  magnitude. 
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Time-dependent  studies  of  the  excited  state  dynamics  of  betaine-30  in  acetonitrile  at  room  temperature  have 
been  carried  out  using  a  mixed  classical/quantum  molecular  dynamics  simulation  methodology.  The  ;r-electron 
system  of  the  solute  molecule  is  treated  quantum  mechanically  using  the  semiempirical  Pariser— Parr— Pople 
Hamiltonian,  including  the  solvent  influence  on  electronic  structure.  The  remaining  interactions  are  treated 
via  empirical  potentials.  Transition  probabilities  between  adiabatic  electronic  states  are  evaluated  using  surface 
hopping  methods,  including  all  nuclear  degrees  of  freedom  in  the  coupling.  The  dynamics  treats  the  (rigid) 
solvent  and  the  dihedral  angles  for  relative  rotation  of  rings  of  an  otherwise  rigid  solute  classically.  The 
contribution  of  all  remaining  solute  intramolecular  vibrations  is  included  in  the  nonadiabatic  coupling  via  an 
approximate,  but  purely  quantum  mechanical,  treatment.  Analysis  of  the  dynamics  reveals  that,  after  excitation 
to  the  first  excited  state,  the  energy  gap  between  ground  and  first  excited  states  of  the  molecule  exhibits  an 
ultrafast  (~100  fs)  decrease  due  to  the  inertial  response  of  the  solvent  that  accounts  for  about  70%  of  the 
solvent  response,  followed  immediately  by  a  further  subpicosecond  solvent  component.  The  times  and 
amplitudes  of  these  solvation  components  are  in  accord  with  the  results  inferred  from  resonance  Raman 
spectra,  and  the  solvent  contribution  to  the  Stokes  shift  observed  is  in  accord  with  values  inferred  from  ground 
state  absorption  spectral  line  shape  analysis.  However,  we  also  find  that  the  energy  gap  exhibits  a  slower 
picosecond  time  scale  response  of  comparable  magnitude  due  to  relative  rotation  of  the  central  phenolate  and 
pyridinium  rings.  This  relaxation  has  not  been  previously  noted  or  incorporated  in  corresponding  electron 
transfer  models.  Analysis  of  contributions  to  the  electronic  nonadiabatic  coupling  shows  that  this  is  dominated 
by  a  small  set  of  high-frequency  intramolecular  modes  of  the  betaine-30  molecule,  with  the  solvent  making 
a  relatively  very  small  contribution,  also  in  agreement  with  previous  experimental  inference. 


I.  Introduction 

Both  ultrafast  spectroscopy  and  modem  theory  have  played 
major  roles  in  the  elucidation  of  the  details  and  mechanisms  of 
intramolecular  electron  transfer  (ET)  in  solution.  In  particular, 
over  the  last  2  decades,  the  elucidation  of  the  relative  importance 
of  the  contributions  of  solvent  dynamics  and  of  intramolecular 
modes  to  ET  rates  is  an  issue  that  has  been  pursued  in  numerous 
theoretical  and  experimental  studies.^  Contemporary  theories 
of  ET  have  typically  treated  the  role  of  solvent  on  the  level  of 
a  dielectric  continuum  characterized  by  a  Debye  relaxation 
spectrum  with  a  single  characteristic  relaxation  time.  The 
inclusion  of  inner  sphere  vibrational  modes  has  been  done 
classically^’^  or  quantum  mechanically.^  A  common  feature  of 
these  theories  is  that  they  predict  a  strong  correlation  of  the  ET 
rate  in  barrierless  cases  with  the  relaxation  time  characteristic 
of  the  solvent.^”^  Nonetheless,  a  number  of  ultrafast  ET 
reactions  have  been  found  to  exhibit  rates  that  vastly  exceed 
time  scales  for  diffusional  solvation  dynamics.^” Ultrafast 
components  of  solvent  dynamics  as  well  as  inner  sphere  modes 
or  intramolecular  vibrations  have  been  posited  as  mechanisms 
that  can  give  rise  to  ET  times  that  are  faster  than  solvent 
diffusional  relaxation  times. 

A  particular  molecular  solute  where  the  kinetics  of  ET  have 
been  explored  in  a  relatively  comprehensive  series  of  experi¬ 
ments  is  betaine-30.  The  betaines  consist  of  a  covalently  bound, 
charge  separated,  ground  state,  shown  schematically  in  Figure 
1,  The  large  sensitivity  of  the  lowest  energy  electronic  transition 
to  the  local  molecular  environment  has  been  exploited  as  the 


Figure  1.  Schematic  of  the  optically  induced  ground  to  first  excited 
state  electronic  transition  and  the  subsequent  reverse  electron  transfer. 

basis  for  the  £’t  solvent  polarity  scales,  as  a  probe  of  micelle/ 
solution  interfaces,  and  as  a  probe  in  other  applications  in 
analytical  chemistry.  ET  occurs  after  photoexcitation  of  the 
highly  polar  So  ground  state  to  the  less  polar  Si  state  of  the 
molecule,  as  shown  schematically  in  Figure  1.  The  subsequent 
kinetics  of  the  photoexcited  system  have  been  measured  via 
ultrafast  absorption  spectroscopy  in  a  series  of  experiments  in 
polar  aprotic  solvents^® and  alcohols.^ ^  In  these  experiments, 
it  was  found  that  the  rates  for  the  Si  ^  So  relaxation  followed 
characteristic  average  solvent  response  times  in  polar  aprotic 
solvents, with  the  ET  rates  in  fast  aprotic  solvents  comparable 
to  the  solvent  dynamical  times.  However,  in  slow  solvents,  these 
ET  rates  were  found  to  far  exceed  inverse  solvation  times.  In 
alcohols,  an  additional  faster  solvent  dynamical  contribution  was 
inferred  to  contribute  to  the  ET  dynamics. 
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The  observed  ET  kinetics  of  the  system  have  been  interpreted 
in  terms  of  a  hierarchy  of  theoretical  formalisms  for  ET  rates 
which  focus  on  the  quantitative  role  of  medium  dynamics  and 
of  solute  intramolecular  modes.  The  limitations  and  successes 
of  each  description  in  reproducing  experimental  trends  have  been 
effectively  used  to  delineate  underlying  mechanistic  aspects  of 
the  rates  and  to  point  out  remaining  uncertainties.  It  is  these 
uncertainties  that  motivate  large  scale  simulations  of  the  type 
we  pursue  in  the  present  work.  To  delineate  the  key  open  issues, 
as  well  as  to  point  out  those  results  that  one  should  expect  to 
be  correctly  described  by  a  valid  model,  we  briefly  review 
various  theoretical  modeling  efforts.  The  formulation  of  Sumi 
and  Marcus^’^  treats  the  reaction  dynamics  via  a  medium 
coordinate  dependent  ET  rate  with  a  diffusional  evolution  of 
the  medium  coordinate  and  treats  all  modes  classically.  Ap¬ 
plication  of  the  formulation,  with  appropriate  modification  for 
the  nonequilibrium  initial  conditions  appropriate  to  the  photo- 
initiated  ultrafast  experiments,^"^  was  found  to  fall  short  of  the 
observed  rates  by  orders  of  magnitude.  This  result  was  not 
surprising  since  the  enhancement  of  the  rate  of  ET  in  the 
strongly  inverted  regime  via  high-frequency  inner  sphere/ 
intramolecular  modes  had  been  appreciated  earlier.  In  particular, 
for  the  inverted  regime,  high-frequency  vibrationally  excited 
states  of  the  product  manifold  can  provide  reaction  channels 
with  relatively  small  activation  energies.  The  explicit  incorpora¬ 
tion  of  this  effect  into  a  theory  which  also  incorporates  solvent 
dynamics  (at  the  level  of  a  single  characteristic  solvent  response 
time)  was  accomplished  in  the  formulation  of  Jortner  and 
Bixon."^  There,  the  rate  is  described  as  a  sum  over  product 
vibronic  channels  of  a  rate  that  incorporates  solvent  diffusional 
dynamics.  Although  the  rates  for  the  betaine-30  transition 
evaluated  via  this  formulation  were  much  greater  than  those 
obtained  via  the  Sumi-Marcus  expression,  the  rates  failed  to 
manifest  the  apparent  transition  in  the  rate-limiting  process  from 
solvent  dynamical  control  in  fast  solvents  to  one  relying 
primarily  on  high-frequency  intramolecular  vibrations  at  low 
temperature,  where  the  solvent  response  is  far  slower  than  the 
ET  rate.2"^ 

A  hybrid  model  formulated  by  Barbara  and  collaborators^^’^"^ 
incorporates  the  diffusive  dynamics  of  the  Sumi—Marcus  model, 
the  vibronic  channels  of  the  Jortner “Bixon  model,  and  a  very 
rapidly  responding  classical  intramolecular  relaxation  of  the 
solute.  The  low-frequency  intramolecular  component  provides 
a  Gaussian  energy  width  to  the  individual  vibronic  channels 
for  any  value  of  the  solvent  coordinate.  This  model  was  able  to 
capture  the  temperature  and  solvent  dependence  of  the  experi¬ 
mental  data  in  polar  aprotic  solvents  using  parameters  derived 
from  modeling  of  static  spectra.  Nevertheless,  it  was  argued 
more  recently^^’^^  that,  to  properly  describe  the  ET  dynamics 
of  these  systems,  one  must  include  the  fact  that  the  solvents 
relax  on  multiple  time  scales,  a  potential  limitation  of  the  simple 
hybrid  model  that  had  been  noted  by  its  developers. In 
particular,  it  is  widely  appreciated  that  the  response  of  polar 
solvents  to  rapid  perturbation  in  the  solute solvent  interaction 
includes  at  least  one  relaxation  time  that  is  far  faster  than  the 
diffusive  time  scale  of  the  complete  relaxation.^^  This  very  rapid 
component  can  account  for  a  majority  of  the  solvent  relaxation 
dynamics.  In  many  cases,  this  is  the  initial  so-called  inertial,  or 
Gaussian,  time  scale,  but  it  need  not  be,  as  in  methanol,  where 
a  subpicosecond  exponential  component  is  manifest.  These 
results  for  solvation  dynamics  have  been  demonstrated  in 
numerous  ways,  through  experimental  transient  Stokes 
shift  measurements, via  molecular  dynamics  (MD)  simula¬ 
tions, and  via  molecular  theories  of  solvation  dynamics.^^ 
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If  the  use  of  a  multiple  time  scale  solvent  response  is  critical, 
then  one  could  also  infer  that  an  important  limitation  of  the 
Jortner  and  Bixon  vibronic  formulation"^  is  that  to  a  single 
average  response  time,  which  can  be  far  longer  than  that  actually 
dominating  the  dynamics.  It  has  in  fact  been  argued  that  the 
regime  of  solvent  response  that  is  critical  to  the  ET  rate  varies 
with  the  size  of  the  activation  barrier.^’^  In  contrast,  Bixon  and 
Jortner  have  presented  clear  theoretical  arguments  that  activa¬ 
tionless  ET  should,  in  fact,  have  only  a  weak  dependence  on 
the  excess  energy  above  the  diabatic  curve  crossing."^^  Since 
the  contributing  vibronic  channels  in  the  strongly  inverted 
regime  should  correspond  to  nearly  activationless  transitions 
to  vibrationally  hot  ground  states,  then,  by  analogy,  they  argue 
that  rates  in  the  strongly  inverted  regime  also  have  only  a  very 
weak  dependence  on  excess  energy,  and  hence  on  solvent 
relaxation  dynamics. 

In  fact,  in  alcohols,^^  the  hybrid  model  noted  above  was  only 
able  to  mimic  experiment  if  the  initial  conditions  for  the  solvent 
coordinate  were  relaxed  by  a  significant  fraction  essentially 
instantaneously.  These  authors  attributed  this  deviation  from  the 
original  hybrid  model  to  a  fast  reorganization  of  the  solvent- 
solute  hydrogen  bonding,  although  they  tentatively  identified 
the  effect  on  the  electronic  transition  rate  with  a  concomitant 
change  in  Franck— Condon  factors  associated  with  solute- 
solvent  vibrations,  rather  than  with  ultrafast  components  of  the 
solvation  response  per  se. 

Given  the  discussion  above,  it  is  clear  that  even  in  this 
relatively  well  studied  case,  important  questions  remain.  The 
regime  where  solvent  dynamics  plays  the  dominant  role  is  not 
clearly  established,  and  the  importance  of  alternative  time  scales 
for  solvent  relaxation  is  unclear.  The  role  of  intramolecular 
vibrations,  particularly  low-frequency  vibrations,  is  uncertain, 
and  the  physical  identity  of  such  putative  modes  is  not  known. 
At  the  most  basic  level,  there  is  a  lack  of  detail  about  the 
potential  energy  surface  on  which  the  ground  and  excited-state 
electronic  relaxation  processes  occur  prior  and  after  the  ET 
event.  Such  details  would  be  of  great  interest  in  making  close 
and  informative  connections  with  recent  resonance  Raman 
studies  of  this  system.'^^  Such  Raman  studies  can  reveal  aspects 
of  both  solvent  dynamics  and  intramolecular  nuclear— electronic 
couplings.  The  models  discussed  above  also  use  only  one  or 
two  effective  vibrational  modes.  This  simplification  makes 
implementation  readily  accessible,  but  the  validity  in  describing 
ET  dynamics  quantitatively  is  unknown. 

These  issues  can  be  addressed  by  detailed  molecular  level 
simulations  that  include  the  important  quantum  mechanical 
degrees  of  freedom  explicitly  and  a  suitable  algorithm  to  treat 
nonadiabatic  (NA)  transitions  between  states.  Here,  we  develop 
and  implement  a  practical  model  and  algorithm  which  includes 
aU  intramolecular  and  solvent  degrees  of  freedom  and  an  explicit 
treatment  of  solute  electronic  structure.  The  treatment  of  the 
electronic  problem  and  its  interface  with  the  classical  solvent 
and  classical  modes  of  the  solute  is  described  in  more  detail 
elsewhere;"^^  the  approach  we  use  is  very  similar  in  spirit  to 
that  introduced  long  ago  by  Warshel  and  co-workers  For 
the  electronic  dynamics,  we  implement  the  surface  hopping 
method  of  Tully  (molecular  dynamics  with  quantum  transitions, 
MDQT),"^^  where  the  system  evolves  on  one  electronic  surface 
at  any  time  and  hops  stochastically  between  surfaces  based  on 
the  state-to-state  transition  amplitudes.  The  treatment  of  high- 
frequency  intramolecular  vibrations  used  here  is  quite  simplified, 
but  the  extension  to  a  more  realistic  treatment  is  described.  The 
algorithm  is  applied  to  the  Si  ^  So  ET  dynamics  in  acetonitrile. 
We  explore  the  roles  of  multiple  time  scale  solvent  response 
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and  of  the  underlying  solute  potential  surface  and  intramolecular 
modes  in  the  dynamics.  We  also  examine  the  character  of  the 
promoting  modes  responsible  for  stimulating  the  transition, 
including  consideration  of  all  solution  degrees  of  freedom. 

The  paper  is  organized  as  follows.  In  section  II,  we  describe 
the  methodology  developed  for  this  study.  The  methodology 
represents  one  of  the  main  contributions  of  this  work.  Section 
in  reports  and  discusses  the  results  derived  from  the  excited- 
state  trajectories  of  betaine-30.  The  conclusions  are  given  in 
section  IV.  We  include  a  set  of  appendices  that  give  the  details 
related  to  the  algorithmic  development. 

n.  Methodology 

The  computational  expense  of  treating  even  a  limited  number 
of  degrees  of  freedom  quantum  mechanically  in  a  molecular 
dynamics  (MD)  simulation  necessitates  the  use  of  approximate 
methods  of  electronic  structure.  Elsewhere,  we  have  developed 
a  MD  model  of  betaine-30‘^^  which  includes  the  Jt  electron 
degrees  of  freedom  of  the  molecule  and  treats  the  remaining 
electrons  and  nuclei  as  effective  classical  nuclear  cores.  The  tc 
system  is  treated  with  the  semiempirical  Pariser— Parr— Pople 
(PPP)  SCF  method"^^""^^  with  single  excitation  configuration 
interaction  (Cl).  The  intramolecular  degrees  of  freeedom  are 
constrained  to  be  rigid,  with  the  exception  of  rotation  around 
the  six  dihedral  angles  defining  the  relative  orientation  of  the 
seven  rings  (see  Figure  1).  These  angles  and  the  solute  center 
of  mass  and  overall  rotation  are  treated  classically.  The  solvent 
molecules  are  also  treated  classically  and  modeled  by  the  MD 
parametrization  for  acetonitrile  of  Edwards,  Madden,  and 
McDonald.^®  The  electrostatic  potential  produced  by  the  solvent 
molecules  couples  to  the  betaine-30  electronic  degrees  of 
freedom  via  a  one  electron  contribution  to  the  diagonal  elements 
of  the  Fock  matrix.  The  transition  energies  are  calculated  using 
single  Cl,  which  has  proven  to  be  very  accurate  in  the  PPP 
method  in  the  calculation  of  transition  energies  of  heteronuclear 
aromatic  molecules.^^  The  model  has  proven  to  be  accurate  in 
calculating  the  wavelength,  intensity,  and  bandwidth  of  the 
lowest  energy  transition  of  betaine-30  in  acetonitrile,  as  well 
as  the  shift  in  these  compared  to  a  nonpolar  medium.*^^  In 
particular,  the  width  and  band  shape  of  the  lowest  energy 
absorption  (i.e..  So  Si)  are  well  reproduced  by  the  model 
when  compared  to  that  found  from  the  experimental  spectrum 
in  acetonitrile  after  removal  of  the  vibronic  contribution  to  the 
band  shape  found  from  experiment.  These  facts  indicate  that 
the  treatment  of  the  wave  function  and  solvent  for  the  ground 
and  lowest  excited  states  of  the  molecule  in  solution  are 
sufficiently  accurate  for  an  examination  of  excited-state  relax¬ 
ation  processes. 

Calculation  of  the  Excited-State  Forces.  The  reader  is 
referred  to  ref  43  for  complete  details  of  the  PPP  Hamiltonian 
used  for  betaine-30.  The  derivation  of  adiabatic  excited-state 
forces,  required  for  the  relevant  dynamics,  using  this  Hamilto¬ 
nian  is  now  discussed.  The  excited-state  energies  were  calculated 
using  single  excitation  configuration  interaction.  The  single 
excitation  configurational  wave  functions  \xpi-^a)  have  matrix 
elements 

-  y.)Wr~b)  =  -  f,)  + 

(1) 

(IV 

where  is  the  total  electronic  Hamiltonian,  which  includes 
the  electron  kinetic  energy  and  electron-electron  interactions 
as  well  as  the  electron-core  and  electron- solvent  interactions. 


Lobaugh  and  Rossky 

and  the  term  Vjt  is  the  SCF  ground-state  energy  eigenvalue  (see 
eq  2  of  ref  43).  The  terms  Ci  and  {d}  are  the  molecular  orbital 
(MO)  energy  and  coefficients  of  the  ith  p-type  orbital.  The 
functional  form  of  the  two  electron  repulsion  matrix  element, 
Ypiv,  is  given  by  the  Mataga— Nishimoto  relationship^^  in  our 
calculations.  The  total  energy  of  the  system  when  the  betaine- 
30  is  in  the  Ith  Cl  state  is  given  by 

E^ot  ~  K  3-  VjQj  +  Ecj  (2) 

where  K  is  the  total  kinetic  energy  of  the  classical  degrees  of 
freedom  of  the  system,  Vtot  is  the  total  ground-state  potential, 
and  is  the  /th  eigenvalue  of  the  Cl  matrix  defined  by  eq  1 . 
The  total  ground-state  potential  is  given  by 

^TOT  ^C-C  ^S-S  ^C-S  (3) 

where  the  terms  Vc-c,  Fs-5,  and  Vc-s  denote  the  core-core 
interactions  of  the  betaine-30,  the  solvent— solvent,  and  core- 
solvent  interactions,  respectively.  Complete  details  of  the  terms 
that  make  up  eq  3  are  given  in  ref  43.  When  the  system  is  in 
the  Ith  excited  state,  the  force  on  a  nuclear  coordinate  R  (which 
can  be  either  a  solvent  or  betaine-30  atom)  is  given  by 

3 

~  ('^TOT  + 

mn 
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where  the  Cl  energy  has  been  rewritten  in  terms  of  its 
eigenvector  coefficients  {C^}  and  matrix  elements  given  by  eq 
1,  where  an  excitation  involving  promotion  of  an  electron  from 
an  occupied  orbital  i  to  an  unoccupied  orbital  a  has  been 
replaced  by  a  single  index  n.  Accordingly,  the  /th  Cl  eigenvector 
vector  is  written  as 

=  (5) 

n 

The  symbol  (e.g.,  in  eq  4)  denotes  that  the  derivative 
is  taken  with  respect  to  R  while  neglecting  the  coordinate 
dependence  of  the  MO  coefficients  in  X  in  evaluating  the 
derivative.  As  noted  elsewhere,^^’^"^  the  ground-state  SCF  energy 
is  a  varitional  minimum  with  respect  to  the  MO  coefficients; 
hence,  no  terms  due  to  gradients  of  the  molecular  orbital 
expansion  coefficients  contribute  to  the  ground-state  nuclear 
forces  (i.e.,  9/9/?  Vtot  =  V^ot)-  Likewise,  the  Cl  energy  is  a 
variational  minimum  with  respect  to  the  Cl  eigenvector  coef¬ 
ficients;  hence,  their  coordinate  dependence  can  be  neglected 
in  eq  4.  However,  derivatives  of  the  matrix  elements  require 
evaluation  of  gradients  of  the  MO  coefficients.  These  can  be 
approached  through  the  use  of  the  coupled  perturbed  Hartree- 
Fock  (CPHF)  equations,^^  wherein  a  derivative  of  a  MO 
coefficient  is  rexpressed  in  terms  of  derivatives  of  unitary 
transformation  matrix  elements: 


^  =  (6) 

The  sum  in  the  above  equation  extends  over  both  real  and  virtual 
MOs.  Using  this  relation,  the  final  term  of  eq  4  can  be  shown 
to  be^^’^^ 
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where  the  sum  over  m,n  is  over  the  space  of  one-electron 
excitaions,  the  sum  over  k,s  is  over  all  occupied  and  unoccupied 
molecular  orbitals,  and  is  the  Lagrangian  matrix  where  the 
changes  of  Cl  energy  with  respect  to  the  MO  coefficients  are 
collected.  Note  that  the  matrix  is  independent  of  which 
particular  nuclear  derivative  is  being  calculated  and  need  only 
be  calculated  once.  It  is,  however,  a  function  of  the  Cl 
eigenvector  coefficients  {0}  and  therefore  must  be  calculated 
for  each  Cl  state.  The  first-order  unitary  transformation  matrix 
derivatives  are  found  through  solving  the  CPHF  equations, 
which  for  a  closed-shell  system  are  written  as^^ 

virtual  real 

a  i 

where  the  vector  and  matrix  A  are  given  in  Appendix  A. 
The  efficient  computation  of  the  term  'ising  the  so- 

called  Z  vector  method  is  also  outlined  in  Appendix  A. 

Elements  of  the  Nonadiabatic  Dynamics  Method.  In  this 
section,  the  details  and  algorithm  for  implementing  the  MDQT 
method^^  in  the  present  context  are  described.  We  first  outline 
how  the  method  is  implemented  with  the  MD  model  for  betaine- 
30  and  the  PPP  semiempirical  electronic  structure  approach  used 
for  the  electronic  degrees  of  freedom.  In  the  MDQT  method, 
or  in  adiabatic  dynamics,  the  single  state  adiabatic  force  given 
by  eq  4  is  used  to  evolve  the  nuclear  trajectory.  The  Schrodinger 
equation  for  the  electronic  degrees  of  freedom  r  for  a  given 
configuration  of  nuclear  coordinates  R  is  given  by 

H„(R;r)|W/R;r))  =  (4i(R)  +  y,(R))lW/R;r))  (9) 

Here,  the  quantum  mechanical  state  of  the  system  is  expanded 
in  the  adiabatic  Cl  states 

|<D(R,r,t))  =  X®/WI'I'/>  (10) 

/ 

Using  the  time-dependent  Schrodinger  equation,  equations  of 
motion  for  the  expansion  coefficients,  can  be  derived 

ifxBj  =  5/4,  +  y,)  (11) 

J 

where  d/y  is  the  NA  coupling  vector  given  by 

(12) 

It  should  be  noted  that  the  ground  state  is  included  in  the  total 
expansion  of  the  wave  function  in  the  above  expansion.  Since 
the  ground-state  Slater  determinant  does  not  couple  to  the  single 
excitation  configurations,  we  have,  using  the  notation  in  eq  5, 

1%)  =  =  \%)  (13) 

n 

where  |^o)  is  the  ground- state  Slater  determinant. 

For  numerical  convenience,  one  can  define 

=  d?'y^)  (14) 
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J 

The  NA  coupling  vector  can  be  expressed  in  a  form  suitable 
for  the  semiempirical  formulation  used  here  by  expanding  the 
Cl  states  in  terms  of  their  electronic  configurations  as  given  in 
eq  5 

+  J.C’nC’jy’nWJ 

nm  nm 

=  +  (16) 

n  nm 

The  first  term  of  eq  16  can  be  further  simplified  by  using  the 
fact  that  the  Cl  states  diagonalize  the  Hamiltonian  within  the 
space  of  one-electron' excitations,  viz., 

{Wj\{H,,-V,)\Wj)  =  0  (17) 

Taking  the  derivative  of  this  expression,  we  have 

-  VM 

mn  mn  mn 


Then,  using  the  orthonormality  of  the  Cl  states,  one  can  show 
that 

(19) 

n  n 

Substituting  this  relation  into  eq  18  and  rearranging  terms,  it 
can  be  shown  that  the  first  term  of  eq  16  can  be  written  as 

mn 

-  (20) 

(4i-4i) 

Simplification  of  the  gradient  terms  {ipnl^R'^m}  in  the  second 
term  in  eq  20  is  done  in  Appendix  B.  The  gradient  terms 
are  zero  if  the  wave  functions  differ  by  more  than 
one  spin— orbital.  Hence,  the  only  nonzero  terms  in  the  second 
term  in  eq  16  will  be  (see  Appendix  B) 

(21) 

As  with  the  calculation  of  the  adiabatic  force,  the  derivatives 
in  the  above  equation  can  be  expanded  in  terms  of  the  unitary 
transformation  matrix  elements.  Combining  these  results  the 
components  of  the  NA  coupling  vector  can  be  written 


Equation  1 1  then  becomes 
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where  the  changes  of  the  MO  coefficients  with  respect  to  the 
nuclear  coordinate  in  the  NA  coupling  from  the  first  and  second 
terms  of  eq  16  have  been  collected  in  the  vector  The  vector 
is  a  function  of  the  Cl  eigenfunction  coefficients  {0}  and 
{0}.  The  efficient  calculation  of  the  term  2X^5  be 

carried  out  using  a  modification  of  the  Z  vector  method  of 
Handy  and  Schaefer^^  and  is  outlined  in  Appendix  A. 

The  high-frequency  intramolecular  degrees  of  freedom  of 
betaine-30  play  an  important  role  in  determining  the  absorption 
width  of  the  So  to  Si  transition  by  giving  rise  to  a  vibronic 
progression  which  is  manifest  as  a  broadening  of  the  absorption 
on  the  high-frequency  side.  An  estimate  of  the  corresponding 
inner  sphere  reorganization  energy  found  from  fits  of  the 
absorption  spectrum  is  approximately  720  cm“^  with  a  single 
effective  frequency  of  approximately  1600  This  effective 

quantum  mechanical  mode  also  appears  to  play  a  critical  role 
in  providing  an  efficient  channel  for  the  reverse  electron  transfer 
(i.e..  Si  So)  in  model  calculations,  as  noted  in  the  Introduction. 
Given  the  expectation  that  quantum  intramolecular  modes  play 
an  important  role  in  the  electron-transfer  process  that  is  being 
modeled  here,  an  inclusion  of  quantum  intramolecular  modes 
of  betaine-30  and  how  they  couple  the  electronic  states  of  the 
molecule  is  necessary.  As  noted  earlier,  the  MD  model  that  is 
used  here  explicitly  includes  only  those  intramolecular  vibrations 
associated  with  relative  rotational  motions  of  the  rings  of  the 
molecule.  The  remaining  degrees  of  freedom  are  frozen  out  by 
the  use  of  constraints.^^  Further,  a  quantum  mechanical  descrip¬ 
tion  of  the  remaining  modes  is  evidently  required,  based  on 
model  calculations.'^’^'^  A  complete  quantum  mechanical  descrip¬ 
tion  of  the  internal  modes  and  their  dynamics  would  require 
expanding  the  wave  function  in  eq  10  in  internal  coordinates  q, 
as 


|<I>(R,r,q,t)>  =  Xfi,,,(OI'PXR.r,q))|^,„(q))  (23) 

Aa 

where  the  total  wave  function  is  expanded  in  internal  vibrational 
state  basis  functions  in  addition  to  the  electronic  basis  functions. 
The  expressions  that  result  from  substitution  into  the  time- 
dependent  Schrodinger  equation  are  given  in  ref  58.  Such  a 
scheme  is  complex  because  of  the  large  number  of  coupled" 
equations  that  result,  and  additional  approximations  are  highly 
desirable  to  put  the  equations  in  a  form  tractable  for  the  present 
purposes.  Here,  we  focus  on  incorporation  of  the  additional  NA 
coupling  that  arises  due  to  the  intramolecular  quantum  degrees 
of  freedom. 

We  begin  with  the  NA  coupling  between  two  electronic  state 
7  and  7  given  by  the  matrix  element  of  the  nuclear  kinetic  energy 
operator.  Conventionally,  in  mixed  quantum  classical  simula- 


Lobaugh  and  Rossky 

tions,  the  semiclassical  expression  for  this  matrix  element  is 
used,  as  given  in  eqs  11  and  15, 

Vjj=-ihR-d;j  (24) 

This  form  suffices  for  the  coupling  due  to  the  solvent  degrees 
of  freedom  and  the  internal  relative  ring  rotations.  Here,  we 
add  the  remaining  NA  coupling  due  to  the  intramolecular 
degrees  of  freedom  a  posterio  to  the  equations  of  motion  for 
the  electronic  basis  state  expansion  such  that  for  given  vibronic 
states, 


ihBj  = 


(25) 


where  the  additional  coupling  has  the  form 
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where  l^j)  and  |a/)  are  the  nuclear  wave  functions  associated 
with  the  initial  I  th  and  final  Jth  electronic  state,  respectively. 
The  kinetic  energy  operator  has  been  written  here  in  terms  of 
the  3N  —  6  normal  modes  of  the  betaine-30  molecule  and  the 
second  derivative  terms  due  to  the  nuclear  degrees  of  freedom 
have  been  neglected  in  the  second  part  of  eq  26.  We  assume 
that  the  intramolecular  nuclear  wave  function  is  a  direct  product 
of  harmonic  oscillator  wave  functions  corresponding  to  the  3N 
—  6  internal  normal  modes  of  the  molecule;  that  is. 


\pj)  =  ”•  (27) 

(W/|9/9^„|W7)  is  the  electronic  NA  coupling  associated  with  the 
nth  normal  mode  and  the  nuclear  coupling  term  (a/|9/9^„|^y) 
factors  into 


9 

dq, 


\3N-6 


(28) 


In  a  full  treatment,  we  should  evaluate  the  evolution  in  eq 
25  via  a  sum  over  all  possible  channels,  with  evaluation  of  the 
Franck— Condon  factors  (eq  28)  and  appropriate  account  of  the 
energies  of  each  channel  through  B  (cf.  eq  14).  To  do  this  in  an 
effective  manner  requires  a  relatively  thorough  analysis,  iden¬ 
tifying  the  active  vibrational  modes  and  their  appropriate 
parametrization  in  a  harmonic  model.  Such  an  analysis,  with 
connection  to  closely  related  experimental  resonance  Raman 
data,^^  is  not  undertaken  here.  Rather,  in  the  present  work,  we 
make  a  very  rough  approximation  that  allows  us  to  carry  out 
an  initial  exploration  of  the  coupling  due  to  the  high-frequency 
modes.  Here,  we  assume  that  the  minima  of  the  internal  normal 
modes  of  the  molecule  have  the  same  frequencies  in  the  /th 
and  7th  electronic  state,  and  are,  further,  not  displaced.  Under 
this  approximation,  the  individual  nuclear  NA  coupling  matrix 
elements  correspond  only  to  single  quanta  changes  and  the 
Franck— Condon  factors  are  either  unity  or  zero  so  that 


(29) 
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The  electronic  NA  coupling  associated  with  the  jth  normal  mode 
can  be  found  using  the  linear  transformation  coefficients  {/} 
between  the  Cartesian  displacement  coordinates  and  the  normal 
modes: 


'I', 


(30) 


where  the  normal  modes  are  given  in  terms  of  the  Cartesian 
displacements  of  the  atoms  from  their  equilibrium  positions  in 
mass  weighted  coordinates, 


previous  implementations,^^  these  slowly  varying  coupling 
elements  were  linearly  interpolated  between  MD  time  steps  in 
the  integration  of  the  coefficients. 

In  the  fewest  switches  algorithm, the  probability  of  a 
transition  occurring  between  t  and  t  +  dt  from  state  Kto  I  can 
be  shown  to  be 


f*t  +  dt  . 


where 


(34) 


J 


(31) 


+ 

(35) 


The  inclusion  of  the  quantum  intramolecular  contribution  to  the 
NA  coupling  necessitates  a  modification  of  the  PPP  model  for 
betaine-30  in  order  to  account  for  the  distance  dependence  of 
the  semiempirical  :7r-electron  overlap  integral,  p.  The  details  of 
this  modification  are  outlined  in  Appendix  E. 

The  sets  of  eigenfrequencies  {ft>}  and  normal  mode  trans¬ 
formation  coefficients  {/}  for  betaine-30  were  calculated  from 
an  optimized  ground-state  geometry  with  MOP  AC  6.0^^  using 
the  AMI  Hamiltonian.  The  calculation  of  the  displacements 
along  the  normal  coordinates  in  eq  31  are  made  with  respect  to 
the  minimum  energy  geometry  of  the  molecule  in  the  reference 
frame  in  which  the  normal  modes  were  calculated: 


^^B30  “  ^ 


B30  ^B30 


(32) 


where  Rbso  is  the  vector  of  the  betaine-30  atomic  positions  and 
Rg3Q  is  the  minimum  energy  reference  geometry  at  which  the 
eigenvalues  were  calculated.  The  electronic  NA  coupling 
elements  {^i\d/dqi\Wj)  can  be  strongly  dependent  on  the  relative 
rotational  orientation  of  the  molecule  with  respect  to  the 
reference  geometry  of  the  molecule.^®  To  remove  this  depen¬ 
dence  of  the  electronic  NA  coupling  elements  on  overall 
rotations,  the  positions,  Rb3o,  and  Cartesian  elements, 
(W/|9/9/?,|Wy),  must  be  expressed  in  a  coordinate  system  that 
obeys  the  Eckart  conditions.^®"^^  This  corresponds  to  applying 
an  overall  translation  and  rotation  to  the  positions,  Rbso,  and 
elements  (W/|9/9/?/|Wy)  such  that  the  displacements  in  the  six 
normal  modes  corresponding  to  translation  and  overall  rotation 
are  zero.  That  is, 


3N 


0  for  7  =  3A--5,3A-4,  ,..,3A 

(33) 


The  integration  of  biK(t)  was  done  numerically  again  using  linear 
interpolation  for  R'd/KO  and  Transitions  between 

states  are  determined  stochastically,  based  on  the  state-to-state 
transition  probabilities. 

Although  it  turns  out  that  it  does  not  play  an  important  role 
in  the  present  results,  we  also  discuss  the  algorithm  for  energy 
conservation  when  making  a  transition  from  one  state  to  another. 
In  this  circumstance,  the  MDQT  procedure  is  to  adjust  the 
velocities  of  the  classical  nuclei  in  order  to  maintain  energy 
conservation.  This  is  done  by  adjusting  the  velocity  components 
of  the  nuclei  along  the  NA  coupling  vector  d//K0-  However, 
the  velocities  are  also  subject  to  constraints  forces  which  keep 
the  betaine-30  and  solvent  molecules  rigid.  The  additional  forces 
that  arise  from  an  electronic  transition  must  be  adjusted  to 
account  for  these  constraints.  Therefore,  constraints  must  be 
applied  to  adapt  the  NA  coupling  vector  so  that  the  changes  in 
velocities  are  orthogonal  to  the  internal  degrees  of  freedom  that 
are  constrained.  The  method  for  this  is  outlined  in  Appendix 
D.  Once  this  is  done,  the  velocities  of  the  molecules  can  be 
adjusted  as  follows: 


R,  =  R’,-yAm,  (36) 


where  r)  is  the  Cartesian  velocity  vector  of  the  site  i  with  mass 
rrii  prior  to  the  transition  and  4  is  the  adjusted  NA  coupling 
vector  component  for  the  site  i.  The  scaling  factor  Yki  is  given 

by63 


Yik'’ 


bjK  =1=  V 
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IK 


where 


Details  for  this  procedure  are  outlined  in  Appendix  C. 

Having  established  the  details  of  the  equations  of  motion  for 
the  expansion  coefficients  given  by  eq  25,  we  now  outline  the 
MDQT  algorithm  and  modifications  that  must  be  made  to  it 
for  the  MD  model  of  betaine-30.  The  equations  of  motion  for 
the  expansion  coefficients  {B}  must  be  integrated  in  tandem 
with  the  propagation  of  the  MD  trajectory  for  the  nuclei.  These 
were  integrated  from  molecular  dynamics  time  step  t  to  the  next 
time  step  t  dt  using  a  fourth-order  Runge— Kutta  scheme. 
Because  of  the  highly  oscillatory  nature  of  the  coefficients,  a 
much  smaller  time  step  was  used  to  integrate  eq  25;  we  use  dt 
=  ^/r/1000.  The  computational  expense  of  the  calculation  of  the 
electronic  NA  coupling  matrix  elements  precludes  calculation 
of  these  elements  at  every  one  of  the  smdler  time  steps.  As  in 


and 


i4i' 


I  2m,. 


bjK  — 
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(39) 


The  positive  root  for  yiK  is  used  for  bjK  >  0  and  the  negative 
for  biK  <  0.  A  transition  can  occur  if  yiK  is  real.  If  the  particle 
velocities  have  insufficient  velocity  components  along 
then  the  system  does  not  make  a  switch  and  the  velocity 
components  of  R  along  4  are  reversed  using  eq  36  and 
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Yik  =  —  (40) 

^IK 

Simulation  Details.  Simulation  details  of  the  MD  model  used 
here  are  described  elsewhere"^^  and  will  only  be  summarized. 
Simulations  were  run  with  a  total  of  1 172  acetonitrile  molecules 
at  room  temperature  and  a  solvent  density  of  0.7867  g/cm^.  To 
simulate  the  nonequilibrium  process  of  photoexcitation  and 
subsequent  relaxation,  the  MD  trajectories  were  run  by  placing 
the  betaine-30  molecule  in  an  excited  state  after  the  molecule 
and  solvent  had  been  equilibrated  in  the  ground  state.  The 
subsequent  excited  state  dynamics  were  generated  with  a  time 
step  of  2  fs.  For  computational  efficiency,  the  dynamics  was 
generated  using  only  50  single  excitation  configurations  to 
generate  the  excited-state  energies  and  forces.  These  50  were 
chosen  at  every  MD  time  step  by  selecting  the  50  lowest  energy 
diagonal  elements  of  the  Cl  matrix  defined  by  eq  1 .  These  50 
lowest  energy  single  excitation  states  were  then  used  in 
diagonalization  to  generate  the  excited-state  energies  and 
molecular  forces.  It  was  verified  that  the  ground-state  absorption 
spectrum  for  the  three  lowest  energy  transitions  remained 
unchanged  when  compared  to  the  spectrum  generated  using  all 
possible  single  excitations.  This  indicated  that  the  wave  func¬ 
tions  used  for  the  three  lowest  energy  states  were  well-described 
by  the  50  lowest  energy  configurations  within  the  space  of  single 
excitations.  Two  types  of  trajectories  were  generated.  In  the  first 
type,  of  primary  interest  here,  the  betaine-30  was  placed  in  the 
first  excited  state.  In  the  second  type,  the  betaine-30  was  placed 
in  the  third  excited  state.  The  latter  was  done  to  explore  the 
dynamics  corresponding  to  photoexcitation  experiments^^  that 
use  excitation  wavelengths  of  both  800  and  400  nm  which 
correspond  to  the  So  ^  Si  and  So  ^  S3  transitions  in  the 
experimental  absorption  spectrum. 

m.  Results 

For  this  exploratory  study,  we  have  examined  five  trajectories 
initiated  in  the  Si  level  of  betaine-30.  We  have  found  that  the 
insight  obtained  from  alternative  trajectories  is  equivalent,  and 
therefore,  below,  we  primarily  discuss  the  results  with  reference 
to  a  particular  representative  trajectory.  To  gain  an  understanding 
of  the  details  of  the  relaxation  processes  that  occur  after  initial 
excitation  of  the  betaine-30,  we  first  examine  the  energetics  and 
molecular  details  of  individual  trajectories. 

The  energies  of  the  individual  electronic  states  are  shown  in 
Figure  2  as  a  function  of  time  after  the  betaine-30  has  been 
placed  in  the  first  excited  state.  The  electronic  energies  of  the 
states  are  defined  as  (see  section  II) 

•^s,  =  +  ^c-c  +  ^c-s  -^=1.2, ...  (41) 

We  note  at  the  outset  that  evidence  from  comparison  of 
experimental  and  calculated  results^^  indicates  that  the  ordering 
of  the  S2  and  S3  states  from  the  present  electronic  description 
are  reversed,  a  result  that  can  be  seen  from  their  polarities.  As 
will  be  evident  below,  the  S2  and  S3  states  are  computed  to  be 
relatively  close  in  energy,  with  the  So  and  Si  states  well 
separated  from  them.  Therfore,  we  focus  the  present  work  on 
the  So  and  Si  states. 

As  can  be  seen  from  Figure  2,  the  betaine-30  remains  in  the 
first  excited  state  for  the  25  ps  of  the  trajectory  shown,  as 
discussed  below.  Examining  Figure  2,  it  can  be  seen  that, 
immediately  after  excitation,  the  So  state  moves  rapidly  upward 
by  approximately  1  eV  in  energy  over  the  first  100  fs  of  the 
trajectory.  The  highest  frequency  fluctuations  in  the  energy 


levels  are  correlated  with  each  other  and  have  a  small  amplitude 
of  approximately  0.2  eV.  Superimposed  on  the  highest  frequency 
fluctuations  is  a  larger  amplitude  variation  of  much  lower 
frequency.  The  low-frequency  motion  is  more  pronounced  in 
the  So  ground-state  level  (amplitude  --1  eV).  The  same  features 
can  also  be  seen  in  the  trajectory  of  the  transition  energies  which 
are  shown  in  Figure  3.  The  transition  energies  are  the  energy 
gaps  between  ground  and  excited  states  which  are  given  by  AEs/ 
=  Esi  “  Eso  =  ^01  where 

Es^  =  Vq-q  +  V^-s  (42) 

To  ascertain  the  connection  between  specific  molecular  degrees 
of  freedom  and  the  excitation  energies  of  the  betaine-30,  we 
first  examine  how  the  torsional  angles  of  the  molecule  change 
after  excitation.  The  torsional  ring  angles  as  a  function  of  time 
are  plotted  in  Figure  4.  Our  previous  ground  state  simulation 
results  for  betaine-30  in  acetonitrile"^^  have  shown  that,  in  that 
case,  the  torsional  angles  of  the  molecule  only  sample  a  narrow 
range  of  angles  (±4—8°),  indicating  that  the  rings  are  confined 
to  rotational  potential  energy  wells  by  barriers  much  larger  than 
thermal  energies.  Figure  4  shows  the  ring  angle  trajectories  for 
the  central  ring  angle  (labeled  B  in  Figure  1),  the  two  phenyl 
rings  attached  to  the  pyridinium  (0  in  Figure  1),  the  torsional 
angles  subtended  by  the  phenyl  ring  ortho  to  the  nitrogen  in 
the  pyridinium  (%),  and  the  remaining  angle  for  the  two  phenyl 
rings  attached  to  the  phenolate  group  (^).  As  can  be  seen  from 
Figure  4,  the  ring  angles  %  and  ^  show  no  appreciable  change 
from  the  range  of  angles  that  are  sampled  in  the  ground  state. 
Further,  it  is  clear  that  we  need  not  distinguish  between  the 
individual  angles  in  pairs  of  angles  0  and  However,  the  central 
ring  angle  B  and  the  two  side  ring  angles  0  do  show  considerable 
deviation  from  the  distributions  that  they  sample  in  the  ground 
state"^^  ((B)  =  53°  ±  4°  and  (0)  =  47°  ±  4°,  where  the  ±  denotes 
the  distribution  width  at  half-height). 

After  excitation,  the  central  ring  angle  both  increases  and 
samples  a  larger  range  between  60°  and  90°.  In  addition,  the 
side  ring  angle  motion  is  correlated  with  the  central  ring,  and 
the  side  angles  both  increase  as  the  central  ring  moves  toward 
90°.  The  motion  of  the  central  ring  angle  is  readily  determined 
to  be  strongly  correlated  with  the  low-frequency  large-amplitude 
motion  of  the  So  Si  energy  gap  (cf.  Figure  3  and  Figure  4). 
As  the  central  ring  angle  opens,  the  energy  gap  generally 
decreases  in  value,  as  can  be  seen  by  comparing  the  first  5  ps 
of  the  trajectory,  shown  as  a  separate  frame  in  both  Figures  3 
and  4.  The  overall  motion  of  the  energy  gaps  is  clearly  correlated 
with  the  changes  in  the  central  ring  angle,  with  the  transition 
energies  getting  lower  as  the  pyridinium  and  phenolate  rings 
approach  90°  with  respect  to  each  other. 

This  behavior  can  be  explained  by  an  examination  of  the 
calculated  potential  energy  surfaces  of  the  So  and  Si  states  in 
the  gas  phase.  The  gas-phase  surfaces  shown  in  Figure  5  were 
generated  as  a  function  of  the  two  ring  angles  0  and  B.  These 
reduced  surfaces  were  each  found  by  first  finding  the  minimum 
energy  structure  of  the  molecule  in  the  gas  phase  via  a  simulated 
annealing  MD  calculation.  The  surfaces  were  then  generated 
by  varying  only  the  two  angles  0  and  B  and  keeping  the  other 
angles  constrained  at  their  gas-phase  minimum  energy  values; 
the  two  0  angles  were  kept  equal  to  each  other.  In  the  ground 
state  these  two  torsional  angles  have  minimum  energy  values 
which  are  52°  and  49°,  respectively.  At  a  torsional  angle  of  0°, 
the  jt  conjugation  between  the  rings  is  maximized,  but  90° 
minimizes  the  steric  repulsion  between  the  pendant  rings.  The 
So  ^  Si  excitation  involves  the  promotion  of  an  electron  from 
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Figure  2.  Time-dependent  dynamics  of  the  energy  levels  (see  eqs  41  and  42)  of  betaine-30  after  it  has  been  placed  in  the  first  excited  state  Si  for 
a  typical  trajectory.  The  occupied  state  is  denoted  by  the  crosses.  The  ground  state.  So,  is  denoted  by  the  dashed  line.  The  excited  states.  Si,  S2,  and 
S3,  are  denoted  by  the  solid,  long  dashed,  and  dot-dashed  lines,  respectively.  The  two  frames  differ  only  in  the  time  scale. 


a  Jt  orbital  to  a  7C*  antibonding  orbital.  This  is  found  to  decrease 
the  amount  of  7t  conjugation  energy  in  the  molecule.  For  the 
central  ring  angle  0,  this  results  in  the  potential  energy  minimum 
being  shifted  close  to  ^  =  90°,  where  steric  effects  are 
minimized.  It  is  interesting  to  note  that,  in  the  ring  angle 
trajectories,  large-amplitude  motions  occur  in  the  0  angles  when 
6  ^  90°.  This  is  due  to  the  fact  that  Si  potential  surface  is  very 
flat  along  the  <j>  coordinate  along  the  0  90°  cut,  as  is  evident 

from  Figure  5.  The  decrease  in  the  transition  energies  after 
excitation  is  also  explained  by  Figure  5;  the  energy  gap  is 
considerably  smaller  when  6  ^  90°, 

While  the  gas-phase  surfaces  can  be  used  to  interpret  the 
solution  state  dynamics  after  excitation,  it  should  be  emphasized 
that  there  is  considerable  polarization  of  this  surface  by  the 
electric  field  of  the  solvent.  This  is  evidenced  by  the  fact  that 
the  maximum  in  the  So  Si  transition  energy  in  the  gas  phase 
is  shifted  from  approximately  29  to  50  kcal/mol,  with  the  solvent 


increasing  the  separation  of  the  surfaces  shown  in  Figure  5. 
Furthermore,  our  previous  simulation  results  of  betaine-30  in 
the  ground  state^^  have  shown  that  the  solvent  polarization 
substantially  removes  the  0  torsional  angle  dependence  of  the 
So  Si  transition  energy  in  the  vicinity  of  die  ground  state 
minimum,  where  the  torsional  ring  angles  only  sample  a  very 
narrow  distribution  of  angles.  Conversely,  the  excited-state 
trajectories  show  a  dependence  of  the  transition  energies  on  the 
central  ring  angle,  a  result  that  may  be  due  in  part  to  the  much 
larger  range  of  angles  that  are  sampled  in  the  excited-state 
trajectory  and  in  part  to  the  rather  different  solvent  polarization 
present  in  that  case. 

We  now  consider  the  shorter  time  dynamics.  In  Figure  3,  a 
rapid  1  eV  drop  in  the  So  Si  transition  energy  is  seen  which 
takes  place  in  Ae  first  100-200  fs  of  the  trajectory.  This  rapid 
drop  in  transition  energy  takes  place  on  a  time  scale  faster  than 
any  torsional  motion  in  the  betaine-30  molecule  and  is  neces- 
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Figure  3.  Time-dependent  dynamics  of  the  energy  gaps  AEs^  =  Es^  ~ 
Eso  of  betaine-30  after  it  has  been  placed  in  the  first  excited  state.  The 
energy  gaps  A^Sp  A£'s2»  and  A£'s3  are  denoted  by  the  solid,  long  dashed, 
and  dot— dashed  lines.  The  trajectory  is  the  same  as  that  shown  in  Figure 
2. 

sarily  due  to  solvent  motion.  This  rapid  drop  immediately  after 
excitation  has  been  seen  in  many  other  contexts,  both  in  MD 
simulations^'^"^^  and  in  experiments. It  occurs  due  to  the 
rapid  inertial  motion  of  the  solvent  molecules,  subject  to  the 
different  forces  present  on  the  two  electronic  surfaces.  The 
energy  gap  initially  exhibits  a  Gaussian  time  dependence  as  has 
been  shown  by  MD  simulations^^  and  molecular  theories. 
Longer  time  solvent  dynamics  also  occurs  on  a  subpicosecond 
time  scale,  followed  by  relaxation  dominated  by  intramolecular 
torsional  motion.  It  is  interesting  to  note  here  that  the  solvent 
contribution  to  the  energy  gap  is  associated  exclusively  with  a 
rapid  rise  in  the  So  energy  level.  This  is  consistent  with  the  fact 
that  the  So  state  is  a  charge  separated  state  with  a  large  dipole 
moment  while  the  Si  has  a  much  smaller  dipole  moment. 

It  is  of  considerable  interest  to  examine  the  energy  gap 
relaxation  in  more  detail  and  to  compm*e  the  dynamics  exhibited 
in  the  present  work  to  that  inferred  from  recent  modeling  of 
resonance  Raman  spectra  for  the  same  system."^^  In  particular, 
it  is  evident  from  Figure  3  and  our  earher  discussion  that,  here, 
the  energy  gap  relaxation  exhibits  (at  least)  three  time  scales. 
The  first,  of  the  order  of  100  fs,  corresponds  to  the  inertial 
solvent  time  scale,  and  represents  about  70%  of  the  subpico¬ 
second  response  in  this  trajectory.  The  second  time  scale,  of 
the  order  of  0.5  ps,  is  the  diffusive  solvent  time  scale.  After 
about  1  ps,  the  solvent  is  essentially  completely  relaxed.  As 
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Figure  4.  Dynamics  of  the  torsional  ring  angles  of  betame-30  after 
the  system  has  been  excited  to  the  Si  state  at  ?  =  0.  The  labeling  of  the 
various  angles  is  given  in  Figure  1.  The  trajectory  is  the  same  as  that 
shown  in  Figure  2. 


noted  above,  however,  there  is  the  potential  for  considerable 
additional  relaxation  on  a  relatively  much  longer  time  scale, 
due  to  torsional  relaxation  around  the  solute’s  central  dihedral 
angle.  The  solvent  relaxation  contributes  about  0.8  eV  by  1  ps 
after  initial  excitation  to  Si;  the  assignment  to  solvent  alone  is 
evident  from  Figure  4.  This  energy  relaxation  would  correspond 
to  a  Stokes  shift  of  about  6400  cm“^  and  an  inferred  solvent 
reorganization  energy  of  about  3200  cm“^.  This  value  is 
comparable  to  the  value  of  about  3600  cm“^  inferred  by  us  for 
the  same  model  by  analysis  of  solvent  contributions  to  ground 
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Figure  5,  Gas-phase  potential  energy  surfaces  for  the  ground  and  first  excited  states  as  a  function  of  the  central  phenolate-pyridinium  torsion 
angle  6  and  the  side  ring  angle  0.  The  minimum  of  the  ground  state  surface  is  located  at  0  —  52°  and  0  =  49°.  The  minimum  in  the  first  excited 
state  is  shifted  to  6  =  90°  and  (f)^  65°.  The  arrows  denote  the  relaxation  of  the  system  in  these  two  coordinates  after  excitation  to  the  first  excited 
state. 


state  absorption  line  broadening, a  result  that  also  agrees  with 
the  corresponding  analysis  of  experimental  ground-state  absorp¬ 
tion  spectra.^"^  The  total  relaxation  accessible  including  torsional 
relaxation  (observed  here  due  to  the  long  Si  lifetime  of  the 
model)  is  about  10  000  cm“^ 

In  the  cited  resonance  Raman  spectral  modeling,  it  was  found 
that  an  ultrafast  component  of  the  solvation  dynamics  was 
needed  to  fit  the  measured  results.  In  particular,  McHale  and 
co-workers^^  found  that,  in  addition  to  a  solvation  time  for 
acetonitrile  of  about  0.6  ps,  a  time  of  88  fs  carrying  an  amplitude 
of  about  60%  of  the  solvation  response  was  needed.  This  form 
for  the  solvent  response  is  completely  consistent  with  that  seen 
in  the  present  work.  However,  the  corresponding  solvent 
contribution  to  the  reorganization  energy  inferred  there,  about 
6000  cm“^  is  notably  larger  than  our  best  estimate"^^  of  3600 
cm~k  The  present  observations  suggest  that  a  possible  factor 
in  the  comparison  is  the  role  of  the  slower  torsional  component 
observed  here.  The  resonance  Raman  spectral  analysis  does  not 
include  a  slower  (classical)  intramolecular  component  so  that 
any  effects  arising  from  this  would  be  included  in  the  component 
attributed  to  the  solvent.  These  authors^^  have,  in  fact,  suggested 
the  possibility  of  coupled  contributions  of  solvent  with  solute 
torsional  degrees  of  freedom.  We  note  that  the  torsional 
relaxation  seen  here  is  much  slower  than  the  acetonitrile  solvent 
(and  also  much  slower  than  the  ^^300  cm“^  modes  representing 
the  lowest  frequencies  resolved  in  the  Raman  study^^).  Thus,  it 
is  not  clear  without  further  detailed  analysis  whether  the 
contribution  of  the  present  dihedral  motion  would  be  significant 
in  describing  the  resonance  Raman  spectra. 

As  stated  earlier,  no  transition  back  to  the  ground  state  in 
fact  occurs  in  the  present  Si  trajectories.  The  calculated  transition 
probabilities  were  found  to  be  extremely  low,  on  the  order  of 
^  I  X  10”^  per  MD  time  step.  A  computational  study  of 
the  estimated  lifetime  would  require  averaging  over  many 


Figure  6.  Graph  of  the  accumulated  transition  probability  as  given  in 
eq  43  for  the  trajectory  shown  in  Figure  2. 


nonequilibrium  trajectories  and  is  not  warranted,  since  the 
experimental  lifetime  is  known  to  be  approximately  0.5  ps.^"^ 
Alternatively,  a  first-order  lifetime  can  be  estimated  from  an 
accumulated  transition  probability  expression 

=  (43) 

i 

where  is  the  transition  probability  at  every  time  MD  step 
which  is  accumulated  over  time  steps.  A  graph  of  P^Zq  as  a 
function  of  trajectory  length  for  the  above  trajectory  is  shown 
in  Figure  6.  A  linear  fit  to  ln[P^]  gives  an  estimate  of  the 
excited-state  lifetime.  The  slopes  of  five  trajectories  were 
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Figure  7.  Time  dependence  of  the  various  contributions  to  the  NA 
coupling  between  the  ground  and  first  excited  states  of  betaine-30.  The 
solvent  contribution  to  the  NA  coupling  (the  first  term  of  eq  44)  is 
given  by  the  dot-dashed  line.  The  semiclassical  contribution  from  the 
betaine-30  degrees  of  freedom  (the  second  term  of  eq  44)  is  given  by 
the  long  dashed  line.  The  contribution  from  the  betaine-30  intramo¬ 
lecular  vibrational  degrees  of  freedom  which  has  been  estimated 
quantum  mechanically  (the  final  term  of  eq  44)  is  given  by  the  dashed 
line.  The  trajectory  is  the  same  as  that  shown  in  Figure  2. 

averaged  to  give  an  estimated  lifetime  of  ri^  =  29  ±  19  ps. 
Clearly,  this  value  is  much  larger  than  the  experimentally 
inferred  subpicosecond  result.  It  is  reasonable  to  attribute  this 
difference  to  the  relatively  crude  modeling  of  the  intramolecular 
vibrational  contribution  to  the  transition  amplitude  used  here, 
since  all  other  aspects  are  treated  much  more  completely. 
Among  other  things,  this  limits  vibrational  transitions  to  Av  = 
1  so  that  the  higher  lying  vibrational  states  of  the  product  cannot 
be  accessed  from  low  lying  vibrational  states  of  Si.  To  explore 
this  interpretation  in  more  detail,  we  need  to  examine  the 
separate  contributions  to  the  NA  coupling  from  alternative 
sources,  which  we  do  below. 

The  total  NA  coupling  between  the  electronic  states  is  given 
by 

Vjj  =  (44) 

where,  here,  the  semiclassical  contribution  to  the  NA  coupling, 
R‘d//,  has  been  subdivided  into  the  portions  coming  from  the 
solvent  degrees  of  freedom  and  the  betaine-30  nuclear  degrees 
of  freedom.  Because  of  the  fact  that  internal  vibrations  in  the 
acetonitrile  molecules  are  rigidly  constrained,  the  only  contribu¬ 
tion  from  the  solvent  degrees  of  freedom  to  the  NA  coupling 
comes  from  the  intermolecular  rotational  and  translational 
degrees  of  freedom  of  the  solvent  molecules.  Similarly  con¬ 
straints  to  the  motion  of  the  betaine-30  limit  the  semiclassical 
contribution  to  the  coupling  to  that  from  internal  torsional  ring 
motion  of  the  betaine-30.  All  the  other  intramolecular  degrees 
of  freedom  of  the  betaine-30  contribute  to  the  NA  coupling 
quantum  mechanically  through  the  third  term  in  the  above 
equation.  We  note  that  the  NA  coupling  from  the  torsional 
degrees  of  freedom  is  counted  twice  in  the  above  formulation, 
but  as  will  be  seen  below,  the  contribution  from  the  torsional 
degrees  of  freedom  is  minimal  and  therefore  correction  for  this 
is  not  warranted. 

The  magnitude  of  the  total  NA  coupling  between  the  ground 
and  first  excited  state,  \Vio\,  and  it’s  three  components  are 
graphed  as  a  function  of  time  in  Figure  7  for  the  trajectory 
considered  in  the  other  figures.  As  can  be  seen  from  the  figure, 
the  total  NA  coupling  is  determined  almost  completely  by  the 


quantum  intramolecular  contribution.  The  semiclassical  contri¬ 
butions  from  the  betaine-30  and  solvent  degrees  of  freedom  are 
both  approximately  an  order  of  magnitude  smaller  than  the 
quantum  intramolecular  part.  The  implication  of  this  is  that, 
within  the  context  of  the  adiabatic  reference  point  of  the  model 
presented  here,  the  coupling  between  So  and  Si  that  promotes 
the  transition  can  be  well  approximated  by  the  contribution  due 
to  intramolecular  modes.  Correspondingly,  these  modes  are  the 
primary  recipients  of  the  electronic  energy  during  the  NA 
transition,  in  accord  with  the  prevailing  view  discussed  in  the 
Introduction.  Of  course,  the  observations  made  here  do  not  imply 
that  the  dynamics  of  the  other  modes,  including  both  solvent 
and  ring  motions,  are  not  critical  to  the  lifetime.  The  premise 
of  several  of  the  models  discussed  in  the  Introduction'^'^^’^'^’^s  jg 
that  the  time-dependent  energy  gap  between  electronic  states 
determines  the  particular  vibrational  product  channels  that  are 
potentially  activationless  and  thus  most  active  in  the  transition. 
Correspondingly,  the  rate  is  modulated  by  the  Franck-Condon 
factors  associated  with  these  states.  The  present  model  is  unable 
to  address  this  aspect;  this  will  require  a  more  realistic 
description  of  mode  displacements. 

The  contributions  to  the  NA  coupling  between  the  various 
states  was  also  further  broken  down  by  the  contribution  made 
from  each  normal  mode.  First,  it  was  found  that  the  majority 
(>80%)  of  the  coupling  was  determined  primarily  by  less  than 
10  distinct  normal  modes.  Furthermore,  the  character  of  these 
normal  modes  was  high  frequency  (>600  cm”^),  and,  consis¬ 
tently,  none  of  the  modes  included  the  low-frequency  rotational 
ring  torsional  modes  of  the  molecule.  It  is  worth  noting  in  this 
context  that  resonance  Raman  studies  for  the  same  system'^^ 
reveal  a  comparable  number  of  active  modes  and  that  these 
cover  a  similar  range  of  frequencies,  although  two  lower 
frequency  (~300  cm“^)  modes  of  relatively  high  displacement 
were  also  identified  in  the  Raman  context.  Further  analysis  of 
the  character  of  the  active  modes  and  how  they  contribute  to 
the  NA  coupling  is  clearly  a  key  subject  for  future  analysis. 

To  examine  the  generality  of  the  behaviors  discussed  above, 
we  have  also  executed  a  trajectory  initiated  in  the  third  excited 
state  of  our  model.  As  noted  earlier,  this  state  appears  to 
correspond  electronically  to  the  S2,  rather  than  S3,  state  so  that 
we  do  not  focus  on  the  details  of  the  results  here.  However, 
ultrafast  pump— probe  experiments  have  been  reported  for  the 
excitation  of  ground-state  molecules  at  400  nm,  which  corre¬ 
sponds  to  a  So  S3  excitation.^2  One  of  the  main  experimental 
results  from  this  study  was  that  the  spectral  dynamics  for 
excitation  at  800  nm  (which  corresponds  to  So  “ ^  Si)  were 
indistinguishable  from  those  that  resulted  from  excitation  at  400 
nm.  The  interpretation  attached  to  this  result  was  that  internal 
conversion  from  S3  — ^  Si  was  extremely  rapid  (<200  fs), 
followed  by  the  So  Si  transition  process.  For  Ae  third  excited 
state  in  our  simulations,  with  considerably  smaller  energy  gaps 
between  excited  states,  we  do  find  that  the  system  reaches  the 
Si  state  in  less  than  500  fs.  As  for  initiation  on  the  Si  state,  the 
NA  coupling  is  completely  dominated  by  the  intramolecular 
vibrational  component.  However,  the  coupling  matrix  elements 
are  found  to  be  1—2  orders  of  magnitude  larger  than  those  for 
the  Si  So  transition.  Thus,  we  find  that  these  simulation  results 
are  consistent  with  the  very  short  residence  times  in  higher 
excited  states  that  were  inferred  experimentally. 

IV.  Conclusions 

The  excited  state  dynamics  of  betaine-30  in  acetonitrile  at 
room  temperature  has  been  studied  using  combined  quantum 
and  classical  MD  simulations.  The  jc  electronic  degrees  of 
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freedom  of  the  betaine-30  have  been  treated  quantum  mechan¬ 
ically  using  the  semiempirical  PPP  electronic  structure 
method, including  perturbation  by  the  solvent.  Methods 
for  carrying  out  time-dependent  dynamics,  including  transitions 
between  molecular  electronic  states  of  the  molecule  have  been 
introduced  using  the  MDQT  algorithm^^  suitably  modified  for 
the  PPP  method  and  the  internal  geometric  constraints  of  the 
solute  molecule  and  solvent.  An  approximate  quantum  mechan¬ 
ical  estimate  of  the  nonadiabatic  coupling  between  the  electronic 
states  due  to  the  internal  modes  of  betaine-30  has  been  used. 
This  estimate  does  not  take  into  account  normal  mode  displace¬ 
ments  between  states. 

Exploratory  simulations  reveal  that  excitation  from  So  to  the 
first  excited-state  Si  leads  to  energy  level  dynamics  that  are 
governed  by  both  the  solvent  and  internal  torsional  angles  of 
the  molecule.  The  initial  response  of  the  energy  gap  between 
So  and  Si  is  governed  by  the  motion  of  the  solvent,  with 
amplitudes  and  subpicosecond  time  scales  that  are  consistent 
with  many  earlier  studies  of  solvation  dynamics  in  acetonitrile 
and  with  resonance  Raman  studies  of  betaine-30  in  acetonitrile."^^ 
However,  a  slower  subsequent  dynamics  of  the  energy  levels 
and  gaps  is  governed  by  the  internal  central  phenolate— 
pyridinium  torsional  angle  of  the  molecule.  This  further  energy 
gap  relaxation  in  the  first  few  picoseconds  following  excitation 
is  substantial,  amounting  to  about  50%  of  that  due  to  the  solvent 
response.  In  the  Si  state,  the  central  rings  of  the  molecule  rotate 
toward  a  geometry  where  they  are  perpendicular  to  each  other 
and  sample  a  much  wider  distribution  of  angles  than  they  do  in 
the  ground  state.  This  is  due  both  to  steric  effects  and  a 
decreased  7t  conjugation  energy  in  the  excited  state. 

Although  the  possible  role  of  torsional  modes  has  been  noted 
elsewhere, and  fast  intramolecular  classical  degrees  of  freedom 
have  been  invoked  in  modeling, the  inclusion  of  a  relatively 
slow,  but  large-amplitude,  component  in  the  energy  gap 
relaxation  has  not  been  addressed  in  ET  modeling  of  this  system. 
The  identification  of  the  specific  mode  here  is  also  new.  It  is 
of  considerable  interest  for  future  work  to  determine  whether 
this  internal  rotation  can  be  associated  with  those  invoked  in 
models  and  if  inclusion  of  such  a  degree  of  freedom  can  be  a 
benefit  to  the  modeling  of  resonance  Raman  spectra.  In  any 
case,  it  would  appear  from  these  results  that  the  a  priori 
separation  of  solvent  and  intramolecular  degrees  of  freedom 
from  experimental  data  alone  is,  at  best,  very  challenging. 

While  excitation  gives  rise  to  a  response  from  the  solvent 
and  a  change  in  the  internal  geometry  of  the  molecule,  the 
nonadiabatic  couplings  between  the  electronic  states  are  found 
to  be  determined  almost  exclusively  by  a  small  number  of  high- 
frequency  internal  molecular  modes  of  the  betaine-30.  Because 
of  the  very  approximate  model  used  for  treating  these  high- 
frequency  modes  here,  we  have  not  been  able  to  directly  address 
the  relative  importance  of  the  different  solvent  dynamical  time 
scales  on  the  back  ET  rate  Si  —  Sq.  With  improvements  to  this 
aspect  of  the  model,  and  inclusion  of  multiple  vibronic  channels 
for  relaxation,  this  question  can  be  addressed  and  closer 
connection  to  resonance  Raman  experiments  can  be  made.  This 
will  be  the  topic  of  future  studies. 

Appendix  A:  Evaluation  of  Nuclear  Derivatives 

The  coupled  perturbed  Hartree—Fock  (CPHF)  equations  are 
given  by 

where  is  given  by 


F  =y. 

qp 


The  matrix  elements  are  the  Fock  matrix  elements  in  the 
atomic  orbital  representation.  Using  the  definitions  of  the  Fock 
matrix  elements  for  the  PPP  Hamiltonian  given  by  eq  4  in  ref 
43,  the  above  equation  becomes 


virtual  real 


^q)^qp  ^p  ^  ^^ai,qp^q, 


where  the  matrix  A  can  be  shown  to  be 


w-r,,  +  '-'L>CcKr„  + 

^  ft 


(A3) 


x^r  =  2(c;c:+c;ct) 

The  vector  B  is  given  by 

Kp  =  + 


(A5) 


H' 


The  matrix  elements  are  the  one-electron  Hamiltonian  PPP 
matrix  elements,®^  P^iv  is  the  density  matrix  defined  by  Pfiv  =  2 

Zreal  J  i 
i 

To  avoid  explicitly  solving  the  CPHF  equations  for  each 
nuclear  derivative  we  first  rewrite  eq  8  in  matrix  form 

virtual  real 

(^p  “  ^q)^qp  “  Xf  ^"^a^p^qp  ^ 

a  I 

Gu^  =  B*  (A7) 

which  can  be  solved  through  matrix  inversion 

(A8) 

Rewriting  eq  7  in  matrix  notation  and  substituting  eq  A8  into 


Scic'A..  =  2;ci<i’2+2{'u* 

mn  d/t  mn 

mn  d/v  mn 

+  2Z,B«  (A9) 

mn  d/v  mn 

The  vector— matrix  product  =  Z/  need  only  be  evaluated 
once  per  Cl  state,  as  opposed  to  3N  times  (where  N  is  the  total 
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number  of  classical  nuclei  in  the  simulation)  as  it  would  be  if 
the  CPHF  equations  for  were  solved  directly  for  each  nuclear 
coordinate.  Since  is  no  longer  solved  for  directly,  the  NA 
coupling  vector  from  eq  22  must  now  be  rewritten  in  terms  of 


% 


(/?) 


I  n  m  nm 

u  \  „  mn  n 

—Wj)  =  4  = - +  2YuU‘, 


(£^1-4.) 


(AlO) 


(R) 


I.c„(4a: 


+  2Z,,B'< 


The  vector-matrix  product,  =  Z/y,  is  evaluated  once 

for  every  pair  of  Cl  states. 


Appendix  B:  SimpliHcation  of  Gradient  Matrix  Elements 
between  Slater  Determinants 

The  simplification  of  gradient  terms  of  the  form  {'ipnl^R'ipm) 
can  be  carried  out  by  recognizing  that  V/?  acts  as  a  one  electron 
operator.  Therefore,  Slater  determinants  that  differ  by  more  than 
one  spin— orbital  will  be  zero,  i.e., 

=  0  (Bl) 

The  remaining  matrix  elements  for  the  one-electron  excitations 
and  ground-state  Slater  determinants  will  be 


occupied 


<V'olV«IV^o)  =  £  <*|V^|/) 

i 

(B2a) 

occupied 

£  (/|V«l/)-</|V^|;)  +  <^i|V«|a> 

J 

(B2b) 

(B2c) 

(B2d) 

=  V2(«|V«|^p) 

(B2e) 

The  ket  |f)  is  the  state  ket  for  the  ?th  real  space  MO,  which 
is  expanded  in  terms  of  atomic  orbital  basis  functions 

10 = (B3) 

fi 

There  are  two  types  of  MO  matrix  elements  in  eqs  B2a— e, 
diagonal  elements  of  the  type  {i\d/dR\i)  and  off-diagonal 
elements  of  the  form  {i\dldR\d).  Expanding  the  diagonal  elements 
using  (B3),  then  become 


(B4) 


Focusing  our  attention  on  the  first  term  of  eq  B4,  off-diagonal 
elements,  {jii\dldR\v),  are  approximated  to  be  zero  under  the  zero 
differential  overlap  approximation  (i.e.,  the  orthonormality  of 
the  atomic  orbital  basis  functions)  which  was  assumed  in  the 
implementation  of  the  PPP  method  for  betaine-30  as  outlined 
in  ref  43.  Assuming  that  the  atomic  orbital  basis  functions  are 
real,  one  can  show  that  derivatives  of  the  diagonal  matrix 
elements  are  zero  due  to  orthonormalilty,  i.e., 

=  0  (B5) 


These  two  results  demonstrate  that  the  first  term  in  eq  B4  is 
zero.  In  a  similar  fashion,  one  can  show  using  the  orthonormahty 
of  the  MOs  that  the  second  term  is  zero  as  well 


9  ^  .K 


K 


(B6) 


It  can  be  thus  concluded  that  all  diagonal  elements  of  the  form 
{i\d/dR\i)  are  zero  and  eqs  B2a  and  B2b  are  both  zero.  Off- 
diagonal  elements,  however,  are  not  zero  and,  using  the  previous 
results,  are  given  by 


Hence,  one  obtains  the  result  shown  in  eq  21, 


(B7) 


(B8) 


Appendix  C:  Compliance  with  Eckart  Conditions 

The  positions  of  the  atoms  of  the  betaine-30  molecule  must 
be  rotated  and  translated  to  a  reference  frame  such  that  only 
3A  —  6  of  the  normal  modes  of  the  molecule  have  finite 
displacements; 


for  7  =  3A-5,3A-4, 


3A 

(Cl) 


The  Cartesian  displacement  vector,  ARb3o  (whose  components 
are  A/?®  in  the  above  equation),  is  the  difference  between  the 
betaine-30  coordinates  in  the  MD  simulation  at  a  given  time 
step  after  overall  rotation  and  translation,  Rbso,  and  the 
coordinates  of  the  molecule  in  it’s  minimum  energy  gas-phase 
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configuration,  Rb3o» 

ARb30  =  Rb30-Rb30  (C2) 

The  normal-mode  frequencies  and  transformation  coefficients 
are,  of  course,  calculated  at  the  configuration  Rb3o-  Equation 
Cl  can  only  be  satisfied  by  choosing  the  coordinate  system  such 
that  the  positions  satisfy  the  Eckart  conditions.^®"^^  The  first 
condition  is  trivially  satisfied  by  making  the  center  of  masses 
coincident  with  the  origin  of  the  coordinate  system: 

N  N 

i  i 

The  vectors  R,  and  R^  denote  the  coordinates  of  the  iih 
betaine-30  atom  position  in  the  two  respective  geometries.  The 
second  Eckart  conditions  correspond  to  the  static  equivalent  of 
the  angular  moment  between  the  two  sets  of  coordinates  being 
zero: 

N 

X  R°)  =  0  (C4) 

i 

This  condition  can  be  satisfied  by  applying  a  suitably  chosen 
rotation  matrix,  T,  to  the  betaine-30  positions  from  the  MD 
simulation.  The  procedure  for  finding  such  a  rotation  matrix  is 
outlined  in  ref  65  and  is  not  repeated  here.  With  the  rotation 
matrix  in  hand,  the  matrix  element  of  the  NA  coupling  in  a 
normal  mode  coordinate  system,  {Wj\d/dqj\Wj),  can  be  found. 

The  notation  of  eq  30  is  changed  slightly  to  clarify  the 
transformation  of  the  Cartesian  matrix  elements  using  the 
rotation  matrix 


Appendix  D:  Nuclear  Velocity  Adjustments  with 
Molecular  Constraints 

Adjusting  the  nuclear  velocities  along  components  parallel 
to  the  NA  coupling  vector  d^y  maintains  energy  conservation 
when  a  NA  transition  occurs.  However,  the  presence  of 
intramolecular  constraints  means  that  the  NA  coupling  vector 
must  be  adjusted  prior  to  adjusting  the  velocities  by  subtracting 
out  the  vector  components  along  the  derivative  of  the  constraints. 
This  is  done  by  applying  constraint  conditions  in  form  of 
Lagrange  multipliers  to  the  coupling  vector  itself.  One  considers 
dyrrii  for  a  site  i  to  be  a  NA  force  to  which  a  constraint  may  be 
applied.  Following  the  method  of  Ciccotti,  Ferrario,  and 
Rycaert,^^  we  subdivide  the  nuclear  sites  of  a  molecule  into 
two  sets.  The  first  set  consists  of  primary  atoms  between  which 
distance  constraints  are  applied.  The  second  set  is  composed 
of  atoms  whose  positions  are  expressed  as  linear  combinations 
of  the  primary  atom  positions.  There  will  4  primary  constraints 
of  the  form 

Op^4-\R,-R/  =  0  (Dl) 

where  dp  is  the  distance  between  the  sites  R,  and  Kj.  In  practice, 
these  sites  need  not  be  primary  nuclear  positions  themselves 
within  the  molecule,  they  can  be  linear  combinations  of  primary 
nuclear  site  positions  if  an  entire  group  of  atoms  within  the 
molecule  is  being  treated  as  a  rigid  whole,  but  for  the  sake  of 
clarity  it  will  be  assumed  that  they  represent  the  primary  atomic 
positions  themselves.  The  constraint  conditions  on  the  secondary 
atoms,  of  which  there  will  be  are  given  by 

rib 

=  X^a,R,  -  Ta  =  0  (D2) 

i^\ 


Uhk , 


N3(l  ')'■ 


% 


dR 


i,k 


(C5) 


where  there  are  rib  primary  sites.  The  NA  force  vectors  are  also 
divided  into  primary  and  secondary  groups,  to  which  the 
constraint  conditions  using  the  method  of  Lagrange  multipliers 
are  applied. 


The  Cartesian  elements  of  the  NA  coupling  matrix, 
are  calculated  after  application  of  the  rotation 

to  the  betaine-30  positions.  The  rotation  matrix  transforms  the 
positions,  R„  to  ones  that  satisfy  the  Eckart  conditions: 

TR,  =  R,  (C6) 

Rewriting  eq  C6, 

TR.  =  R.  (C7) 


one  sees  that  the  Cartesian  derivatives  in  eq  C5  may  be  rewritten 
as 


^IK  ^IK 


nti  p=im- 


rri; 


^JK 


(D3) 

(D4) 


where  Xp  and  are  the  Lagrange  multipliers  for  the  primary 
and  secondary  constraint  conditions.  The  adjusted  NA  coupling 
vectors  and  will  be  used  to  adjust  the  velocities  as  per 
eq  36.  Next,  we  use  the  fact  that  the  adjusted  NA  force  vectors 
for  the  secondary  sites  must  obey  eq  D2: 


d  9 

dR^k  i 


(C8) 


4-k  ^  dk 


=  Iq- 


1=1 


(D5) 


Using  this  relation,  the  elements,  can  now  be 

expressed  in  terms  of  the  Cartesian  NA  coupling  matrix  elements 
that  are  found  in  the  MD  simulation,  i\d/dRij\m j): 


Using  this  equation  it  is  possible  solve  for  the  secondary 
Lagrange  multipliers,  and  show  that 

h 

diK  ~  Pi  ~~  (D6) 

p=i 


where 
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^iP  =  Vpp 


Cpj 

-XI  C,A~o^—V^Op  (D7) 

J— la,/?=l 


The  matrix  A  is  given  by 


i=i  m„ 


(D8) 


The  first  term  of  eq  D6,  pi,  is  given  by 

«s 

Pt  =  <K-  (D9) 

a,)3=l 


TABLE  1:  Parameters  for  the  Numerical  Fit  to  the 
Lindberg^^  Equation  for  the  Semiempirical  Overlap  Integral 

Pea _ 

siteX  /icx(bohr“0  (hartrees)  (hartrees  bohr“0 

C  0.67931  -0.083032  0.031686 

N  0.80659  “0.074106  0.029008 

O  0.89987  -0.095542  0.035262 

where  the  index  m  denotes  a  pair  of  sites  (ij)  that  make  up  the 
mth  constraint.  The  matrix  A  can  then  be  inverted  to  find  the 
primary  Lagrangian  constraints.  With  the  constraints  in  hand 
the  adjusted  primary  NA  coupling  vectors  can  be  found 
from  eq  D6  and  the  secondary  NA  coupling  vectors  dj)^  from 
eq  D5. 


where 


*  iCjA 


Tj  =  “  +  I- 

m- 


(DIO) 


Now  all  that  remains  to  is  to  find  the  set  Lagrange  multipliers 
for  the  primary  constraints.  This  can  be  done  taking  the  equation 
for  the  scaled  velocities  (eq  36)  and  inserting  eq  D6  for  d)^ 

Yik  Yik 

R,-R'.  = - +  — XM,/.  (Dll) 

m.  m-p=i 


We  now  subtract  (Ry  —  Rp  from  both  sides  of  (Dll)  to  obtain 


Appendix  E:  Distance-Dependent  p  Parameter 

In  the  implementation  of  the  PPP  method  for  betaine-30  in 
ref  43,  the  semiempirical  jr-electron  overlap  integral  P  was 
treated  as  a  constant.  This  was  appropriate  since  the  relative 
motion  between  chemically  bonded  pairs  of  atoms  was  con¬ 
strained.  Furthermore,  gradient  terms  of  P  need  not  be  included 
in  that  case  for  the  semiclassical  NA  coupling  term  du*R  in  eq 
25  because  there  are  no  nuclear  velocities  with  components 
along  the  bonds  of  the  molecule.  However,  the  gradient  of  P 
terms  must  be  included  when  evaluating  the  NA  coupling  matrix 
elements  in  eq  25  for  the  quantum  intramolecular  contribution 
to  the  NA  coupling.  The  overlap  integral  in  our  previous 
implementation  was  evaluated  using  the  Linderberg  approxima¬ 
tion:^^ 


R-  -  R'  = 


"riKi 


PA 


\mi  nijl 


(D12) 


URij  is  the  difference  in  velocities  between  two  sites  that  have 
a  primary  constraint  between  them,  then  the  dot  product  of  Ry 
with  each  term  of  the  left-hand  side  of  eq  D12  will  be  zero, 
i.e.. 


=  =  0  (D13) 

because  the  velocities  along  the  derivative  of  the  constraint 
should  be  zero  both  before  and  after  they  are  adjusted  for  the 
NA  transition.  This  implies  that  there  are  4  equations  of  the 
form 


Pi  Pj] 

R, - 

\m,  rri;) 


h 


/>=1 


/A-p  Ayp\ 


These  equations  can  be  rewritten  in  matrix  form 
B  =  AA 

where  the  vector  B  is  given  by 


B  = 


R 


The  matrix  A  has  elements 


M--- 

^  '  rri;  nii 


Pk  Pn 


nil  m, 


A  =  -R  .  _ 

mn  ^ij 


A.V 


n/  I 


ni: 


(D14) 


(D15) 


(D16) 


(D17) 


diS 

=  (El) 

where  h  is  Planck’s  constant  over  Ijt,  is  the  electron  mass, 
and  S^v  is  the  overlap  integral  between  atomic  orbitals  p  and  v 
which  are  separated  by  the  distance  To  evaluate  eq  El  and 
its  gradients  in  the  calculations,  we  use  a  numerical  fit  to  an 
evaluation  of  this  a  priori  expression  with  standard  Slater  orbital 
parameters.^®  The  fitting  expression  used  is 

Pfiv  ~  ®^p(~/^cx(^/^v  “  Pi  ~  ^cx)]  (D2) 

The  values  of  the  parameters  for  eq  E2  are  listed  in  Table  1. 
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We  develop  a  wave  packet  approach  to  treating  the  electronically  nonadiabatic  reaction  dynamics  of  0(^D) 
+  Hi  OH  +  H,  allowing  for  the  HA'  and  2^ A'  potential  energy  surfaces  and  couplings,  as  well  as  the  three 
internal  nuclear  coordinates.  Two  different  systems  of  coupled  potential  energy  surfaces  are  considered,  a 
semiempirical  diatomics-in-molecules  (DIM)  system  due  to  Kuntz,  Niefer,  and  Sloan,  and  a  recently  developed 
ab  initio  system  due  to  Dobbyn  and  Knowles  (DK).  Nonadiabatic  quantum  results,  with  total  angular  momentum 
7  =  0,  are  obtained  and  discussed.  Several  single  surface  calculations  are  carried  out  for  comparison  with  the 
nonadiabatic  results.  Comparisons  with  trajectory  surface  hopping  (TSH)  calculations,  and  with  approximate 
quantum  calculations,  are  also  included.  The  electrostatic  coupling  produces  strong  interactions  between  the 
Ha'  and  2^ A'  states  at  short  range  (where  these  states  have  a  conical  intersection)  and  weak  but,  interestingly, 
nonnegligible  interactions  between  these  states  at  longer  range.  Our  wave  packet  results  show  that  if  the 
initial  state  is  chosen  to  be  effectively  the  lA'  state  (for  which  insertion  to  form  products  occurs  on  the 
adiabatic  surface),  then  there  is  very  little  difference  between  the  adiabatic  and  coupled  surface  results.  In 
either  case  the  reaction  probability  is  a  relatively  flat  function  of  energy,  except  for  resonant  oscillations. 
However,  the  2A'  reaction,  dynamics  (which  involves  a  collinear  transition  state)  is  strongly  perturbed  by 
nonadiabatic  effects  in  two  distinct  ways.  At  energies  above  the  transition  state  barrier,  the  diabatic  limit  is 
dominant,  and  the  2 A'  reaction  probability  is  similar  to  that  for  lA",  which  has  no  coupling  with  the  other 
surfaces.  At  energies  below  the  barrier,  we  find  a  significant  component  of  the  reaction  probability  from  long 
range  electronic  coupling  that  effectively  allows  the  wave  packet  to  avoid  having  to  tunnel  through  the  barrier. 
This  effect,  which  is  observed  on  both  the  DIM  and  DK  surfaces,  is  estimated  to  cause  a  10%  contribution 
to  the  room  temperature  rate  constant  from  nonadiabatic  effects.  Similar  results  are  obtained  from  the  TSH 
and  approximate  quantum  calculations. 


1.  Introduction 

The  reaction 

o(‘d)  +  H2(x'2;g+)  —  OH(x^n)  +  h(^S)  (i) 

has  long  served  as  the  prototypical  insertion  reaction.  It  is 
exoergic  by  almost  2  eV,  and  the  lowest  adiabatic  potential 
surface  (HA')  that  correlates  to  both  reactants  and  products 
includes  a  deep  well  associated  with  the  ground  electronic  state 
of  H2O.  (The  zero-point  energy  of  H2O  is  ^5  eV  below  the 
zero-point  energy  of  the  products.)  Both  products  are  easily 
detected,  so  there  have  been  numerous  experimental  studies  of 
thermal  rate  coefficients,^’^  isotope  effects, product  vibrational 
distributions,^  rotational  distributions,^’^  integral  cross  sections, 
and  angular  and  translational  distributions.^ There  have  also 
been  several  theoretical  studies  of  the  ground  singlet  state 
potential  surface^”^"^^  and  its  reaction  dynamics. 

Recently  there  has  been  increasing  interest  in  the  reaction 
dynamics  associated  with  excited  states  that  also  correlate  to 
0(^D)  +  H2.^^“^^  Figure  1  shows  a  schematic  diagram  of  the 


key  electronic  states  for  collinear  and  nearly  collinear  OHH 
geometries.  The  bottom  panel  considers  collinear  OHH  geom¬ 
etries.  Actually,  0(^D)  splits  into  a  2,  a  doubly  degenerate  H, 
and  a  doubly  degenerate  A  component,  so  that  the  reactants  in 
reaction  1  correlate  with  five  electronic  states.  The  A  state  is 
purely  repulsive,  and  can  only  play  a  role  in  the  reaction 
dynamics  through  its  Coriolis  interactions  with  the  other  states, 
which  turns  out  not  to  be  very  important.^^  This  state  is  not 
depicted.  The  2  surface  is  the  lowest  energy  surface  while  the 
reagents  approach,  with  a  very  small  barrier  (<  0.5  kcal/mol 
or  0.02  eV),  but  it  correlates  to  the  excited  A^2  state  of  the  OH 
product,  and  thus  it  cannot  contribute  to  reaction.  Only  the  H 
state  connects  the  reagent  and  product  states,  but  there  is  a 
barrier  to  reaction  of  around  2  kcal/mol  (0.09eV).  The  top  part 
shows  how  this  picture  changes  for  bent  geometries.  Here  we 
show  only  the  lA'  and  2 A'  components  that  come  from  the  2 
and  n  states.  (For  simplicity,  we  often  omit  the  singlet  spin 
labels  on  the  various  electronic  states.)  These  have  a  conical 
intersection  at  the  position  of  the  2/n  crossing,  making  it 
possible  for  reaction  to  occur  out  of  either  state.  Not  shown  in 
this  panel  is  the  lA"  state,  which  is  the  other  component  the  H 
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Figure  1.  Schematic  diagram  of  the  two  relevant  electronic  states  for 
0(^D)  +  H2.  As  the  reactants  approach  each  other  the  initially 
degenerate  surfaces  split  in  energy.  OH(X)+H  corresponds  to  products. 
Top  part:  Surfaces  for  bent  OHH  geometries.  Bottom  part:  Surfaces 
for  collinear  OHH  geometries. 

State  in  the  bottom  panel.  This  has  the  same  collinear  barrier  as 
2A\  but  a  lower  bending  frequency  at  the  saddle  point,  so  one 
expects  that  the  reaction  probability  from  this  state  will  be  larger 
than  that  from  the  2A'  state.  Note,  however,  that  the  2A'  reaction 
probability  would  be  zero  if  the  dynamics  were  purely  adiabatic, 
while  the  lA"  state  is  not  coupled  to  the  other  states,  and  is 
reactive  in  the  adiabatic  limit. 

Although  the  behavior  of  the  potential  surfaces  in  Figure  1 
is  now  well  established,  the  role  of  the  excited  states  in  the 
reaction  dynamics  of  reaction  1  is  still  the  subject  of  considerable 
confusion.  Interest  in  excited  state  effects  has  arisen  recently 
as  a  result  of  several  experiments which  show  effects 
that  are  not  consistent  with  a  simple  insertion  reaction.  In 
particular  Che  and  Liu^^  measured  differential  cross  sections 
for  the  0(^D)  +  HD  at  a  collision  energy  of  4.55  kcal/mol  (0.197 
eV)  and  found  substantial  deviation  from  the  forward—backward 
symmetry  found  for  theoretical  studies  based  on  the  ground  state 
surface.^^  In  addition,  similar  measurements  by  other  groups 
on  0(^D)  +  H2,  HD  and  D2  at  energies  as  low  as  1  kcal/mol 
(0.04  eV)  indicate  asymmetry  in  the  differential  cross  sections. 
In  other  studies  the  integral  cross  section  was  found  to  decrease 
with  increasing  energy  for  collision  energies  below  2  kcal/mol, 
as  expected  for  an  insertion  reaction  with  no  barrier,  and  to 
increase  at  higher  energies,  as  expected  for  an  abstraction 
reaction.  This  influences  the  0(^D)  +  H2  rate  coefficients,"^  and 
it  is  observed  that  the  high  temperature  rate  coefficient  is 
substantially  higher  than  at  room  temperature.  This  activated 
behavior  is  not  expected  for  reaction  on  the  ground  state  surface. 

These  experimental  studies  have  stimulated  theoretical  studies 
of  0(^D)  +  H2  that  include  excited  states.  In  one  of  these  studies, 
the  excited  states  were  included  only  as  uncoupled  adiabatic 
states  in  quasi-classical  trajectory  (QCT)  calculations.^^  Other 
studies^^"^^’^"^  used  trajectory  surface  hopping  (TSH)  meth- 
ods36,37  involved  two  coupled  states  (lA'  and  2A').  The 
TSH  studies  included  coupling  due  to  electrostatic  interactions 
that  are  important  at  short  range  (because  of  the  conical 
intersection),  but  electronic  Coriolis  effects  and  long  range 
electrostatic  coupling  were  neglected.  The  conclusion  of  these 
studies  is  that  the  lowest  state  can  account  for  most  of  the  cross 
section  at  low  collision  energies  <  2  kcal/mol.  The  2A'  and 
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1  A"  states  become  important  at  high  energy  once  the  barrier  to 
reaction  on  these  states  is  surmounted.  This  produces  the 
increase  in  the  cross  section  with  energy  observed  above  2  kcal/ 
mol. 

Important  discrepancies  between  theory  and  experiment 
remain  that  are  unresolved  at  this  point.  In  particular,  several 
groups  have  noted^^“"^®  that  the  agreement  between  the  observed 
angular  and  translational  energy  distributions  and  those  from 
TSH  or  adiabatic  QCT  calculations  is  worse  when  the  excited 
states  are  included  than  when  they  are  omitted.  Also,  Lee  and 
Liu"^^  have  recently  demonstrated  that  the  lA"  contribution  to 
the  cross  section  is  larger  for  H2  initial  rotation  state  y  =  1 
compared  to  j  —  0,  the  opposite  of  what  was  suggested  by 
classical  trajectory  calculations,^^  In  addition,  the  validity  of 
the  TSH  method  has  been  questioned  in  recent  studies  of  other 
gas  phase  reactions so  these  criticisms  might  also  be  valid 
for  0(^D)  +  H2. 

In  this  paper,  we  present  a  new  study  of  nonadiabatic  effects 
in  0(^D)  +  H2,  based  on  three  dimensional  (total  angular 
momentum  J  =  0)  wave  packet  calculations.  These  calculations 
are  based  on  similar  technology  to  what  was  used  in  recent  wave 
packet  calculations  for  the  ground  state  surface,^’*^^  but  in  the 
present  calculations  we  include  for  the  coupled  dynamics 
involving  lA'  and  2A'.  We  also  present  adiabatic  results  for 
the  lA"  surface,  so  that  the  relative  reactivity  of  2A'  and  lA" 
can  be  determined.  Electronic  Coriolis  coupling  effects  will  not 
be  included;  however,  a  recent  quantum  study  has  shown^^  that 
they  play  a  relatively  minor  role  in  the  overall  reactivity  for 
this  system. 

Our  calculations  consider  two  sets  of  coupled  potential 
surfaces,  one  being  the  semiempirical  diatomics**in-molecules 
(DIM)  surfaces  that  were  developed  by  Kuntz,  Niefer,  and 
Sloan^®’^^  and  the  other  being  the  recently  developed  ab  initio 
surfaces  from  Dobbyn  and  Knowles  (DK)."^*"^^  Included  in  our 
analysis  are  comparisons  with  the  results  of  other  methods  for 
describing  the  reaction  dynamics,  including  the  TSH  method 
noted  above,  and  the  recent  vibrationally  adiabatic  quantum 
scattering  method  of  Drukker  and  Schatz.^^  We  also  make 
estimates  of  the  effect  of  nonadiabacity  on  the  thermal  rate 
constant. 

All  of  our  quantum  and  our  best  TSH  calculations  are  based 
on  a  diabatic  representation  where  the  electronic  Hamiltonian 
is  written  as  a  2  x  2  matrix  that  contains  Il-like  and  r[(A')-like 
potentials  along  the  diagonal,  and  an  interaction  potential  //2,n 
that  vanishes  for  linear  geometries.  We  use  the  terms  “2  diabat” 
and  “H-diabat”  to  refer  to  these  states  (even  for  nonlinear 
geometries),  and  “lA'”  and  “2 A'”  to  refer  to  the  adiabats  that 
are  obtained  by  diagonalizing  the  2x2  matrix.  In  Drukker 
and  Schatz,^^  another  diabatic  representation  was  introduced  in 
which  the  A'  and  A"  components  of  the  11  state  are  rewritten 
in  terms  of  complex  exponentials  so  that  they  are  also 
eigenfunctions  of  the  electronic  orbital  angular  momentum 
projection  operator  along  the  molecular  axis.  This  alternative 
diabatic  representation,  in  which  the  electronic  Hamiltonian  is 
3  X  3  (or  5  X  5  if  A  states  are  included),  is  convenient  for 
describing  the  Coriolis  interactions.  However  if  this  interaction 
is  left  out,  as  in  the  present  calculations,  then  the  A'  and  A" 
states  are  not  coupled,  and  it  is  easier  to  use  the  2  x  2  diabatic 
representation  in  terms  of  2  and  I1(A0  states. 

This  paper  is  organized  as  follows.  In  section  11  we  describe 
the  diabatic  model,  potential  surfaces,  and  briefly  outline 
essential  aspects  of  the  wave  packet  and  other  dynamical 
methods  employed  by  us.  Section  III  presents  the  application 
to  0(^D)  +  H2.  Section  IV  summarizes  our  conclusions. 
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II.  Model  and  Methods 

A.  Diabatic  Hamiltonian  Model.  Here  we  present  the  two- 
state  electronic  Hamiltonian  used  in  the  present  calculations.  A 
more  rigorous  five-state  description  of  the  0(^D)  +  H2  reaction 
dynamics  is  presented  by  Drukker  and  Schatz.^^  Reactant  Jacobi 
coordinates  R,  r,  and  cos  y  are  employed,  with  R  being  the  O 
to  center  of  H2  distance,  r  being  the  H2  distance,  and  cos  y  the 
cosine  of  the  angle  between  the  vectors  associated  with  R  and 
r. 

In  the  two-state  approximation,  electronic  orbital  angular 
momentum  is  neglected,  so  that  the  Hamiltonian  operator  H  is 
given  by  an  expression  that  is  very  similar  to  the  single  surface 
result.  This  Hamiltonian  is 


2mr^ 


+  lf 


(2) 


where  =  2mumo((2m}i  +  mo),  m  =  mH/2,  P  and  p  are  radial 
momentum  operators  associated  with  R  and  r,  respectively,  P/ 
2iiR3  is  the  centrifugal  term,  \^l2mr^  is  the  rotational  energy 
term,  which  involves  derivatives  associated  with  cos  y,  and 
is  the  electronic  Hamiltonian.  Since  electronic  angular  momen¬ 
tum  is  not  included,  the  total  angular  momentum  J  is  given  by 
J  =  j  + 1,  and  the  centrifugal  term  ]?‘l2pR^  gives  rise  to  (nuclear) 
Coriolis  coupling  effects  when  the  wave  function  is  expressed 
in  body-fixed  coordinates.  In  this  work,  only  7  =  0  will  be 
considered  in  the  wave  packet  calculations  (P  =  j^),  and 
/shifting^^  or  /-shifting"^^  approximations  are  used  in  performing 
the  partial  wave  sums  to  determine  cross  sections  and  rate 
constants. 

The  wave  function  (or  wave  packet)  is  expanded  in  terms  of 
diabatic  electronic  states,  which  we  call  |2)  and  |n).  (For  brevity 
we  use  in)  to  denote  the  state  associated  with  the  A'  component, 
n(A'),  of  the  n  state.)  These  states  depend  not  only  on  the 
electronic  degrees  of  freedom,  but  on  the  nuclear  degrees  of 
freedom  R,  r,  and  cos  y.  However,  it  is  assumed  that  these 
diabatic  states  have  been  suitably  determined  so  that  nuclear 
derivative  terms  associated  with  them,  arising  from  the  kinetic 
energy  operators  in  eq  2,  can  be  neglected.  This,  of  course,  is 
a  key  simplifying  feature  of  a  good  diabatic  representation  since 
coupling  matrix  elements  related  to  derivatives  of  the  electronic 
states  with  respect  to  nuclear  coordinates,  which  can  be  difficult 
to  calculate  (and  sometimes  divergent),  do  not  occur.  The 
Schrodinger  equation  then  takes  the  form  of  a  2  x  2  matrix 
equation,  with  the  nuclear  kinetic  energy  terms  in  the  Hamil¬ 
tonian  appearing  along  the  diagonal,  and  the  electronic  Hamil¬ 
tonian  appearing  as  a  2  x  2  matrix, 


\^ux  ^n,n/ 


(3) 


where  is  the  2  diabat,  is  the  n(A0  diabat,  and  Hxn 
=  Hnx  is  the  diabatic  coupling  potential.  Note  that  the  diabatic 
electronic  matrix  elements  in  the  present  treatment  are  real¬ 
valued  functions,  and  are  formally  consistent  with  the  use  of 
real- valued  electronic  functions  (e.g.  cosines).  This  differs  from 
the  use  of  a  complex  exponential  basis  by  Schatz  and  Drukker,^^ 
but  is  of  course  also  a  valid  and  equivalent  representation.  (See 
also  the  Introduction.) 

Of  course,  all  the  matrix  elements  in  eq  3  depend  on  the 
nuclear  degrees  of  freedom,  R,  r,  and  cos  y.  If  is 
diagonalized,  then  the  eigenvalues  are  the  adiabatic  potentials 
(lA'  and  2A0,  and  the  derivatives  of  the  eigenvectors  with 


Figure  2.  The  DK  diagonal  diabatic  energies,  (solid  curve  with 
filled  circles),  Hn,n  (solid  curve  with  open  circles),  and  coupling  Hym 
(dashed  curve),  averaged  over  an  asymptotic  H2  ground  vibration - 
rotation  state,  (a)  presents  a  broad  view  of  these  matrix  elements  and 
(b)  is  a  blowup  of  the  longer  range  portion. 

respect  to  the  nuclear  variables  define  the  usual  nonadiabatic 
coupling  matrix  elements  that  couple  the  adiabatic  states. 

B.  Potential  Energy  Surfaces.  The  Dobbyn-Knowles  (DK) 
potential  surface"^'*^^  is  based  on  high  quality  internally  con¬ 
tracted  multireference  configuration  interaction  calculations. 
Although  adiabatic  states  are  produced  in  these  calculations,  a 
diabatization  transformation  was  performed,  so  that  the  matrix 
elements  H^x  Hu,n,  and  Hxn  were  directly  provided.  This 
diabatization  is  based  on  calculating  matrix  elements  associated 
with  the  component  of  the  electronic  orbital  angular  momentum 
operator  and,  in  effect,  constructing  linear  superpositions  of  the 
adiabatic  states  (i.e.  diabatic  states)  that  have  significant  2  or 
n  character  with  respect  to  certain  axes.  The  original  theory  of 
this  approach  was  described  by  Rebentrost  and  Lester, and  a 
recent  description  that  is  more  relevant  to  the  present  applica¬ 
tions  is  given  in  Dobbyn  et  aL^^  Figure  2  illustrates  the  relevant 
diabatic  energies  and  coupling  for  the  DK  surface.  The  Ha, a' 
displayed  in  Figure  2  have  been  averaged  over  r  and  cos  7, 
with  weighting  determined  by  the  absolute  square  of  an 
asymptotic  H2  ground  vibration  “rotation  state.  The  top  part. 
Figure  2a,  gives  a  broad  picture  over  a  wide  range  of  R  values, 
whereas  the  lower  part.  Figure  2b,  focuses  on  the  diabats  and 
coupling  at  longer  range. 

The  DIM  potential  of  Kuntz,  Niefer,  and  Sloan^®’^^  has  been 
developed  in  a  slightly  different  way  than  the  DK  surface.  This 
potential  is  available  in  the  adiabatic  representation,  and  it  is 
not  straightforward  to  transform  it  to  a  diabatic  representation 
using  the  procedure  just  described.  Another  procedure  is 
possible,  however,  because  in  addition  to  the  lA'  and  2A' 
surfaces  we  also  have  the  lA"  surface  from  the  same  DIM 
calculations.^'^  This  surface  is  similar  to  the  11  diabat,  Hu,u,  so 
if  we  simply  assume  these  are  the  same,  it  is  possible  to  derive 
expressions  for  Hxy  and  Hxn  by  inverting  the  following 
formulas,  obtained  from  diagonalizing  eq  3: 

E(\A')  =  +  Hn,n)  “ 

E{2A')  =  +  ^n,n)  +  "  44n)"'] 

(4) 


Nonadiabatic  Effects  in  0(^D)  +  H2  OH  +  H 

We  used  the  DIM  diabats  defined  this  way  in  all  of  our 
calculations. 

The  DK  and  DIM  potential  surfaces  are  qualitatively  similar, 
but  there  are  some  important  quantitative  differences.  Perhaps 
the  most  noticeable  difference  is  in  the  (collinear)  barrier  height 
for  reaction  on  the  1  A"  surface.  This  barrier  is  2.3  kcal/mol  on 
the  DK  surface  and  is  located  at  roH  =  3.09  ao,  run  ~  1-46  ao, 
with  vibrational  frequencies  3646,  271,  and  661/  cm“k  On  the 
DIM  surface,  the  barrier  is  3.7  kcal/mol,  and  is  located  at  roH 
=  3.17  ao,  thh  ==  1.43  ao,  with  frequencies  of  4122,  174,  566/ 
cm“k  Another  difference  is  in  the  long  range  part  of  the  lA' 
potential,  which  is  more  attractive  on  the  DIM  than  on  DK 
surface.  These  differences  make  the  lA'  cross  sections  larger 
for  the  DIM  surface,  but  the  lA"  and  2A'  cross  sections 
(usually)  larger  on  the  DK  surface. 

C.  Wave  Packet  Dynamics.  The  quantum  dynamics  calcula¬ 
tions  were  carried  out  in  a  fashion  similar  to  previous  calcula¬ 
tions  for  the  lA'  adiabatic  dynamics. The  main  difference, 
of  course,  is  that  the  wave  packet  now  also  includes  components 
associated  with  the  two  diabatic  electronic  states  a  =  2  and  H. 
The  addition  of  the  electronic  degrees  of  freedom  poses  no 
difficulties  with  the  7  =  0  Hamiltonian  being  essentially  the 
same  as  in  refs  27  and  28  except  that  the  adiabatic  potential 
V(R,  r,  cos  y)  is  replaced  by  the  2x2  diabatic  matrix,  eq  3. 
We  therefore  only  describe  a  few  pertinent  details. 

The  propagation  scheme  employed  (see  below)  focuses  on 
just  the  real  part  of  the  wave  packet,  which  in  terms  of  reactant 
Jacobi  coordinates  may  be  written 

q^R,  r,  cos  y)  =  J,R,  r)P/cos  y)|a)  (5) 

a  j 

where  Pj  are  normalized  Legendre  polynomials,  and  |a)  formally 
represent  the  electronic  states  a  =  2  and  IT.  The  superscript  k 
is  used  to  denote  iteration  number  or  discrete  time  step.  Evenly 
spaced  grids  are  employed  for  R  and  r:  with  x  =  R  or  r,  Xf  — 
'^min  /iAjT,  fl  l,2,...,A/c,  Ax  (Xmax  -^min)/(/Vx  4”  !)•  The 
introduction  of  finite  sized  grids,  as  well  as  a  finite  rotational 
basis  in y,  effectively  implies  is  approximated  by  a  large  vector 

and  the  Hamiltonian  operator  becomes  a  matrix  H. 

The  real  wave  packet  propagation  scheme"^^  was  employed, 
which  features  propagating  the  real  vector  according  to 
Mandelshtam  and  Taylor’s  damped  Chebyshev  iterations.^^’^^ 
Introducing  a  linearly  scaled  Hamiltonian  matrix  Hg  =  flsH  + 
bs,  such  that  the  eigenvalues  of  Hg  lie  within  (—1,1),  the  damped 
Chebyshev  iteration  is 

q*+i=A.(-A.q'-’  +  2H,.q^)  (6) 

here  A  is  some  appropriate  matrix  which  damps  the  wave  packet 
amplitude  as  it  approaches  the  R  and  r  grid  edges.  We  take  A 
to  be  a  diagonal  matrix  with  elements  aR{R^ar{rj),  where 
=  exp[— C;c(x,-  —  Xfl)^]  for  x,  >  Xq.  In  the  real  wave  packet 
approach,  the  Chebyshev  iterations  above  are  identified  with 
the  real  part  of  the  exact  Schrodinger  time  evolution,  in  discrete 
time  steps  kr,  under  an  effective  Hamiltonian  matrix  /(H)  = 
—(hfx)  cos”^  Hs,  allowing  standard  time-dependent  methods  of 
analysis  to  be  used  in  determining  reaction  probabilities. 

The  effective  Hamiltonian  matrix  differs  from  H  in  a  nonlinear 
fashion,  so  the  “time”  kr  is  not  physically  meaningful.  Indeed, 
r  is  arbitrary  and  cancels  in  any  formulas  for  observables.  (This 
approach  is  also  closely  related  to  the  “time-independent”  wave 
packet  approaches  of  Kouri  and  co-workers^^’^^  and  can  be 
viewed  as  a  generalization  to  reactive  scattering  of  approaches 
developed  by  Chen  and  Guo,^^)  However,  the  magnitude  of  q^ 
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is  in  fact  a  good  approximation  to  the  magnitude  of  the  real 
part  of  an  ordinary  wave  packet  (evolving  under  H  and  starting 
from  the  same  initial  condition)  at  a  physically  meaninful  time 
tphys  given  by  tphys  kash/(l  —  where  Eg  is  the  mean 

scaled  energy  of  the  wave  packet.^^  This  approximation,  based 
on  the  linearization  of  fiJS.)  about  is  usually  quite  accurate 
owing  to  the  fact  that,  with  typical  initial  conditions,  the  wave 
packet’s  energy  is  concentrated  in  a  narrow  range  in  comparison 
with  the  full  energy  range. 

The  initial  conditions  for  our  propagations  are  given  by  the 
discrete  analogs  of  q^  =  Ret//, 

/—r  i-iR  -  Rof 

rpiR,  r,  cos  y)  =  .  exp - — ^ - 

V  vJtco  .  \  2(0 

expi-ikoiR  -  R^))  Xo(r)h(^os  y)|a)  (7) 

which  describes  an  incoming  Gaussian  wave  packet  in  R  with 
mean  momentum  ~hko,  centered  at  R  =  Rq,  and  associated  full 
width  at  half  maximum  of  2o)\n  2.  H2  is  initially  in  its  ground 
vibration  (%o)  and  rotation  (Pq)  state,  and  the  reactants  are 
initially  approaching  on  electronic  state  |a).  The  recursion  eq 
6  requires  q®  and  q^  to  be  initiated,  q^  if  the  initial  condition 
is  complex  as  it  is  in  the  present  case,  is  evaluated  according  to 
q^  =  Hs*q®  ~  (1  ~  where  p®  is  the  imaginary  part  of 

the  initial  condition.^^  The  action  of  the  square  root  operator  is 
itself  accomplished  with  a  Chebyshev  expansion.^^ 

Each  iteration  step  eq  6  requires  an  evaluation  of  H  on  a  real 
vector.  Fast  sine  Fourier  transforms  are  used  to  evaluate  the 
relevant  kinetic  energy  terms  associated  with  R  and  r.  The  wave 
packet  is  kept  in  the  Legendre  basis  above,  which  is  convenient 
for  evaluation  of  the  relevant  centrifugal  term  associated  with 
in  eq  2.  However,  the  potential  terms  are  evaluated  by 
transformation  to  a  Gauss— Legendre  quadrature  grid  associated 
with  cos  y,  multiplication  by  the  relevant  potential  terms  on  a 
full  grid,  and  back  transformation  to  the  Legendre  basis.  This 
approach  eliminates  storage  of  large  potential  matrices.  The 
calculations  converge  most  favorably  if  the  spectral  range  of 
the  Hamiltonian  is  kept  as  small  as  possible  without  significantly 
altering  accuracy.  This  is  accomplished  by  introducing  a  cut¬ 
off  energy  Vcut,  which  is  applied  to  all  components  of  the 
diabatic  electronic  Hamiltonian  as  well  as  the  centrifugal  energy 
term.^^ 

We  estimate  total  reaction  probabilities  with  a  flux  approach, 
based  on  calculating  the  reactive  flux  on  some  surface  separating 
reactants  from  products.  In  our  case  we  define  such  a  surface 
by  r  =  r*.  (We  should  note  that  in  the  particular  cases  of  the 
DIM  propagation  associated  with  a  =  2,  as  well  as  adiabatic 
lA'  DIM  propagation,  there  are  much  stronger  long-range 
interactions  relative  to  the  DK  surface,  which  lead  to  the 
underlying  S  or  1  A'  potentials  still  showing  some  variation  even 
at  Rq  —  9.5  ao.  The  determination  of  the  total  reaction 
probabilities  also  requires  knowledge  of  the  asymptotic  distribu¬ 
tion  of  momenta  or  energies  in  the  initial  wave  packet.  Because 
of  the  potential  variation,  the  analytical  form  consistent  with 
an  incoming  Gaussian  has  some  error  in  it,  particularly  at  low 
and  high  energy.  We  compensate  for  this  by  carrying  out  a  back 
propagation  on  an  effective  one-dimensional  potential  to 
determine  a  more  correct  asymptotic  distribution,  as  discussed 
in  ref  28. 

Typical  grid  and  basis  set  details  are  given  in  Table  1.  We 
carry  out  propagations  to  typically  20000—30000  iterations  of 
eq  6.  A  typical  coupled  electronic  state  calculation,  with  the 
parameters  in  Table  1,  requires  ^^2.3  days  of  computational  time 
on  an  IBM  RS/6000  workstation  and  requires  ^80  MB  of 
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TABLE  1.  Typical  Grid/Basis  Set  and  Initial  Condition 
Details. 


reactant  scattering  coordinate  {R)  range/ao 

number  of  grid  points  in  R 

diatomic  coordinate  (r)  rangelao 

number  of  grid  points  in  r 

number  of  angular  grid  points 

number  of  angular  basis  functions 

potential  and  centrifugal  cut-off  Vcut/eV 

absoiption  in  R  starts  at  RJao 

absorption  strength  in  R, 

absorption  in  r  starts  at  rjao 

absorption  strength  in  r 

center  of  initial  wave  packet  R^Ja^ 

Gaussian  width  factor  (ofa^ 

initial  translational  kinetic  energy/eV 

flux  analysis  line  rVao 


0-14.5 

209 

0.5-11.5 

127 

40  (using  potential  symmetry) 
4O0‘  =  O,  2,...,  78) 

12 

10.5 
0.005 

7.5 
0.005 

9.5 
0.4 
0.15 
6.0 


memory.  The  single  surface  calculations  with  the  same  param¬ 
eters  require  just  under  a  day  of  computational  time. 

D.  Trajectory  Surface  Hopping  and  Vibrationally  Adia¬ 
batic  Coupled  Channel  Calculations.  For  comparison  with  the 
wave  packet  results,  two  more  approximate  dynamical  calcula¬ 
tions  are  carried  out  for  the  case  corresponding  to  reactants  being 
initially  on  the  11  state,  which  has  the  most  interesting  electronic 
coupling  effects. 

The  trajectory  surface  hopping  (TSH)  calculations  were 
carried  out  using  Tully’s  fewest  switches  approach^^  as  described 
by  Schatz  et  al.^^  This  TSH  method  involves  simultaneous 
integration  of  the  nuclear  coordinates  according  to  the  classical 
equations  of  motion  and  of  the  amplitudes  for  being  on  the  two 
electronic  states  according  to  a  time-dependent  Schrodinger 
equation.  The  only  departure  from  ref  34  is  that  with  one 
exception  we  used  a  diabatic  representation  for  the  TSH 
calculations  rather  than  an  adiabatic  representation.  This  means 
that  the  trajectories  and  coupled  Schrodinger  equation  were 
integrated  using  the  diabats,  and  the  //s  n  coupling.  Also,  the 
direction  perpendicular  to  the  intersection  surface  (used  in 
adjusting  the  momenta  after  a  surface  hop)  was  chosen  to  be 
the  gradient  of  the  difference  potential  ~  ^n,n)  rather 
than  the  derivative  coupling  vector.  The  one  exception  that  we 
considered  was  for  the  DIM  surface,  where  we  were  also  able 
to  use  the  adiabatic  representation  of  ref  34  with  the  derivative 
coupling  vectors  from  the  DIM  function.  We  used  this  calcula¬ 
tion  to  determine  the  dependence  of  the  results  on  which 
representation  was  used.  We  found  that  while  both  representa¬ 
tions  give  roughly  similar  results,  the  diabatic  representation 
results  were  much  more  accurate.  For  example,  at  0.2  eV 
collision  energy,  the  TSH  adiabatic  representation  probability 
is  0.08,  while  the  corresponding  TSH  diabatic  representation 
probability  is  0.20,  and  the  (DIM,  initial  11  state)  quantum  wave 
packet  result  is  0.22.  Note  that  because  of  the  conversion 
between  adiabatic  and  diabatic  representations  was  done  ap¬ 
proximately,  as  discussed  in  section  IIB,  even  the  quantum 
results  for  the  two  representations  should  be  different.  Although 
we  have  not  done  wave  packet  calculations  in  the  adiabatic 
representation  (this  would  be  quite  difficult),  we  have  assessed 
the  internal  consistency  of  the  two  representations  by  determin¬ 
ing  the  derivative  couplings  that  are  based  on  the  diabatic 
representation  defined  above  for  the  DIM  surface,  and  the  results 
agree  reasonably  for  geometries  close  to  the  conical  intersection 
with  those  in  the  original  adiabatic  representation  that  was  used 
to  define  the  DIM  diabats  in  the  first  place.  As  a  result,  we 
expect  the  quantum  results  will  be  fairly  close  for  the  two 
representations.  In  contrast  to  this,  the  TSH  method,  being 
approximate,  should  give  different  results  in  different  repre¬ 
sentations,  even  if  they  are  rigorously  equivalent  in  their 
quantum  dynamics.  In  the  present  application  it  turns  out  that 


the  n  state  dynamics  is  closer  to  being  diabatic  than  adiabatic 
(this  is  discussed  in  detail  later),  so  TSH  in  the  diabatic 
representation  is  less  sensitive  to  the  accuracy  of  the  hopping 
algorithm  than  in  the  adiabatic  representation.  In  fact,  the  TSH 
probability  in  the  adiabatic  representation  is  zero  in  the  absence 
of  hopping,  so  all  of  the  reaction  probability  of  0.08  comes  from 
the  hopping  algorithm,  whereas  in  the  diabatic  representation 
the  probability  at  0.2  eV  is  already  0.11  in  the  absence  of 
hopping,  which  means  that  hopping  changes  the  probabihty  from 
0.11  to  0.22,  Thus  we  see  that  hopping  is  of  lesser  importance 
in  the  diabatic  representation  than  in  the  adiabatic  representation. 
Since  the  diabatic  representation  results  are  more  accurate,  we 
restrict  the  TSH  results  presented  later  to  those  based  on  the 
diabatic  representation. 

In  the  TSH  calculations,  we  considered  7  =  0  and  integrated 
100  trajectories  per  energy.  The  uncertainties  associated  with 
the  TSH  probabilities  are  estimated  to  be  within  di5%.  These 
calculations  are  quite  time  consuming  for  either  the  DK  or  DIM 
surfaces,  requiring  about  a  day  of  workstation  time  per  energy. 
This  is  due  to  the  DK  and  DIM  surfaces  being  complicated 
functions  that  must  be  evaluated  10"^— 10^  times  per  trajectory, 
the  small  time  steps  needed  to  integrate  the  time-dependent 
Schrodinger  equation  accurately,  and  the  fact  that  the  trajectories 
can  involve  collision  complexes.  (Note  the  time-dependent 
Schrodinger  equation  referred  to  here  is  not  the  more  rigorous 
one  used  in  our  wave  packet  calculations,  but  the  one  arising 
from  the  TSH  model.)  It  would  seem  that  the  accurate  quantum 
wave  packet  approach  (which  also  generates  information  about 
all  relevant  energies  at  once)  is  more  efficient!  However,  the 
effort  needed  to  generate  cross  sections  or  rate  constants  with 
TSH  is  not  much  larger  than  the  effort  associated  with  the  7  = 
0  TSH  calculations,  and  the  method  scales  much  more  favorably 
with  dimensionality. 

Approximate  time-independent  quantum  results  for  the  O+H2 
reaction  were  also  obtained  with  a  vibrationally  adiabatic 
coupled  channel  method  presented  in  more  detail  elsewhere.^^ 
In  these  studies  the  coupled  channel  equations  were  actually 
solved  including  all  five  electronic  surfaces.  The  electronic  states 
of  the  atom  and  the  rotational  states  of  the  diatomic  are  included 
without  any  approximation  to  the  vector  coupling,  or  to  the 
kinetic  energy  terms  in  the  Hamiltonian.  However,  in  order  to 
keep  the  problem  numerically  tractable  the  diatomic  vibration 
r  is  treated  in  an  adiabatic  fashion,  and  a  limited  rotational  basis 
(most  appropriate  for  relatively  low  collision  energies)  were 
employed.  Also,  the  reactive  flux  is  absorbed  by  using  imaginary 
potentials  in  the  interaction  region  before  products  have 
completely  separated.  The  method  was  developed  for  the  study 
of  the  effect  of  electronic  Coriolis  coupling  on  the  reactive  cross 
sections,  but  here  results  are  presented  for  the  Coriolis  decoupled 
case  for  comparison  with  the  wave  packet  calculations.  Also, 
in  these  calculations  we  used  the  electronic  Hamiltonian  in  eq 
3  for  the  electrostatic  coupling,  rather  than  that  in  ref  35  that  is 
based  on  a  complex  exponential  basis.  This  leads  to  reaction 
probabilities  that  are  consistent  with  the  real- valued  electronic 
functions  employed  in  this  paper.  These  scattering  calculations 
involved  using  a  basis  of  typically  j  =  0,  2,  and  4  rotational 
states,  along  with  all  the  appropriate  projection  states  that  are 
consistent  with  these  values  of  j,  for  the  five  electronic  states 
and  a  given  value  of  7.  For  low  7,  this  involves  a  small  number 
of  states  (<20),  so  the  computational  time  per  energy  is  on  the 
order  of  tens  of  seconds  on  a  workstation.  In  contrast  to  the 
wave  packet  and  TSH  calculations,  these  calculations  are  trivial 
in  terms  of  computational  effort.  The  approximations  invoked, 
however,  limit  their  reliability  to  low  collision  energies. 
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Figure  3.  The  total  reaction  probability  for  0(^D)  +  H2(X;  v—  j  = 
0)  ^  OH(X)  +  H  with  total  angular  momentum  7=0  and  assuming 
adiabatic  dynamics  on  the  ground  lA'  electronic  state,  (a)  corresponds 
to  the  DIM  lA'  surface  wave  packet  results,  and  (b)  corresponds  to 
the  DK  lA'  surface  wave  packet  results. 

III.  Results  and  Discussion 

A.  Adiabatic  and  Diabatic  Single  Surface  Reaction  Dy¬ 
namics.  The  ground  lA'  adiabatic  electronic  state  directly 
connects  the  reactants  and  products  in  reaction  1,  and  also 
correlates  with  the  ground  electronic  state  of  H2O.  Adiabatic 
dynamics  on  this  surface,  is  expected  to  be  the  most  important 
contributor  to  the  low  energy  reactive  cross  sections  and 
moderate  temperature  rate  constants.  Figure  3  displays  our 
quantum  results  for  the  total  reaction  probability  associated  with 
reaction  1,  with  the  restrictions  that  the  system  have  total  angular 
momentum  7=0  and  that  H2  initially  be  in  its  ground  vibration- 
rotation  state,  z;  =  y  =  0.  The  total  reaction  probability  reflects 
a  sum  over  all  energetically  allowed  OH(X^n)  vibration- 
rotation  states,  v'  and  /.  (We  do  not  investigate  any  details 
concerning  the  product  distributions.)  Both  the  1  A'  DIM  surface 
result  (Figure  3a)  and  the  lA'  DK  surface  result  (Figure  3b) 
show  that  the  total  reaction  probability  is,  on  average,  quite  high. 
Both  surfaces  exhibit  significant  reaction  probability  at  very  low 
collision  energies,  consistent  with  the  lA'  surface  having  no 
barrier  to  reaction.  While  the  DIM  and  DK  reaction  probabilities 
are  roughly  similar,  the  DIM  surface  is,  on  average,  more 
reactive,  than  the  DK  surface.  This  reflects  the  fact  that  the  DIM 
surface  has  stronger  long  range  attraction  than  the  ab  initio  DK 
surface.  There  is  a  lot  of  fine  structure  in  Figure  3a  and  b, 
presumably  because  of  the  presence  of  numerous  short-lived 
H2O  complexes  and  also  due  to  the  opening  of  various  product 
v\  f  channels.  Similar  behavior  was  seen  in  the  adiabatic 
quantum  dynamics  of  two  other  lA'  potential  energy  sur- 
faces.26’27  Note  ^No  that  the  adiabatic  lA'  DK  surface  result 
was  also  previously  obtained^^  in  relation  to  a  capture  model 
study  of  total  angular  momentum  effects.  The  convergence 
details  of  the  resonance  features  in  Figure  3  are  similar  to  those 
of  this  earlier  study.^^  In  particular,  the  highest  frequency 
features  in  Figure  3  at  low  collision  energies  do  show  some 
sensitivity  to  grid  and  propagation  time  details.  However,  if  one 
averages  over  a  small  collision  energy  window  of,  say,  0.04 
eV,  we  estimate  that  our  reaction  probabilities  are  converged 
to  ±0.02  or  2%. 

QCT  studies^^’^^  have  also  been  performed  for  the  lA' 
adiabatic  dynamics.  Using  the  surface  of  Ho  et  al.,21  which  is 
similar  to  the  present  DK  surface,  Aoiz^^  presented  7=0 
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Figure  4.  The  total  reaction  probability  for  0(^D)  +  H2(X;  v=j  = 
0)  — ^  OH(X)  +  H  with  7=0,  and  assuming  single  surface  dynamics 
on  the  n  diabatic  state.  The  dashed  curve  corresponds  to  the  DIM  H 
diabat  wave  packet  results,  and  the  solid  curve  corresponds  to  the  DK 
n  diabat  wave  packet  results. 

reaction  probabilities  that  were  similar  to  but  smoother  than 
the  corresponding  quantum  ones.  These  classical  results  were 
also  generally  upper  bounds  to  the  quantum  ones.  A  7  =  0  QCT 
study  at  one  energy  on  the  lA'  DK  surface  also  confirms  this 
latter  result.^^ 

As  indicated  by  Figure  1,  adiabatic  dynamics  on  the  2 A' 
surface  cannot  produce  the  desired  OH(X^n)  products,  since  it 
correlates  with  electronically  excited  OH(A^2).  Thus  the  reaction 
probability  associated  with  reaction  (1)  is  zero  for  this  adiabatic 
surface.  Similarly,  in  the  diabatic  represention  discussed  in 
sections  I  and  II,  the  2  diabat  also  correlates  with  OH(A)  and 
therefore  has  no  reactivity.  The  11  diabat,  however,  correlates 
with  OH(X).  Figure  4  shows  the  total  reactivity  associated  with 
dynamics  on  the  DIM  (dashed  curve)  and  DK  (solid  curve)  IT 
diabats.  These  reaction  probabilities  are  consistent  with  reaction 
being  a  direct  and  activated  process  on  the  IT  diabat.  The 
(collinear)  barrier  to  reaction  on  the  DIM  IT  diabat  is  ^^0.06 
eV  higher  than  the  corresponding  DK  11  diabat  (0.16  vs  0.10 
eV),  and  this  accounts  for  the  DIM  threshold  for  reaction  being 
displaced  to  the  right  of  the  DK  threshold  in  Figure  4.  The  DK 
n  diabat  result  in  Figure  4  has  more  obvious  step  like  structures 
than  the  DIM  result.  These  structures  are  related  to  adiabatic 
thresholds  associated  with  even  excitations  of  the  bending 
frequency  (0.034  eV)  at  the  collinear  transition  state.  The 
associated  DIM  bending  frequency  (0.022  eV)  is  smaller,  which 
brings  the  steps  closer  to  one  another  so  that  they  tend  to  a 
smoother  structure. 

As  our  final  example  of  single  surface  dynamics,  we  consider 
the  lA"  surface,  which  also  correlates  with  OH(X)  products 
and  has  features  similar  to  the  IT  diabat  discussed  above  since 
for  collinear  geometries  it  is  degenerate  with  this  diabat.  While 
the  1  A"  and  IT  diabat  surfaces  coincide  at  collinear  geometries, 
some  differences  occur  at  bent  geometries.  For  example,  the 
DK  1  A"  surface  exhibits  a  smaller  bending  frequency  associated 
with  motion  away  from  the  collinear  saddle  point.  Figure  5 
displays  the  DK  lA"  reaction  probability  (solid  curve)  and 
contrasts  it  with  the  DK  11  diabat  result  (dashed  curve), 
confirming  that  the  lA"  dynamics  is  similar  to  the  11  diabat 
dynamics.  However,  as  anticipated  in  the  Introduction,  the  1  A" 
reaction  probability  is  slightly  higher  than  the  corresponding 
uncoupled  11  diabat  result.  Recall  that  in  order  to  construct  the 
DIM  diabatic  model  (section  II)  we  actually  assumed  that  11 
diabat  was  the  same  as  the  lA"  adiabat.  The  reasonably  close 
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Figure  5.  The  solid  curve  corresponds  to  the  total  reaction  probability 
for 0(^D)  +  H2(X;  v=j  =  0)-*  OH(X)  +  H  with  7  =  0,  assuming 
adiabatic  dynamics  on  the  DK  lA"  surface.  The  dashed  curve  is  the 
corresponding  11  diabat  DK  result  for  comparison. 

correspondence  of  the  curves  in  Figure  5  provides  justification 
for  this  assumption. 

B.  Nonadiabatically  Coupled  Surfaces  Reaction  Dynamics. 

In  the  asymptotic  reactants  limit,  the  2  and  IT  diabats  (sections 
I  and  II)  are  degenerate  and  one  can  determine  all  the  relevant 
observable  dynamics  by  considering  initial  conditions  corre¬ 
sponding  to  any  two  linearly  independent  superpositions  of  2 
and  n.  In  particular,  we  consider  an  initial  condition  corre¬ 
sponding  to  reactants  approaching  initially  on  the  pure  2  diabat, 
and  another  initial  condition  corresponding  to  reactants  ap¬ 
proaching  on  the  pure  IT  diabat.  What  linear  combinations  of 
adiabatic  (lA'  and  2 A')  states  do  these  two  particular  pure 
diabatic  initial  conditions  correspond  to?  One  might  naively 
anticipate  simple  symmetric  and  antisymmetric  combinations 
of  the  1  A'  and  2A'  states  but  that  is  not  the  case.  Consider  the 
two-state  mixing  angle  given  by  tan(2%)  =  2  ~ 

Hn,n).  In  a  simple  two-state  picture  one  can  relate  the  lA'  and 
2A'  states  to  the  corresponding  diabatic  states  according  to^^ 

I  lA')  -  cos  %|2)  +  sin  %|n) 

|2A')  ^  -sin  %|2)  +  cos  %|n)  (8) 

As  a  function  of  R  and  cos  y  with  r  =  1.4  ao  one  finds  that  for 
the  R  values  of  relevance  to  our  initial  conditions  (R>  9  ao), 
X  is  relatively  small  for  both  the  DK  and  DIM  surfaces  (|%|  < 
0.1  radians)  which  implies  that  the  pure  2  diabat  is,  in  fact, 
very  close  to  a  lA'  adiabatic  state  and,  similarly,  that  the  pure 
n  diabat  is  very  close  to  a  pure  2A'  adiabatic  state.  This  is 
convenient,  since  then  the  reaction  probability  for  reaction  1  if 
we  start  in  the  lA'  (2A')  state  is  then  essentially  the  same  as 
the  corresponding  reaction  probability  if  we  start  on  the  2  (IT) 
state. 

We  first  consider  the  case  of  0(^D)  +  H2(X;  v  =  j  ~  0) 
reactants  initially  approaching  one  another  on  the  2  diabat.  In 
the  absence  of  electronic  coupling,  as  noted  previously,  this 
situation  would  lead  to  no  products,  i.e.,  zero  reaction  prob¬ 
ability.  Figure  6  displays  as  solid  curves  our  calculated  reaction 
probabilities.  The  nonadiabatic  results  on  both  the  DIM  (Figure 
6a)  and  DK  (Figure  6b)  coupled  surface  systems  indicate,  in 
fact,  a  very  high  degree  of  reactivity  occurs.  These  results,  while 
not  identical  to  the  adiabatic  lA'  results  (indicated  as  dashed 
curves  in  Figure  6)  are  actually  very  similar  to  them,  and  exhibit 
many  maxima  and  minima  at  approximately  the  same  energies. 


Collision  Energy  (eV) 


Figure  6.  The  solid  curves  correspond  to  the  total  reaction  probability 
for  0(^D)  -h  H2(X;  v=j  =  0)  with  7=0,  allowing  for  coupling  of  the 
2  and  11  diabats  (or  equivalently  the  lA'  and  2 A'  adiabatic  states), 
with  the  initial  reactant  state  being  purely  the  2  diabat,  and  the  dashed 
curves  correspond  to  the  adiabatic  results:  (a)  DIM  surfaces,  (b)  DK 
surfaces. 


Figure  7.  The  total  reaction  probability  for  0(^D)  -h  H2(X;  v  —  j  = 
0)  with  7  =  0,  allowing  for  coupling  of  the  2  and  IT  diabats,  with  the 
initial  reactant  state  being  purely  the  11  diabat:  (a)  DIM  results,  (b) 
DK  results. 

Electronic  coupling  in  relation  to  the  diabatic  representation  is 
very  strong  in  this  case,  taking  the  pure  2  state  into,  effectively, 
a  coherent  superposition  of  2  and  TI  states  that  corresponds  to 
a  good  approximation  of  the  lA'  adiabatic  state.  However, 
keeping  the  discussion  of  the  above  paragraph  in  mind, 
asymptotically  the  2  and  lA'  states  are  almost  equivalent  and 
so  if  we  were  to  run  our  calculations  in  an  adiabatic  representa¬ 
tion,  starting  from  lA',  there  would  be  very  little  coupling 
between  the  adiabatic  states. 

We  next  consider  0(^D)  +  H2(X;  v  —  j  =  0)  initially 
approaching  one  another  on  the  n  diabat.  Recall  that  without 
electronic  coupling  the  reaction  probability  was  consistent  with 
a  direct,  activated  process  and,  at  energies  above  the  classical 
barrier  was  quite  high  (Figure  4).  Figure  7  displays  the  resulting 
total  reaction  probabilities  for  the  DIM  (dashed  curve)  and  DK 
(solid  curve)  surfaces,  now  allowing  for  coupling  to  the  2 
surface  to  occur.  There  are  at  least  two  interesting  features  to 
note.  First,  the  reaction  probabilities  at  collision  energies  above 
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the  collinear  barrier  can  be  significant,  ranging  between  0.4  and 
0.8,  which  reflects  a  tendancy  towards  an  uncoupled  diabatic 
mechanism,  similar  in  spirit  to  that  seen  in  our  pure  TL  diabat 
calculations  of  Figure  4.  This  represents  the  opposite  of  the  near 
adiabatic  limit  noted  above  in  relation  to  propagation  of  the  2 
initial  condition  and  can  be  interpreted  as  strong  nonadiabatic 
coupling  due  to  the  conical  intersection.  However,  the  general 
magnitudes  of  the  probabilities  in  Figure  7  can  be  20%  lower 
than  the  uncoupled  results  of  Figure  4  at  these  higher  collision 
energies  and  they  also  exhibit  more  structure,  indicating  that 
somewhat  more  complex  dynamics  is  occuring.  Note  in 
particular  that  the  steps  in  Figure  7  are  more  widely  separated 
and  more  noticeable  than  in  Figure  4.  This  suggests  that  the 
bottlenecks  to  reaction  have  moved  from  the  saddle  point  region 
to  shorter  distances,  such  as  near  the  conical  intersection,  where 
the  bending  frequency  is  higher. 

The  second  interesting  feature  of  the  results  in  Figure  7  is  at 
collision  energies  below  the  classical  barrier  to  reaction.  While 
these  probabilities  are  small,  on  the  order  of  magnitude  of  0.1, 
they  are  non-zero  even  at  very  low  energies  close  to  the  zero 
collision  energy  limit.  Both  the  ab  initio  DK  and  the  semiem- 
pirical  DIM  surfaces  exhibit  this  behavior,  although,  interest¬ 
ingly,  the  ab  initio  surface  shows  a  more  significant  low  energy 
shoulder.  These  results  are  inconsistent  with  the  barrier  tunneling 
mechanism  that  is  operative  in  the  uncoupled  IT  diabat  results 
(Figure  4),  which  leads  to  much  smaller  reaction  probabilities. 
We  experimented  with  the  coupling  term  and  found  that 
if  it  is  exponentially  damped  for  R  >  4,5  ao  then  the  low 
collision  energy  probabilities  become  much  smaller  and  behave 
just  as  in  Figure  4,  while  the  higher  energy  probabilities  are 
not  significantly  affected  and  remain  similar  to  those  in  Figure 
7.  Thus  we  have  an  interesting  mechanism  wherein  the  necessity 
of  tunneling  through  the  11  barrier  at  close  range  is  avoided  by 
n  to  2  transitions  at  longer  range.  Once  amplitude  grows  on 
the  2  state  at  these  larger  distances  it  behaves  more  like  the  2, 
propagation  results  discussed  in  the  above  paragraph,  i.e.,  it 
behaves  more  like  the  lA'  adiabatic  results,  which  exhibit 
nonzero  reaction  probabilities  even  at  very  low  collision 
energies.  (Notice  also  some  fine  resonance  features  that  are 
apparent  in  Figure  7  at  the  low  collision  energies.  These  are 
similar  to  the  resonance  features  in  lA'  and  2  propagations 
presented  in  Figure  6.) 

Figure  8  further  solidifies  the  points  noted  above  in  relation 
to  the  DK  surface.  The  solid  curve  corresponds  to  the  initial  H 
state  propagation  result  of  Figure  7  that  includes  electronic 
coupling.  The  dashed  curve  is  the  corresponding  adiabatic  lA" 
DK  surface  propagation  result,  which  in  turn  is  similar  to  the 
uncoupled  IT  diabat  result  (see  Figure  5).  Filled  circles  cor¬ 
respond  to  our  TSH  results  consistent  with  the  IT  state 
propagation  (which  should  be  compared  to  the  solid  curve 
quantum  result),  and  the  open  circles  correspond  to  ordinary 
quasiclassical  trajectory  results  on  the  lA"  surface  (which  should 
be  compared  to  the  dashed  curve  quantum  result).  The  dotted 
line  with  open  diamonds  corresponds  to  the  vibrationally 
adiabatic  scattering  method  of  Drukker  and  Schatz,^^  which  also 
should  be  compared  with  the  solid  curve  quantum  result.  The 
TSH  and  lA"  trajectory  results  are  in  reasonably  good  qualita¬ 
tive  agreement  with  the  corresponding  quantum  results.  In 
particular,  note  that  the  TSH  calculations  (filled  circles)  do 
predict  a  finite  reaction  probability  for  the  coupled  diabats  at 
very  low  energies,  and  this  contrasts  with  the  trajectory  results 
for  the  lA"  surface  (open  circles)  at  these  energies.  An 
examination  of  the  TSH  trajectories  indicates  that  the  hops  that 
are  responsible  for  this  take  place  at  relatively  long  range  (R  > 
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Figure  8.  Various  total  reaction  probability  results  for  the  DK  surfaces 
are  compared.  The  solid  curve  represents  the  nonadiabatically  coupled 
quantum  results  with  the  reactant  state  being  a  pure  H  state.  The  dashed 
curve  corresponds  to  H  state  dynamics  with  no  nonadiabatic  coupling 
allowed.  The  filled  circles  are  trajectory  surface  hopping  results.  The 
open  circles  are  adiabatic  quasiclassical  trajectory  results  for  the  lA" 
surface.  The  dotted  line  with  open  diamonds  corresponds  to  the 
vibrationally  adiabatic  scattering  approximation.  See  text  for  further 
details. 

4  ao).  At  higher  energy,  the  lA"  reaction  probability  rises  up 
above  the  11  probability.  Since  the  IT  diabat  is  very  similar  to 
the  lA"  adiabat,  some  of  the  difference  between  reaction 
probabilities  at  high  energy  is  due  to  trajectories  which  start 
out  on  the  11  diabat,  then  transfer  to  the  2  diabat  after 
surmounting  the  barrier,  and  then  get  reflected  from  the  repulsive 
2  potential  for  linear  geometry.  Finally  we  note  that  the 
vibrationally  adiabatic  quantum  scattering  approach^^  yields 
behavior  qualitatively  similar  to  the  IT  state  propagation  (solid 
curve),  including  the  presence  of  a  noticeable  shoulder  at  low 
collision  energies.  The  reaction  probabilities  for  this  approach 
show  much  less  structure  than  the  11  wave  packet  propagation 
results,  and  in  the  middle  collision  energy  region,  are  somewhat 
lower  than  the  11  results.  The  adiabatic  treatment  of  r  and  the 
use  of  optical  potentials  that  absorb  amplitude  in  the  well  region 
are  partly  responsible  for  these  deviations.  Also,  the  rotational 
basis  used  in  these  calculations,  while  adequate  for  the  low 
collision  energy  region,  was  really  too  small  to  describe  bending 
threshold  effects  accurately.  While  for  brevity  we  do  not  display 
the  results,  a  very  similar  figure  to  Figure  8  was  determined 
with  the  DIM  surfaces. 

We  close  this  section  on  the  coupled  diabatic  state  dynamics 
by  examining  the  0,H2  angle  y  averaged  nuclear  density 
contributions, 

=  (9) 

j 

as  the  wave  packets  evolve,  where  a  labels  the  diabatic 
electronic  state  and  C*o^(R,  r)  are  the  coefficients  of  the  real 
wave  packet  of  section  11  at  iteration  number  k.  Inspection  of 
p^(/?,  r)  yields  qualitative  insights  into  the  mechanism.  Figure 
9  displays  p*  consistent  with  physical  times  tphys  ==  0,  75,  150 
and  225  fs  for  the  DIM  surfaces  case  with  the  initial  wave  packet 
on  the  2  diabat.  (Similar  results  were  obtained  with  the  DK 
surface.)  This  corresponds  to  actual  iteration  numbers  ^  =  0, 
2600,  5200  and  ^  7800.  Note  that  we  carry  out  our 

calculations  to  much  longer  times  or  iteration  numbers,  e.g., 
iteration  numbers  on  the  order  of  20,000  (tphy  ^  580  fs),  in 
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Figure  9.  Contribution  to  the  density  from  the  real  wave  packet 
associated  with  the  2  and  IT  diabatic  states  for  the  case  of  the  wave 
packet  initially  being  on  the  Z  state.  These  results  correspond  to  the 
DIM  surface.  The  left  column  corresponds  to  the  Z  state  densities  and 
the  right  column  corresponds  to  the  IT  state  densities.  Approximate 
times  t  in  femoseconds  are  indicated  in  brackets. 

order  to  fine  tune  the  reaction  probability  features.  However 
most  of  the  key  dynamics  is  completed  by  much  shorter  times 
as  is  indicated  by  Figure  9.  The  left  column  of  Figure  9 
corresponds  to  the  Z  state  density  and  the  right  column  of  Figure 
9  corresponds  to  the  IT  density.  One  sees  the  wave  packet, 
initially  localized  on  Z  approach  the  interaction  region,  spreading 
out  also  onto  the  IT  state.  Reaction  can  occur  out  of  the  IT  state 
(right  column)  and  that  is  most  clearly  indicated  at  fphys  =150 
fs  in  the  figure  with  density  streaming  up  to  large  r  (and 
moderately  large  R).  Notice  also  that  significant  density  with  R 
close  to  0  au  plays  a  role  in  the  interaction  region  dynamics. 
This  is  the  quantum  equivalent  of  the  insertion  mechanism, 
which  was  also  noted  in  an  earlier  1  A'  adiabatic  surface  quantum 
study 

Figure  10  is  similar  to  Figure  9  except  it  is  the  density  for 
the  case  that  we  start  on  the  DIM  IT  diabat.  The  dynamics  is 
much  simpler,  with  a  direct  mechanism  on  the  IT  diabat  alone 
(right  column)  being  evident.  For  example,  at  75  fs  one  sees 
density  streaming  to  the  large  r  region  consistent  with  products 
on  the  n  state.  (The  subsequent  times  150  fs  and  225  s  are 
showing  the  nonreactive  part  of  the  wave  packet  going  back 
down  the  reactant  channel.)  However,  one  also  sees  some 
nonadiabacity  at  75  fs:  the  Z  state  showing  significant  density 
has  grown  in  the  interaction  region.  One  also  sees  some  of  this 
density  tending  to  much  smaller  R  values  than  the  IT  state 
density. 

C.  Rate  Constant  Estimates.  In  this  subsection  we  make 
some  approximate  estimates  of  the  effect  of  the  nonadiabatic 
features  noted  above  on  the  thermal  rate  constant  for  reaction 
1  using  the  ab  initio  DK  surface  results.  A  completely  rigorous 
calculation  of  the  rate  constant  requires  much  more  information 
than  we  have.  For  example,  we  would  need  to  know  the  reaction 
probabilities  for  a  number  of  total  angular  momenta  /  >  0,  and 
we  would  also  need  to  know  these  reaction  probabilities  for 
thermally  populated  initial  vibration-rotation  states  of  H2,  vj. 
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Figure  10.  Density  contribution  associated  with  the  Z  (left  column) 
and  H  (right  column)  diabatic  states  for  the  case  of  the  wave  packet 
initially  being  on  the  H  surface.  Other  details  as  those  in  Figure  9. 


(More  direct  quantum  approaches  to  obtaining  k{T)  are  also 
possible  and  can  involve  less  work  than  calculating  all  the 
individual  state-to-state  information.^^)  The  rigorous  calculation 
of  k{T)  for  reaction  (1)  is  clearly  a  formidable  task.  We  have  at 
our  disposal  here  only  J  =  0  reaction  probabilities  out  of  H2  in 
its  ground  vibration— rotation  state,  v=  j  =  Q.  We  must  make 
two  approximations.  First,  we  assume  that  the  reaction  prob¬ 
abilities  (as  a  function  of  collision  energy)  are  independent  of 
V,  j  and  equal  to  the  v  =j  =  0  ones.  As  a  consequence  of  this 
approximation,  in  what  follows  no  thermal  averages  over  v  and 
j  occur  and  it  is  always  assumed  that  reaction  probabilities  or 
cross  sections  are  those  from  v  —  j  =  0.  Second,  we  estimate 
the  required  J  >  0  reaction  probabilities  from  our  7=0  ones 
by  employing  either  capture  model  ideas  as  previously  invoked 
in  a  study  of  the  lA'  surface,^^  or  /-shifting  ideas."^^ 

An  earlier,  more  detailed  study^^  of  the  J-dependence  of  the 
reaction  probabilites  on  the  lA'  surface  showed  that  J  (or  4  — 
shifting  based  on  /  =  0  reaction  probabilities  can  lead  to  errors 
in  the  rate  constant  on  the  order  of  15—20%.  The  assumption 
that  cross  sections  are  independent  of  the  initial  v,  j  state  of  H2 
and  equal  to  the  =  7  =  0  ones  is  probably  good  for  the  lA' 
dynamics  because,  over  the  temperature  range  of  interest  (300— 
1000  K),  y  =  0  is  the  dominant  contribution  to  the  rate  cpnstant 
and  it  has  also  been  shown  that  there  is  relatively  little  j 
dependence  in  the  reaction  probabilities.^^’^^  The  excited  state 
(2 A'  or  n  and  lA")  dynamics  is  more  sensitive  to  initial  7,^^ 
and  it  is  difficult  to  quantitfy  the  associated  uncertainties 
introduced.  However,  the  excited  state  contributions  are  in 
general  relatively  small  and  we  expect  these  uncertainties  to 
not  be  severe,  i.e.,  less  than  the  uncertainties  introduced  by 
/-shifting. 

The  rate  constant  for  reaction  1  can  be  written  as 


k(T)  =  k^(T)  +  kj,(D  +  k,^.(T)  (10) 


where  ka(T)  represents  the  contribution  from  initial  electronic 
state  a  =  Z,  n,  or  lA".  In  turn  we  can  write  each  ka(T)  as  an 
appropriate  Boltzmann  average  of  the  corresponding  reactive 
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cross  section  form  state  a,  Oa,  ■ 

W  =  7.1  Jo  exp(-£,oAB7)d^coi 

(11) 

where  we  have  included  the  electronic  degeneracy  factor  of  1/5 
appropriate  to  reaction  1  in  the  prefactor.  (An  alternative  would 
be  to  include  the  electronic  degeneracy  in  the  definition  of  Oo.> 
However,  we  are  following  the  convention  previously  em- 
ployed.^^’^^)  The  cross  sections  that  enter  into  eq.  1 1  may  be 
written  in  two  ways.  One  way  is 

7t  °° 

‘^a(^col)  =  — +  l)^(^col)  (12) 

where  A:coi  =  /-shifting  approximations'^^  can  then 

be  employed  to  approximate  reaction  probability  Such 
approximations  are  most  appropriate  to  direct  reactions  with 
barriers.  In  the  case  of  a  collinear  transition  state,  the  simplest 
/-shifting  approximation  is  that  the  reaction  probability 
/^(£coi)  =  =  Eoo\  ~  /(/  +  1)B),  where  B  is  the 

rotational  constant  associated  with  the  linear  transition  state  (B 
^  2  cm“^  for  the  lA"  state). 

The  second  relevant  form  for  Oa  is  a  sum  over  orbital  angular 
momenta  associated  with  the  0,H2  motion  4^^ 

Jt  °° 

‘7a(£col)  =  —'L(^+  1)4(£coi)  (13) 

The  /shifting  approximation,^^  which  is  most  appropriate  when 
reaction  is  occurs  via  a  capture  process  without  any  significant 
(bare)  potential  barrier,  can  then  be  invoked.  This  approximation 
is  a  quantum  generalization  of  the  classical  capture  or  optical 
model  that  assumes  the  reaction  probability  is  unity  if  a 
centrifugal  barrier  height  is  exceeded  and  zero  otherwise.  A 
simple  /shifting  approximation  is  /^(^coi)  ^  “  ^coi  “ 

V/).  Here,  Vf  represents  the  centrifugal  barrier  height  of  an 
appropriate  effective  potential  along  R  that  includes  the  cen¬ 
trifugal  term  i{/+  l)/2juR^.  (See  ref  28  for  more  details.)  Note 
that  in  the  present  case,  with  j  ~  0  initial  state  for  H2,  /  =  0 
corresponds  to  /  =  0  and  so,  as  with  the  /-shifting  approxima¬ 
tion,  only  /  =  0  information  is  needed. 

In  our  calculations  we  have  estimated  the  relevant  cross 
sections  and  then  rate  constants  for  the  DK  surfaces  using  the 
formulae  above.  We  employed  the  /  =  0  reaction  probabilities 
for  the  coupled  electronic  state  2  and  IT  initial  states,  as  well 
as  the  /=  0  adiabatic  reaction  probabilities  for  the  lA"  state. 
It  is  clear  that  the  /-shifting  model  outlined  above  is  appropriate 
to  the  case  a  =  lA"  which,  as  discussed  in  the  text,  is  an 
adiabatic  reaction  with  a  collinear  transition  state  and  direct 
dynamics.  It  is  also  reasonably  clear  that  the  /shifting  ap¬ 
proximation  is  appropriate  to  estimate  the  2  state  cross  sections, 
since  we  showed  in  the  previous  subsection  that  the  2  dynamics 
was  very  similar  to  the  insertion  and  capture  dominated  lA' 
dynamics.  The  relevant  centrifugal  barriers  were  determined  just 
as  in  ref  28,  employing  the  lA'  adiabatic  potential.  (The  2 
diabatic  potential  also  leads  to  very  similar  results.)  Which 
model  is  most  appropriate  to  the  IT  propagation  results  is  less 
clear  since  the  low  collision  energy  region  is  dominated  by  the 
long-range  coupling  mechanism  (which  would  suggest  an  / 
shifting  approximation  based  on  the  lA'  adiabatic  potential, 
would  also  be  appropriate),  and  the  higher  collision  energies 


are  dominated  by  a  more  direct  diabatic  mechanism  that  would 
suggest  that  the  /-shifting  approximation,  based  on  the  transition 
state  for  the  11  diabat  (which  is  the  same  as  the  lA"  transition 
state)  would  be  most  appropriate.  We  discuss  two  results,  a 
relatively  low  temperature  (T  =  300  K)  for  which  the  /shifting 
model  was  used  for  the  n  rate  constant  estimate,  and  a  high 
temperature  result  (T  =  1000  K)  for  which  the  /-shifting 
approximation  was  used  for  an. 

At  /  =  300  K  we  find,  on  the  basis  of  the  approximations 
above,  that  k(T)  =  1.0  x  10“^®  cm^  s“^  The  experimental  range 
is  1.0— 1.4  X  10“^®  cm^  s“^^^  The  most  significant  contribution 
to  this  rate  constant  comes  from  which  contributes  86%  to 
the  total.  However,  13%  of  k{T)  is  due  to  and  the  long  range 
mechanism  discussed  in  the  previous  subsection,  and  1%  is  due 
to  kiA".  If  /-shifting  (instead  of  /shifting)  were  used  to  estimate 
te,  k{T)  would  be  lowered  by  8%  to  0.90  x  10"^°  cm^  s“^  and 
the  contribution  to  this  from  kn  would  be  7%,  which  is  still  a 
reasonable  contribution.  It  is  also  of  interest  to  contrast  our  T 
=  300  K  estimate  of  the  rate  constant  including  nonadiabatic 
effects,  1.0  X  10“^^  cm^  s“^  with  the  result  based  on  purely 
adiabatic  dynamics  on  the  lA'  surface,  which  we  calculate  to 
be  0.9  X  10“^°  cm^  s“k  The  purely  adiabatic  result  is  thus  10% 
lower  than  the  nonadiabatic  result,  (The  lA'  adiabatic  reaction 
probability,  at  low  energies,  includes  some  aspects  of  both  the 
2  and  11  reaction  probabilities,  and  so  the  purely  adiabatic  lA' 
result  is  a  little  higher  and  closer  to  the  nonadiabatic  result  than 
might  be  expected.)  At  the  higher  temperature  of  T  =  1000  K 
we  find  k(T)  =  1.5  x  10“^®  cm^  s“^  with  13%  contributions 
from  each  of  kn  and  kiA".  Effects  due  to  nonadiabatic  dynamics 
are  clearly  largest  here,  with  the  purely  adiabatic  lA'  estimate 
being  just  1.2  x  10“^®  cm^  s,  i.e.,  20%  lower. 

IV.  Concluding  Remarks 

A  variety  of  calculations  were  carried  out  in  order  to  assess 
the  role  of  electronic  nonadiabacity  in  the  reaction  of  0(^D) 
with  H2.  We  focused  mostly  on  the  coupled  nuclear/electronic 
dynamics  associated  with  two  key  electronic  states.  These  states 
are  the  lA'  and  2 A'  adiabatic  electronic  states  or,  equivalently, 
certain  S-like  and  n(A')-like  diabatic  electronic  states.  A  conical 
intersection  occurs  between  these  states  at  collinear  OHH 
geometries,  and  previous  more  approximate  TSH  studies,^'^  and 
vibrationally  adiabatic  coupled  channel  studies,^^  have  pointed 
to  the  possibility  of  interesting  nonadiabatic  effects. 

Most  of  our  calculations  were  quantum  wave  packet  calcula¬ 
tions  based  on  the  real  wave  packet  methodology  Our 
largest  calculations  corresponded  to  total  angular  momentum  / 
=  0  wave  packet  propagations,  including  all  three  internal 
nuclear  coordinates  and  the  two  electronic  states  within  a 
diabatic  representation.  Several  single  surface  wave  packet 
propagations,  and  some  TSH  and  vibrationally  adiabatic  coupled 
channel  calculations  were  also  carried  out  for  comparison.  We 
studied  two  different  systems  of  coupled  potential  surfaces,  a 
semiempirical  DIM  system  due  to  Kuntz,  Niefer,  and  Sloan,^®’^^ 
and  a  recent  ab  initio  system  due  to  Dobbyn  and  Knowles. 

We  confirmed  that  nonadiabacity  is  not  an  important  issue  if 
one  starts  effectively  on  the  lA'  potential  energy  surface.  This 
is  the  surface  that  correlates  with  the  ground  electronic  state  of 
water  and  the  reaction  dynamics  involves  insertion  coupled  with 
some  brief  dynamics  that  can  be  associated  with  short-lived 
water  complexes.  No  barrier  exists  for  reaction  on  this  surface, 
and  significant  reaction  probabilities  are  seen  for  all  collision 
energies  examined,  including  very  low  collision  energies.  The 
dynamics  of  a  wave  packet  initiated  on,  effectively,  the  2A' 
electronic  state  is  much  more  interesting.  In  terms  of  the  2  and 
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n(AO  diabatic  representation  we  employed,  an  initial  2A'  state 
correlates  with  the  n(A')  state,  which  has  a  simple  barrier  to 
reaction  at  collinear  geometries.  One  might  expect  strong 
nonadiabatic  coupling  (due  to  the  conical  intersection  noted 
above)  such  that  in  a  diabatic  representation  the  system  would 
remain  on  the  11  diabat  throughout  (i.e.,  very  little  “nondiabatic 
coupling”)-  We  do  see  evidence  of  this,  particularly  at  collision 
energies  above  the  collinear  barrier.  However,  at  low  collision 
energies  a  new  mechanism  for  reaction  emerges“~electronic 
transitions  at  long  range  that  allow  amplitude  to  avoid  having 
to  tunnel  through  the  11  barrier.  This  leads  to  small  but 
noticeable  reaction  probabilities  even  as  the  collision  energy 
approaches  zero.  The  TSH  and  vibrationally  adiabatic  coupled 
channel  calculations  also  exhibit  this  behavior,  further  solidify¬ 
ing  our  conclusions.  It  is  also  noteworthy  that  the  TSH  results 
for  the  n  initial  state  case  agreed  reasonably  well  with  the  wave 
packet  results,  as  just  the  opposite  behavior  has  been  found  in 
studies  of  other  reactions One  significant  difference  as¬ 
sociated  with  the  present  work  is  that  the  TSH  calculations  have 
been  done  in  a  diabatic  representation,  rather  than  the  usual 
adiabatic  representation,  and  the  uncoupled  diabats  provide  a 
better  zero  order  description  of  the  11  state  dynamics. 

We  made  estimates  of  the  thermal  rate  constant  for  reaction 
at  two  temperatures,  300  K  and  1000  K.  These  calculations  were 
rather  approximate,  owing  in  part  to  the  necessity  of  using 
J-shifting"^^  and  Ashifting^^  techniques  to  infer  7  >  0  reaction 
probabilities  from  7  =  0  ones.  We  showed  that  at  300  K 
nonadiabatic  effects,  especially  the  low  collision  energy  mech¬ 
anism  noted  above,  could  contribute  10%  or  more  to  the  rate 
constant.  At  1000  K  nonadiabatic  effects,  as  well  as  the 
contribution  from  the  adiabatic  lA"  surface,  are  much  more 
important  and  the  rate  constant  is  20%  larger  than  the  single 
surface  result  based  on  the  lA'  adiabatic  surface. 

In  view  of  the  uncertainties  introduced  in  our  estimates  of 
the  rate  constants  (see  section  HID),  it  is  possible  we  are 
overestimating  the  relative  contribution  of  nonadiabatic  and 
excited  state  dynamics  to  the  rate  constants.  It  is  therefore 
important  to  carry  out  much  more  detailed  studies.  Future  work 
includes  making  better  7  >  0  estimates  of  the  reaction 
probabilities,  as  well  as  an  examination  of  the  effect  of  H2  initial 
vibration— rotation  state.^^  It  should  be  possible,  for  example, 
to  carry  out  helicity  decoupled  calculations  in  the  spirit  of  ref 
28.  Theoretical  estimates  of  the  differential  cross  sections,  and 
how  they  are  influenced  by  nonadiabatic  effects,  would  also  be 
very  welcome,  owing  to  the  interesting  experimental  data  that 
is  becoming  available.^^  Finally,  we  note  that  there  are  many 
other  reactions  with  electronic  states  that  behave  as  those  in 
Figure  1,  so  the  present  results  provide  significant  motivation 
for  studying  the  role  of  excited  electronic  states  more  generally. 

Acknowledgment.  SKG  was  supported  by  the  Office  of 
Basic  Energy  Science,  Division  of  Chemical  Sciences,  U.S. 
Department  of  Energy,  under  Contract  W-31-109-ENG-38.  C.P. 
acknowledges  the  CNR  for  a  short-term  visit  grant  and  MURST 
for  financial  support.  K.D.  and  G.C.S.  were  supported  by  NSF 
Grant  CHE-9873892.  We  thank  A.  J.  Dobbyn  and  P.  J.  Knowles 
for  providing  us  with  their  potential  energy  surface  which  was 
computed  under  Grant  GF^41656  of  the  EPSRC.  We  also 
thank  G.  G.  Balint-Kurti  for  valuable  comments. 

References  and  Notes 

(1)  Davidson,  J.  A.;  Sadowski,  C.  M.;  Schift,  H.  L;  Streit,  G.  E.; 
Howard,  C.  J.;  Jennings,  D.  A.;  Schmeltekopf,  A.  L.  7  Chem.  Phys.  1976, 
64,  57. 


(2)  DeMore,  W.  B.;  Sander,  S.  P.;  Golden,  D.  M.;  Hampson,  R.  F.; 
Kurylo,  M.  J.;  Howard,  C.  J.;  Ravishankara,  A.  R.;  Kolb,  C.  E.;  Molina, 
M.  Chemical  kinetics  and  photochemical  data  for  use  in  stratospheric 
modeling.  JPL  publication  94-26;  Jet  Propulsion  Laboratory,  Pasadena,  1994. 

(3)  Talukdar,  R.  K.;  Ravishankara,  A.  R,  Chem.  Phys.  Lett.  1996, 253, 

111. 

(4)  Laurent,  T.;  Naik,  P.  D.;  Volpp,  H.  R.;  Wolfrum,  J.;  Arusi-Parpar, 
T.;  Bar,  L;  Rosenwaks,  S.  Chem.  Phys.  Lett.  1995,  236,  343. 

(5)  Matsumi,  Y.;  Tonokura,  K.;  Kawasaki,  M.;  Kim,  H.  L,  7.  Phys. 
Chem.  1992,  96,  10622. 

(6)  Tsukiyama,  K.;  Katz,  B.;  Bersohn,  R.  J.  Chem.  Phys.  1985,  83, 
2889. 

(7)  Butler,  J.  E.;  MacDonald,  R.  G.;  Donaldson,  D.  J.;  Sloan,  J.  J.  Chem. 
Phys.  Lett.  1983,  95,  183. 

(8)  Jursich,  G.  M,;  Wiesenfeld,  J.  R.  Chem.  Phys.  Lett.  1985,  779, 511. 

(9)  Butler,  J.  E.;  Jursich,  G.  M.;  Watson,  1.  A.;  Wiesenfeld,  J.  R.  J. 
Chem.  Phys.  1986,  84,  5365. 

(10)  Hsu,  Y.  T.;  Wang,  J.  H.;  Liu,  K.  7.  Chem.  Phys.  1997, 107,  2351. 

(11)  Buss,  R.  J.;  Casavecchia,  P.;  Hirooka,  T,;  Sibener,  S.  J.;  Lee,  Y.  T. 
Chem.  Phys.  Lett.  1981,  82,  386. 

(12)  Che,  D.  C.;  Liu,  K.  7.  Chem.  Phys.  1995,  103,  5164. 

(13)  Alexander,  A.  J.;  Aoiz,  F.  J.;  Brouard,  M.;  Burak,  L;  Fujimura,  Y.; 
Short,  J.;  Simons,  J.  P.  Chem.  Phys.  Lett.  1996,  262,  589. 

(14)  Hsu,  Y.  T.;  Liu,  K.  7.  Chem.  Phys.  1997,  107,  1664. 

(15)  Casavecchia,  P.  Private  communication. 

(16)  Ahmed,  M.;  Peterka,  D.  S.;  Suits,  A.  G.  Chem.  Phys.  Lett.  1999, 
301,  372. 

(17)  Sorbie,  K.  S.;  Murrell,  J.  N.  Mol.  Phys.  1976,  31,  905. 

(18)  Howard,  R.  E.;  McLean,  A.  D.;  Lester,  W.  A.,  Jr.  7.  Chem.  Phys. 
1979,  77,  2492. 

(19)  Schinke,  R.;  Lester,  W.  A.,  Jr.  7.  Chem.  Phys.  1980,  72,  3754. 

(20)  Murrell,  J.  N.;  Carter,  S.  J.  Phys.  Chem.  1984,  88,  4887. 

(21)  Ho,  T.  S.;  Hollebeek,  T.;  Rabitz,  H.;  Harding,  L.  B.;  Schatz,  G.  C. 
J.  Chem.  Phys.  1996,  105,  10472. 

(22)  Dunne,  L.  J.  Chem.  Phys.  Lett.  1989,  158,  535. 

(23)  Aker,  P.  M.;  Sloan,  J.  J.;  Wright,  J.  S.  Chem.  Phys.  1986,  110, 
275. 

(24)  Fitzcharles,  M.  S.;  Schatz,  G.  C.  J.  Phys.  Chem.  1986,  90,  3634. 

(25)  Aoiz,  F.  J.;  Brouard,  M.;  Enriquez,  P.  A.  J.  Chem.  Phys.  1996, 
105,  4964. 

(26)  Peng,  T.;  Zhang,  D.  H.;  Zhang,  J.  Z.  H.;  Schinke,  R.  Chem.  Phys. 
Lett.  1996,  248,  37. 

(27)  Balint-Kurti,  G.  G.;  Gonzalez,  A.  L;  Goldfield,  E.  M.;  Gray,  S.  K. 
Faraday  Discuss.  1998,  110,  169. 

(28)  Gray,  S.  K.;  Goldfield,  E.  M.;  Schatz,  G.  C.;  Balint-Kurti,  G.  G. 
Phys.  Chem.  Chem.  Phys.  1999,  7,  1141. 

(29)  Whitlock,  P.  A.;  Muckerman,  J.  T.;  Fisher,  E.  R.  J.  Chem.  Phys. 
1982,  76,  4468. 

(30)  Kuntz,  P.  J.;  Niefer,  B.  L;  Sloan,  J.  J.  J.  Chem.  Phys.  1988,  88, 
3629. 

(31)  Kuntz,  P.  J.;  Niefer,  B.  L;  Sloan,  J.  J.  Chem.  Phys.  1991,  757,  77. 

(32)  Walch,  S.  P.;  Harding,  L.  B.  J.  Chem.  Phys.  1988,  88,  7653. 

(33)  Schatz,  G.  C.;  Papaioannou,  A.;  Pederson,  L.  A.;  Harding,  L.  B.; 
Hollebeek,  T.;  Ho,  T.  S.;  Rabitz,  H.  7.  Chem.  Phys.  1997,  107,  2340. 

(34)  Schatz,  G.  C.;  Pederson,  L.  A.;  Kuntz,  P.  J.  Faraday  Discuss.  1997, 
108,  357. 

(35)  Drukker,  K.;  Schatz,  G.  C.  J.  Chem.  Phys.  1999,  111,  2451. 

(36)  Tully,  J.  C.  J.  Chem.  Phys.  1990,  93,  161. 

(37)  Hammes-Schiffer,  S.;  Tully,  J.  C.  J.  Chem.  Phys.  1994, 101, 4657. 

(38)  Alexander,  A.  J.;  Blunt,  D.  A.;  Brouard,  M.;  Simons,  J.  P.;  Aoiz, 
F.  J.;  Banares,  L.;  Fujimura,  Y.;  Tsubouchi,  M.  Faraday  Discuss.  1997, 
108,  375. 

(39)  Alagia,  M.;  Balucani,  N.;  Cartechini,  L.;  Casavecchia,  P.;  van  Kleef, 
E.  H.;  Volpi,  G.  G.;  Kuntz,  P.  J.;  Sloan,  J.  J.  7.  Chem.  Phys.  1998,  108, 
6698. 

(40)  Hsu,  Y.  T.;  Liu,  K.;  Pederson,  L.  A.;  Schatz,  G.  C.  7  Chem.  Phys. 
In  press. 

(41)  Lee,  S.-H.;  Liu,  K.  7  Chem.  Phys.  1999,  0000,  0000. 

(42)  Topaler,  M.  S.;  Hack,  M.  D.;  Allison,  T.  C.;  Liu,  Y.  P.;  Mielke,  S. 
L.;  Schwenke,  D.  W.;  Truhlar,  D.  G.  7  Chem.  Phys.  1997,  106,  8699. 

(43)  Allison,  T.  C.;  Mielke,  S.  L.;  Schwenke,  D.  W.;  Truhlar,  D.  G.  7 
Chem.  Soc.  Faraday  Trans.  1997,  93,  825. 

(44)  Dobbyn,  A.  J.;  Knowles,  P.  J.  Mol.  Phys.  1997,  91,  1107. 

(45)  Dobbyn,  A.  J.;  Knowles,  P.  J.  Faraday  Discuss.  1998,  110,  247. 

(46)  Bowman,  J.  M.  7  Phys.  Chem.  1991,  95,  4960. 

(47)  Rebentrost,  F.;  Lester,  W.  A.,  Jr.  7  Chem.  Phys.  1975,  63,  3737. 

(48)  Dobbyn,  A.  J.;  Connor,  J.  N.  L.;  Besley,  N.  A.;  Schatz,  G.  C.; 
Knowles,  P.  J.  Phys.  Chem.  Chem.  Phys.  1999,  1,  957. 

(49)  Gray,  S.  K.;  Balint-Kurti,  G.  G.  7  Chem.  Phys.  1998,  108,  950. 

(50)  Mandelshtam,  V.  A.;  Taylor,  H.  S.  7  Chem.  Phys.  1995, 102, 7390. 

(51)  Mandelshtam,  V.  A.;  Taylor,  H.  S.  7  Chem.  Phys.  1995, 103, 2903. 


Nonadiabatic  Effects  in  0(^D)  +  H2  — ^  OH  +  H 


J,  Phys.  Chem.  A,  Vol  103,  No.  47,  1999  9459 


(52)  Meijer,  A.  J.  H.  M.;  Goldfield,  E.;  Gray,  S.  K.;  Balint-Kurti,  G.  G. 
Chem.  Phys.  Lett.  1998,  293,  270. 

(53)  Huang,  Y.;  Kouri,  D.  J.;  Hoffman,  D.  K.  J.  Chem.  Phys.  1994, 
101,  10493. 

(54)  Huang,  Y.;  Iyengar,  S.  S.;  Kouri,  D.  J.;  Hoffman,  D.  K.  J.  Chem. 
Phys.  1996,  105,  927. 


(55)  Chen,  R.;  Guo,  H.  J.  Chem.  Phys.  1996,  105,  3569. 

(56)  Aoiz,  F.  J.  Faraday  Discuss.  1998,  110,  245. 

(57)  Rebentrost,  F.  Theoretical  Chemistry:  Advances  and  Perspectives', 
Henderson,  D.,  Ed.;  Academic:  New  York,  1981;  Vol.  6B,  p  1. 

(58)  Miller,  W.  H.  Acc.  Chem.  Res.  1993,  26,  174. 

(59)  Balint-Kurti,  G.  G.;  Gray,  S.  K.;  Schatz,  G.  C.  To  be  submitted. 


9460 


J.  Phys.  Chem.  A  1999, 103,  9460-9468 


Electronic  Coherence  in  Mixed- Valence  Systems:  Spectral  Analysis 

Younjoon  Jung,  Robert  J.  Silbey,  and  Jiansbu  Cao* 

Department  of  Chemistry,  Massachusetts  Institute  of  Technology,  Cambridge,  Massachusetts  01239 
Received:  June  1,  1999;  In  Final  Form:  August  24,  1999 


The  electron  transfer  kinetics  of  mixed-valence  systems  is  studied  via  solving  the  eigenstructure  of  the  two- 
state  nonadiabatic  diffusion  operator  for  a  wide  range  of  electronic  coupling  constants  and  energy  bias  constants. 
The  calculated  spectral  structure  consists  of  three  branches  in  the  eigendiagram:  a  real  branch  corresponding 
to  exponential  or  multiexponential  decay,  and  two  symmetric  branches  corresponding  to  population  oscillations 
between  donor  and  acceptor  states.  The  observed  electronic  coherence  is  shown  as  a  result  of  underdamped 
Rabi  oscillations  in  an  overdamped  solvent  environment.  The  time  evolution  of  electron  population  is  calculated 
by  applying  the  propagator  constructed  from  the  eigensolution  to  the  nonequilibrium  initial  preparation,  and 
it  agrees  perfectly  with  the  result  of  a  direct  numerical  propagation  of  the  density  matrix.  The  resulting 
population  dynamics  confirms  that  increasing  the  energy  bias  destroys  electronic  coherence. 


I.  Introduction 

Quantum  coherence  in  the  dynamics  of  condensed  phase 
systems  has  become  a  subject  of  recent  experimental  and 
theoretical  studies.  A  central  issue  is  the  observability  of 
electronic  coherence  in  electron  transfer  systems  given  the  fast 
dephasing  time  in  many-body  quantum  systems.  Experimentally, 
with  the  advance  in  ultrafast  laser  technology,  oscillations  in 
electronic  dynamics  have  been  observed  in  photosynthetic 
reaction  centers  and  other  electron  transfer  systems  and  are 
believed  to  arise  from  vibrational  and/or  electronic  coherence. 
Accurate  measurements  on  photoinduced  electron  transfer  in 
mixed-valence  compounds  have  demonstrated  oscillations  in 
electronic  populations  on  the  femtosecond  time  scale."^  Theoreti¬ 
cally,  detailed  path-integral  simulations  suggest  that  such 
oscillations  take  place  in  electron  transfer  systems  with  large 
electronic  coupling  constants  and  are  sensitive  to  the  initial 
preparation  of  the  bath  modes  associated  with  the  transfer 
processes.  Lucke  et  al.^  extended  the  noninteracting  blip 
approximation  to  incorporate  the  nonequilibrium  initial  prepara¬ 
tion  and  carried  out  extensive  path-integral  quantum  dynamics 
simulations  for  electron  transfer  reactions.  According  to  their 
findings,  large-amplitude  oscillations  are  most  likely  to  be 
observed  in  symmetric  mixed- valence  systems  that  are  nearly 
adiabatic  and  with  initial  configurations  that  are  centered  in  the 
Landau— Zener  crossing  region.  Using  the  transfer  matrix 
technique,^  Evans,  Nitzan,  and  Ratner'^  calculated  short-time 
evolution  for  the  photoinduced  electron  transfer  reaction  in 
(NH3)5Fe°(CN)Ru™(CN)5.  Their  results  show  fast  oscillations 
in  the  electronic  population  on  the  short  time  scale  (20  fs) 
followed  by  a  slower  population  relaxation  on  the  long  time 
scale  (100  fs).  They  pointed  out  that  these  fast  oscillations  arise 
as  the  wave  function  oscillates  coherently  between  the  donor 
and  acceptor  states.  The  calculated  long-time  decay  rate  is 
considerably  smaller  than  the  prediction  by  the  golden-rule 
formulas,®’^  confirming  the  inadequacy  of  nonadiabatic  rate 
theory  in  studying  mixed- valence  systems. 

In  fact,  a  simple  classical  argument  helps  understand  the 
nature  of  the  observed  oscillations.  As  a  function  of  the  ratio 
between  X  (the  bath  reorganization  energy)  and  V  (the  electronic 
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coupling  constant),  there  is  a  thermodynamic  transition  from 
the  localized  electronic  state  in  a  double-well  potential  to  the 
delocalized  electronic  state  in  a  single- well  potential.  (i) 
In  the  localized  regime  (A  »  V),  the  large  reorganization  energy 
destroys  electronic  coherence;  hence,  electron  transfer  is  an 
incoherent  rate  process,  which  can  be  described  by  the  nonin¬ 
teracting  blip  approximation  or  golden-rule  rate  in  the  nona¬ 
diabatic  limit  and  by  transition  state  theory  in  the  adiabatic 
limit. (ii)  In  the  delocalized  regime  (A  <  V),  the  electronic 
wave  function  extends  to  both  the  donor  and  acceptor  states 
and  electronic  coherence  persists  over  several  oscillations.^®  For 
mixed- valence  compounds,  the  electronic  coupling  constant  is 
estimated  to  be  in  the  range  of  10^  cm”^  which  is  in  the  same 
order  as  the  reorganization  energy.  Therefore,  the  observed 
oscillations  and  relaxation  in  mixed-valence  systems  are  the 
consequence  of  a  highly  nonequilibrium  coherence  transfer 
process. 

Due  to  the  delocalization  nature  of  electronic  states,  an 
adiabatic  picture  is  more  useful  than  the  diabatic  representation 
for  analyzing  the  short-time  dynamics  in  strongly-coupled 
systems.  In  this  picture,  electronic  coherence  arises  from  Rabi 
oscillations  between  two  adiabatic  surfaces  and  decays  because 
of  electronic  dephasing.  Further,  initial  preparation  and  wave- 
packet  dynamics  can  modulate  Rabi  oscillations  and  the  overall 
electronic  dynamics.  Thus,  the  adiabatic  representation  provides 
a  simple  picture  for  mixed-valence  systems  as  well  as  a  simple 
analytical  method  to  model  fast  electron  dynamics  initiated  by 
laser  pulses. 

As  a  general  approach  to  describe  condensed  phase  dynamics, 
we  recently  proposed  a  spectral  analysis  method,  which  is 
based  on  eigenstructures  of  dissipative  systems  instead  of 
dynamic  trajectories.  An  important  application  of  the  approach 
is  to  analyze  a  set  of  two- state  diffusion  equations,  which  was 
first  used  by  Zusman  to  treat  solvent  effects  on  electron  transfer 
in  the  nonadiabatic  limit.  The  analysis  allows  us  to  characterize 
multiple  time  scales  in  electron  transfer  processes  including 
vibrational  relaxation,  electronic  coherence,  activated  curve 
crossing,  or  barrier  crossing.  With  this  unified  approach,  the 
observed  rate  behavior,  biexponential  and  multiexponential 
decay,  and  population  oscillations  are  different  components  of 
the  same  kinetic  spectrum.  Thus,  several  existing  theoretical 
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models,  developed  for  limited  cases  of  electron  transfer,  can 
be  analyzed,  tested,  and  extended.  In  particular,  rate  constants 
extracted  from  the  analysis  bridge  smoothly  between  the 
adiabatic  and  nonadiabatic  limits,  and  the  kinetic  spectrum  in 
the  large  coupling  regime  reveals  the  nature  of  the  localization- 
delocalization  transition  as  the  consequence  of  two  competing 
mechanisms. 

In  this  paper,  the  spectral  analysis  approach  developed  in  ref 
19  is  employed  to  study  the  electron  transfer  dynamics  in  mixed- 
valence  systems.  We  invoke  the  nonadiabatic  diffusion  equation 
proposed  by  Zusman  to  describe  the  electron  transfer  process 
in  the  over-damped  solvent  regime.  As  discussed  earlier,  electron 
transfer  in  mixed-valence  systems  takes  place  in  a  different 
kinetic  regime  from  the  thermal  activated  regime  described  by 
Marcus  theory.  Thus,  the  time-scale  separation  is  not  satisfied, 
and  multiexponential  decay  and  oscillations  are  intrinsic  nature 
of  electron  transfer  kinetics.  As  a  result,  the  kinetic  spectra 
exhibit  bifurcation,  coalescence,  and  other  complicated  patterns. 
Careful  examination  of  these  patterns  reveals  the  underlying 
mechanisms  in  mixed- valence  systems. 

The  rest  of  the  paper  is  organized  as  follows:  The  spectral 
structure  of  the  nonadiabatic  diffusion  equation  is  formulated 
in  section  E.  Numerical  examples  of  the  spectral  structure  of 
strongly  mixed  electron  transfer  systems  are  presented  and 
discussed  in  section  III,  and  concluding  remarks  are  given  in 
section  IV. 


n.  Theory 

There  have  been  extensive  studies  of  the  solvent  effect  on 
electron  transfer  dynamics  in  literature  with  various 
approaches. One  of  the  most  extensively  studied  models 
for  quantum  dissipation  is  the  spin— boson  Hamiltonian, 


Pa 


a 


SB 


=  -o^+Vo^  +  Y—  +  ^-m^(ol 

2  a  a  2 


o- 


(1) 


where  e  is  the  energy  bias  between  the  two  electronic  states,  V 
is  the  electronic  coupling  constant,  Oz  and  Ox  are  the  usual  Pauli 
matrices,  and  {jCa,Pa}  represents  the  bath  degree  of  freedom  with 
mass  /Wa,  frequency  and  the  coupling  constant  Ca.  In  this 
model  effects  of  the  bath  modes  on  the  dynamics  of  the  system 
can  be  described  via  the  spectral  density  defined  by 

J{(0)  -  -  cy  J  (2) 

2  a 


Equivalently,  the  spin— boson  Hamiltonian  in  eq  1  can  be 
separated  into  the  electronic  two-level  part  Htls  and  the  nuclear 
bath  part  Hb, 


^SB  “  ^TLS  ^B 

The  two-level  part  of  the  Hamiltonian  can  be  explicitly  written 
as 

H^^iE)  =  [/i(£)|lXl|  +  U^{E)m  +  V(|1X2|  +  |2X1|) 

(4) 

where  the  diabatic  energy  surfaces  U\{E)  and  UjiE)  are  functions 
of  the  stochastic  variable  E,  which  represents  the  polarization 
energy  for  a  given  solvent  configuration.^^  The  transformation 
from  the  spin— boson  Hamiltonian  to  the  two-level  system 
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Hamiltonian  has  been  shown  in  the  literature^^’^^  by  the  identity 

a  s 


It  is  worthwhile  to  mention  that  the  polarization  energy  E  was 
recognized  as  the  reaction  coordinate  by  Marcus  in  formulating 
nonadiabatic  electron  transfer  theory.  Since  the  electron 
transfer  process  involves  the  collective  motion  of  a  large  number 
of  solvent  degrees  of  freedom  and  the  two-level  system  is 
linearly  coupled  to  the  harmonic  bath  modes  in  the  spin— boson 
Hamiltonian  in  eq  1,  the  functional  form  for  the  free  energy 
surface  is  harmonic,^^  thus  giving 


U,{E)^ 


{E^Xf 

AX 


(6) 


t/2®  = 


{E-Xf 

AX 


+  e 


(7) 


where  2  is  the  reorganization  energy,  which  is  related  to  the 
parameters  in  eq  1 


“  2WaCOa 


1  „  Jio}) 

-fio,- 


(8) 


Considering  the  fact  that  electron  transfer  processes  are 
usually  probed  at  room  temperature  in  polar  solvents,  we  can 
treat  the  bath  degrees  of  freedom  in  classically.  Then,  the 
spin— boson  Hamiltonian  in  eq  3  can  be  used  to  derive  a  two- 
level  classical  equation  of  motion 

/|p(0  =  Mt)  +  (-^  +  -^s)p(0  (9) 


where  =  {  ,  Hb}  is  the  Poisson  operator  for  the  classical 
bath  andj^^s  =  [^tlsJ/^  is  the  Liouville  operator  for  the  two- 
level  system.  Explicitly,  we  express  eq  9  in  terms  of  the  density 
matrix  elements 


Pi  ^-^Pi  ^^(Pi2  P21)  (10a) 

Pi  ~  -^Pi  ~  ^^(Pi2  ~  P21)  (10b) 

P12  '^2Pl2  “  ^^12Pl2  +  i^iP\  -  Pi)  (lOc) 

P2I  “-^lP21  ^^12P21  ~  ^^iP\  ~  Pi)  (lOd) 

where  the  Planck  constant  h  is  set  to  unity  for  simplicity,  p,  is 
the  diagonal  matrix  element  for  electronic  population,  and  py 
is  the  off-diagonal  matrix  element  for  electronic  coherence.  Here, 
^describes  the  relaxation  process  of  classical  bath,  with  4? 
defined  on  the  free  energy  surface  for  the  ith  electronic  state, 
and  with4?2  and^i  defined  on  the  averaged  free  energy  surface. 
This  set  of  semiclassical  two-state  equations  has  been  previously 
derived  in  different  context  by  several  authors  It  should 
be  mentioned  that  the  mapping  from  the  spin— boson  Hamil¬ 
tonian  into  the  Zusman  model  requires  the  Lorentzian  form  of 
the  spectral  density 


0)0). 

J(co)  =  IX  --  (11) 

0?  + 

Furthermore,  we  note  that  many  chemically  and  biologically 
important  electron  transfer  processes  take  place  in  the  over- 
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damped  solvent  environment.  Therefore,  to  describe  the  density 
matrix  evolution  in  the  electron  transfer  kinetics  in  the  mixed- 
valence  system,  we  invoke  the  nonadiabatic  diffusion  equation 
proposed  by  Zusman.^^  Then,  the  bath  relaxation  operators  in 
eq  9  are  one-dimensional  Fokker— Planck  operators  ^ 


nian  in  imaginary  time 

=  =  +  (20) 

dx 


^^dE\dE^^  dE  1 

(12) 

^  d(d  ,  jum 

-^12  -^1  2  ~%E\dE^^  dE  i 

1  (13) 

where  =  l/A:Br,  U  and  co  12  are  the  average  and  the  difference 
of  the  two  free  energy  surfaces,  respectively 

(/,(£)  +  U^iE) 

(/(£)  =  -! - 2"^ 

(14) 

o>,2(£)  =  Ui(E)-  UjiE) 

(15) 

The  energy  diffusion  constant  De  is  defined  as 

Dg  =  QAg 

(16) 

where  is  the  mean  square  fluctuation  of  the 

polarization  energy 

solvent 

A/=  (E^)  =  2Xk^T 


and  td  =  1/Q  is  the  the  characteristic  timescale  of  the  Debye 
solvent.  The  correlation  function  of  the  solvent  polarization 
energy  is  given  by 

C(0  =  <£(f)£(0)>  =  A/exp(-Q0  (17) 

Note  that  since  the  nuclear  dynamics  is  modeled  by  the  Fokker— 
Planck  operator,  the  possibility  of  the  vibrational  coherence  is 
excluded  in  this  model  of  electron  transfer  dynamics.  It  is 
worthwhile  to  mention  that  one  can  obtain  the  nonadiabatic 
diffusion  equation  starting  from  the  spin— boson  Hamiltonian 
by  first  deriving  the  evolution  equation  for  the  quantum 
dissipative  dynamics,  and  then  taking  the  semiclassical  limit 
using  the  Wigner  distribution  functions,  and  finally  assuming 
the  overdamped  diffusion  limit.^^ 

We  investigate  the  spectral  structure  of  the  nonadiabatic 
diffusion  operator  by  calculating  the  eigenvalues  {—Zv}  and 
the  corresponding  eigenfunctions  Hereafter  we  use  Greek 

indices  to  denote  the  eigenstates  and  Latin  indices  to  denote 
the  basis  states  of  the  nonadiabatic  diffusion  operator.  Because 
the  nonadiabatic  Liouville  operator  is  non-Hermitian,  the 
eigenvalues  are  generally  given  by  complex  values,  and  the  right 
and  left  eigenfunctions  corresponding  to  the  same  eigenvalue 
are  not  simply  the  Hermitian  conjugate  to  each  other.^^  For  a 
given  eigenvalue  the  right  and  left  eigenfunctions  of  the 
nonadiabatic  diffusion  operator  are  obtained  from 

(18) 

-zM\  (19) 

The  method  of  eigenfunction  solution  is  well-known  for  the 
diffusion  process  on  the  harmonic  potential  energy  surface.^^ 
For  a  single  quadratic  potential  U{x)  =  V2mcoV,  the  one¬ 
dimensional  Fokker— Planck  operator  =  D((9^/9x^)  +  ^dU'f 
9x)  can  be  transformed  into  the  quantum  mechanical  Hamilto¬ 


where  ^  ^  =  2D,  and  the  quadratic  potential  is 


K(x)  =  D  =  iay V  -  ^  (21) 


with  y  =  DmoP'lk^T.  Since  the  transformed  potential  in  eq  21 
is  just  the  same  form  as  for  a  simple  harmonic  oscillator  with 
zero-point  energy  compensation,  the  eigenvalues  and  the  eigen¬ 
functions  for  the  original  Fokker— Planck  operator  can  be 
constructed  immediately  from  the  eigensolutions  of  the  harmonic 
oscillator  Hamiltonian.  Unlike  the  diffusion  problem  on  the 
single  potential  energy  surface,  there  have  been  limited  studies 
on  the  nonadiabatic  diffusion  problem  involving  more  than  one 
potential  energy  surface.  In  this  aspect,  Cukier  and  co-workers 
have  calculated  the  electron  transfer  rate  by  calculating  the 
lowest  eigenvalue  of  the  nonadiabatic  diffusion  equation; 
however,  their  calculation  was  limited  to  the  weak-coupling 
regime  where  the  Zusman  rate  is  applicable.^'^ 

An  important  issue  in  solving  the  nonadiabatic  diffusion 
equation  for  electron  transfer  is  the  choice  of  the  basis  functions 
since  three  different  free  energy  surfaces  are  involved  in  eq  9: 
two  diabatic  surfaces  for  the  population  density  matrix  elements 
and  one  averaged  surface  for  the  coherence  density  matrix 
element.  In  this  paper,  the  eigenfunctions  of  ^2  are  used  as 
our  basis  set  to  represent  the  nonadiabatic  diffusion  equation. 
In  principle,  one  could  have  chosen  the  eigenfunctions  of^  or 
4?  as  basis  functions;  however,  in  that  case  one  has  to  evaluate 
appropriate  Franck— Condon  factors  when  calculating  the  cou¬ 
pling  matrix  elements  even  with  the  Condon  approximation. 
The  Fokker-Planck  operator  4?2  is  defined  on  the  averaged 
harmonic  potential  centered  at  D  =  0,  and  its  eigensolutions 
are 


=  -nml)  (22) 

(23) 


where  the  right  and  left  eigenfunctions  are 


2A. 


"■UaJ 

(24) 

UJ 

(25) 

where  Hn  is  the  nth-order  Hermite  polynomial.  As  shown  below, 
this  choice  of  the  basis  set  is  convenient  for  our  purpose. 

To  be  consistent  with  the  ^2  basis  set,  we  separate  the  real 
and  imaginary  parts  of  the  coherence  density  matrix,  namely,  u 


=  Repi2  and  v  =  Impi2,  and  rewrite  eq  9  as 

f>\  =  (-^2  +  -  2Vz; 

(26a) 

P2  =  (4i2-54^^p2  +  2Vi; 

(26b) 

U  ^12^ 

(26c) 

-  CO  12U  +  V(p,  -  P2) 

(26d) 
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where  we  have  defined  6^ as 

<3-^=  ^  ■  (27) 

Then,  all  the  relevant  operators  in  eqs  26a~26d  can  be  evaluated 
in  terms  of  the  right  and  left  eigenfunctions  of  giving 

=  (28) 

{<p];\dM)  =  (29) 

+  Vwr+T(5„„+i)  -  e<5„„ 
(30) 

i<l>l:\V\(lO  =  Vd„„  (31) 

where  we  assume  the  Condon  approximation;  i.e.,  the  electronic 
coupling  matrix  element  is  independent  of  the  solvent  degrees 
of  freedom.  With  the  basis  set,  we  can  expand  the  density  matrix 
elements  as 


p,iE,t)  = 

n=0 

(32a) 

p,(E,t)  =  ^b„m^iE) 

n=0 

(32b) 

u{E,t)  =  Xc„(f)<A^(£) 

n=0 

(32c) 

v(E,t) = y^d.m^iE) 

(32d) 

n=0 


Substituting  eqs  32a“32d  into  the  eigenvalue  equation  eq  18, 
we  have  the  following  coupled  linear  equations 


-Z^a„  =  -nQa^  -  03a) 


-Z,b„  =  -nQb„  +  Q^:^V^b„_,  +  2Vd„  (33b) 

=  -nQc^  +  ^j2Xk^T{\/n  +  ld„+^  +  Vnd^_{)  - 

(33c) 

-ZX  =  -nQd„  -  ^j22k^T(\/n  +  lc„+i  +  + 

ec„  +  y(a„  -  b^  (33d) 

which  is  an  explicit  basis  set  representation  for  the  two-state 
diffusion  operator  in  eq  9.  The  linear  equations  for  the  left 
eigensolution  as  defined  by  eq  19  can  be  written  by  the  transpose 
of  eqs  33a-33d.  Diagonalizing  the  4V  x  4V  matrix  (V  = 
number  of  basis  functions)  defined  in  eqs  33a— 33d,  we  obtain 
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the  eigenvalues  — Zv  and  the  corresponding  eigenvectors  of  the 
nonadiabatic  diffusion  operator 

lV'v>  =  S7?„J0„^>  (34) 

n 

(35) 

n 

where  Rnv  and  Lvn  are  elements  of  the  transformation  matrices. 

In  general,  due  to  the  non-Hermitian  nature  of  the  nonadia¬ 
batic  diffusion  operator,  the  right  and  left  eigenfunctions  do  not 
form  an  orthogonal  set  by  themselves.  However,  when  the 
eigenvalues  are  all  nondegenerate,  the  left  and  right  eigenfunc¬ 
tions  form  an  orthogonal  and  complete  set  in  dual  Hilbert 
space.^®  Explicitly,  we  have 

=  (36) 

n=0 

for  the  orthogonality  and 

=  (37) 

V 

for  the  completeness.  Using  these  properties,  we  can  construct 
the  real  time  propagator  for  the  operator  ^as 

Git)  =  (38) 

V 

and  express  the  time  evolution  of  the  density  matrix  by 
projecting  a  given  initial  distribution  onto  the  eigenstates,  giving 

\p{t))  =  G(f)|p(0)>  =  XlV'^XV'vlp(0)>e"^  (39) 

V 

Hence,  the  eigensolution  to  the  two-state  nonadiabatic  diffusion 
equation  leads  to  a  complete  description  of  electron  transfer 
dynamics. 

III.  Results  and  Discussion 

In  the  section,  we  present  the  spectral  structure  of  the 
nonadiabatic  diffusion  operator  by  diagonalizing  its  matrix 
representation  in  eqs  33a— 33d.  In  principle,  we  need  infinite 
number  of  basis  functions  to  diagonalize  the  nonadiabatic 
diffusion  operator;  however,  in  practice,  we  have  to  truncate 
our  basis  set  at  some  finite  number.  In  all  the  calculations  below, 
we  have  used  N  =  50—200  to  diagonalize  the  AN  x  AN  matrix 
and  the  effect  of  finite  number  basis  on  the  spectral  structure 
has  been  carefully  examined. 

A.  Spectral  Structure.  1.  Mixed-Valence  Systems.  In  the 
mixed- valence  compounds,  the  electronic  coupling  constant  has 
the  same  order  of  magnitude  as  the  reorganization  energy  and 
the  electron  transfer  dynamics  is  usually  probed  experimentally 
at  room  temperature  in  polar  solvents.  To  study  this  process, 
Evans,  Nitzan,  and  Ratner^  carried  out  real  time  path-integral 
simulations  for  the  photoinduced  electron  transfer  reaction  in 
(NH3)5Fe°(CN)Ru™(CN)5.  On  the  basis  of  their  model,  we  chose 
the  parameters  for  the  calculation  shown  in  Figure  1  as  fiQ  = 
0.6716,  PX  =  18.225,  =  11.99,  and  =  18.705.  As 

mentioned  in  the  Introduction,  the  mapping  between  the  spin- 
boson  Hamiltonian  and  the  semiclassical  Zusman  equation  is 
not  rigorously  defined.  For  example,  for  the  nonadiabatic 
diffusion  equation,  the  solvation  energy  correlation  function 
takes  an  exponential  form  with  the  rate  Q,  whereas  for  the  spin- 
boson  model  Hamiltonian,  it  depends  on  the  functional  form 
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Figure  1.  A  plot  of  the  lowest  400  eigenvalues  for  the  nonadiabatic 
operator  in  a  mixed-valence  system.  The  parameters  are  PQ  ~  0.6716, 
pX  =  18.225,  pV  =  11.99,  and  Pe  =  18.705.  The  dot-dashed  line  is 
for  the  case  k  =  co/Itz. 


of  the  spectral  density.  It  can  be  shown  that  the  Ohmic  spectral 
density  with  an  exponential  cutoff  (Oc 

J{(o)  =  rjo)  exp(— cu/cw^.)  (40) 


used  in  the  calculation  of  Evans  et  al.  leads  to  an  energy 
correlation  function  with  a  Lorentzian  form  at  high  temperature^^ 


IrjcoJc^T  1 
^  1  +  {cojf 


(41) 


Then,  the  relaxation  rate  Q  used  in  our  calculation  is  taken  as 
the  inverse  of  the  mean  survival  time  of  Csb(0>  which  is  Q  = 

In  Figure  1  the  spectral  structure  of  the  nonadiabatic  operator 
is  shown  in  complex  space.  We  have  used  N  =  200  (4A^  = 
800)  basis  functions  to  calculate  the  eigenvalues.  To  remove 
the  effect  of  finite  basis  set  from  the  resulting  spectral  structure, 
we  only  show  the  first  400  eigenvalues  in  the  complex  plane. 
Since  the  nonadiabatic  diffusion  operator  is  non-Hermitian,  the 
resulting  spectrum  shows  complex  conjugate  paired  eigenvalues 
as  well  as  real  eigenvalues,  giving  rise  to  the  tree  structure  with 
three  major  branches  (which  we  will  call  the  eigentree).  In 
Figure  1,  we  separate  the  real  and  imaginary  parts  of  eigenvalue 
by 


-z^  =  -K  ~  (42) 

Obviously,  the  real  part,  —ky,  is  always  negative  as  all 
nonequilibrium  physical  quantities  decay  to  zero  at  time  infinity, 
and  it  scales  linearly  with  the  index  v  since  the  relaxation  rate 
corresponding  to  the  nth  basis  state  is  proportional  to  n.  In 
general,  the  relative  magnitudes  of  real  and  imaginary  parts  of 
eigenvalues  determine  the  time  evolution  of  the  density  ma¬ 
trix:  the  real  eigenvalues  correspond  to  the  simple  exponential 
decay  components  and  the  complex  conjugate  paired  eigenvalues 
correspond  to  the  damped  oscillation  components. 

To  classify  the  eigenvalues  quantitatively  according  to  their 
dynamic  behavior,  we  introduce  the  dimensionless  quantity  6v 


where  kv  is  the  decay  rate  and  Inicov  is  the  oscillation  period. 
The  time  evolution  of  the  density  matrix  component  associated 
with  the  eigenvalue  Zy  is  an  exponential  decay  if  —  oo,  an 
underdamped  oscillation  if  0y  <  1,  and  a  damped  oscillation  if 
^  1  •  The  relative  amplitude  of  each  component  depends  on 
the  overlap  matrix  element  between  the  initial  density  matrix 
and  the  eigenstate.  As  an  approximate  criterion  for  the  clas¬ 
sification  of  the  eigenvalues,  the  slope  corresponding  Xo6v~\ 
is  shown  in  the  eigentree  diagram  in  Figure  1 .  There  are  a  few 
eigenstates  around  and  below  the  Ov  —  I  line,  with  a  typical 
rate  of  Pky  ^  5,  For  the  parameters  used  in  the  calculation,  P 
corresponds  to  ^^170  fs  in  real  time,  and,  therefore,  these 
eigenstates  exhibit  underdamped  oscillations  with  a  period  and 
a  decay  time  in  the  femtosecond  regime.  In  their  real-time  path 
integral  simulations,  Evans  et  al.  showed  that  the  population  in 
the  acceptor  state  oscillates  with  a  few  femtosecond  period  and 
these  oscillations  decay  within  20  fs.  Thus,  qualitative  features 
of  the  electron  transfer  dynamics  can  be  predicted  and  under¬ 
stood  from  a  careful  examination  of  the  spectral  structure.  Since 
the  spectral  analysis  presented  here  is  based  on  the  semiclassical 
diffusion  equation  while  the  path-integral  study  is  based  on  the 
quantum  mechanical  spin— boson  Hamiltonian,  the  comparison 
between  the  two  approaches  is  expected  to  be  qualitative.  In 
the  following  subsection,  further  analysis  reveals  the  nature  of 
these  oscillations. 

2.  Dependence  on  the  Coupling  Constant  F.  To  examine  the 
underlying  spectral  structure  in  more  detail,  eigenvalues  of  the 
nonadiabatic  diffusion  operator  are  plotted  as  functions  of  the 
electronic  coupling  constant  in  Figure  2,  All  the  parameters 
except  for  the  electronic  coupling  constant  are  the  same  as  used 
in  Figure  1, 

In  Figure  2a,  the  real  parts  of  the  first  20  eigenvalues  are 
shown  as  functions  of  the  electronic  coupling  constant.  Note 
that  eigenvalues  corresponding  to  complex  conjugate  pairs  have 
the  same  real  part,  and  thus  they  coalesce  in  the  real  eigenvalue 
diagram.  When  the  coupling  constant  is  very  small  (fiV  ^1), 
the  real  part  of  the  first  nonzero  eigenvalue  is  very  well  separated 
from  the  eigenvalues  of  excited  states,  so  the  dynamics  of 
electron  transfer  can  be  considered  as  a  incoherent  rate  process 
with  a  well-defined  rate  constant,  ki.  When  the  coupling  constant 
is  larger  (PV  ^1),  the  first  excited  state  becomes  close  to  the 
second  excited  state,  and  they  start  to  merge  into  a  complex 
conjugate  pair.  If  the  coupling  constant  increases  further, 
eigenvalues  show  a  bifurcation  behavior  at  pV  ^  10.  Therefore, 
in  this  regime,  the  electron  transfer  kinetics  show  multiple  time 
scale  relaxation  as  well  as  coherent  oscillation.  The  complicated 
behavior  of  coalescence  and  bifurcation  in  the  real  eigenvalue 
appears  more  frequently  at  higher  states. 

Another  interesting  feature  of  the  real  eigenvalue  diagram  is 
that  a  set  of  real  eigenvalues  decreases  consistently  as  the 
coupling  constant  increases  from  zero.  It  turns  out  that  these 
eigenstates  take  on  large  imaginary  parts,  which  are  responsible 
for  the  onset  of  the  imaginary  branches  of  the  eigentree.  In 
Figure  2b,  the  imaginary  parts  of  the  lowest  30  eigenvalues  are 
plotted  as  functions  of  the  coupling  constant.  Interestingly,  the 
imaginary  part  of  the  eigenvalue  increases  approximately 
linearly  with  the  coupling  constant  at  large  coupling  regime.  In 
fact,  the  dependence  on  the  coupling  constant  is  similar  to  that 
of  the  Rabi  frequency  for  the  two-level  system 


Qr  =  +  (44) 


(43)  which  is  shown  in  Figure  2b.  As  pointed  out  in  a  recent  paper,^^ 
electronic  coherence  in  mixed- valence  systems  arises  from  Rabi 
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Figure  2.  Plots  of  (a,  top)  real  and  (b,  middle)  imaginary  parts  of  the 
lowest  30  eigenvalues  as  a  function  of  the  coupling  constant,  V,  Except 
for  the  coupling  constant,  all  the  other  parameters  are  set  equal  to  those 
used  in  Figure  1.  In  (b),  open  circles  correspond  to  the  Rabi  frequency 
Qr  =  (€^  +  (c,  bottom)  Three-dimensional  plot  of  eigenvalues 

as  a  function  of  the  coupling  constant. 

oscillations  between  two  adiabatic  surfaces  and  decays  because 
of  dephasing. 

To  demonstrate  the  correlation  of  the  real  and  imaginary  parts 
of  the  eigenvalues  as  functions  of  the  coupling  constant,  we 
present  a  three-dimensional  plot  of  the  spectral  structure  in 
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Figure  3.  Comparison  between  the  result  of  direct  numerical  propaga¬ 
tion  and  spectral  propagation.  The  parameters  are  chosen  as  =  1, 
PX  =  15,  12,  and/06  =  3. 


Figure  2c.  For  clarity,  only  the  positive  branches  of  the 
imaginary  eigenvalues  are  shown.  If  we  compare  Figure  2c  with 
Figure  2a,  the  very  rapidly  decaying  states  shown  in  Figure  2a 
take  on  large  imaginary  parts  corresponding  to  the  Rabi 
oscillations  as  the  coupling  constant  increases,  and  these  states 
are  responsible  for  the  onset  of  the  imaginary  branches  in  the 
eigentree  for  the  mixed- valence  system  shown  in  Figure  1. 

B.  Density  Matrix  Propagation.  To  check  the  validity  of 
the  spectral  analysis  as  a  density  matrix  propagation  scheme, 
we  calculated  the  time  evolution  of  the  density  matrix  by 
applying  the  propagator  defined  by  eq  38  to  the  initial  density 
matrix  for  various  energy  biases.  Although  it  may  seem 
straightforward  to  use  the  spectral  method  as  a  propagation 
scheme,  the  case  for  a  non-Hermitian  operator  is  not  trivial  and 
has  not  been  explored.  The  main  reason  is  that  though  the  left 
and  right  eigenfunctions  of  a  non-Hermitian  operator  can  be 
shown  to  form  a  biorthogonal  set  for  the  nondegenerate 
eigenvalue  case,  numerically  these  eigenfunctions  may  not  be 
stable  enough  to  be  used  as  a  complete  orthonormal  basis  for 
the  density  matrix  propagation,  especially  in  the  nearly  degener¬ 
ate  eigenvalue  case.  We  can  understand  the  situation  as 
follows:  When  the  two  nearly  degenerate  eigenvalues  Z\  and 
Za  are  obtained  from  a  non-Hermitian  operator,  the  orthogonality 
implies  that  {L2I  and  \Ri)  are  orthogonal  to  each  other  as  well 
as  {Li  I  and  |/?2)-  When  two  eigenvalues  become  very  close  to 
each  other,  unlike  the  Hermitian  operator  case,  (Li|  and  (L2I 
almost  coincide  and  so  do  \Ri)  and  |/?2),  so  that  (Li|  and  \Ri) 
become  almost  orthogonal  to  each  other.  To  still  satisfy  the 
normalization  condition  in  this  case,  the  eigenfunction 

should  be  scaled  up,  thus  making  the  spectral  structure  very 
sensitive  to  the  numerical  error  involved  in  the  calculation  of 
eigenfunctions.  For  an  interesting  discussion  on  this  point,  one 
may  refer  to  the  work  by  Nelson  and  co-workers.^®  Due  to  this 
numerical  instability,  the  use  of  the  spectral  method  as  a  density 
matrix  propagation  scheme  is  not  without  limitation. 

Figure  3a  shows  the  spectral  structure  and  the  time  evolution 
of  the  density  matrix  propagation  for  the  case  of  fiQ  =  1,  /8A 
=  15,  PV  —  12,  and  =  5.  Generally,  when  the  energy  bias 
is  small  {fie  <  5),  the  left  and  right  eigenfunctions  can  form  a 
complete  orthonormal  basis  set,  so  the  spectral  method  is  stable 
and  can  be  used  as  a  numerical  propagation  method  for  the 
density  matrix.  With  a  large  energy  bias,  however,  the  calculated 
eigenfunctions  may  not  form  a  complete  orthonormal  basis.  To 
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model  for  the  photoinduced  back  electron  transfer  experiment 
in  the  mixed-valence  compounds  the  initial  density  matrix  is 
chosen  as  a  thermal  equilibrium  distribution  of  the  donor  state 
(i.e.,  1-state)  pumped  to  the  acceptor  state  (i.e.,  2-state), 


Pi(^,0)  = 


expl 


{E  +  Xf 


(45a) 


Pi2(£,0)  =  P2i(£,0)  =  0  (45b) 


It  would  be  straightforward  to  calculate  the  spatial  distribution 
of  the  density  matrix  in  time  p{E,t)  by  applying  the  propagator 
in  eq  38  to  the  above  initial  density  matrix;  however,  to 
demonstrate  the  overall  temporal  behavior  only  the  time 
evolution  of  the  total  population  in  the  acceptor  state  is 
calculated 


P2(f)  =  /d£p2(£,0  (46) 

In  order  to  check  the  validity  of  the  spectral  method  as  a 
propagation  scheme  in  this  case,  we  also  calculated  the  time 
evolution  of  the  density  matrix  by  directly  solving  the  4N 
differential  equations  for  the  expansion  coefficients  of  the 
density  matrix  using  the  Bulirsh-Stoer  algorithm,^^  and  the 
comparison  in  Figure  3a  shows  a  perfect  agreement.  If  only 
the  transient  behavior  is  concerned  with,  the  direct  propagation 
method  would  be  preferred  over  the  spectral  method;  however, 
the  spectral  propagation  has  the  advantage  when  calculating  the 
long-time  behavior  once  the  complete  spectrum  is  known. 
Overall,  the  computational  costs  for  the  two  methods  are 
comparable  to  each  other.  As  expected  from  the  spectral 
structure  shown  in  the  previous  section,  the  population  in  the 
acceptor  state  shows  an  underdamped  coherent  oscillation 
behavior  at  initial  times  followed  by  a  damped  oscillation 
behavior  at  later  times. 

Further,  we  have  also  studied  the  density  matrix  propagation 
for  different  energy  biases  to  examine  the  electronic  dephasing 
effect.  As  seen  from  Figure  4a,  the  increase  in  energy  bias 
destroys  the  electronic  coherence  dramatically.  Another  interest¬ 
ing  observation  is  the  phase  shift  in  the  population  dynamics 
as  the  energy  bias  is  varied,  and  it  is  because  die  Rabi  oscillation 
frequency  increases  with  energy  bias.  We  can  confirm  the 
temporal  behavior  of  the  density  matrix  propagation  by  examin¬ 
ing  the  spectral  structure  shown  in  Figure  4b.  The  period  of 
the  initial  coherence  is  estimated  to  be  rose  ^  0.25^5  from  Figure 
4a.  In  comparison,  the  Rabi  frequency  for  the  corresponding 
adiabatic  two-level  system  is  given  by  Qr  = 

which  can  also  be  obtained  from  the  onset  of  imaginary 
branches  in  the  eigentree  shown  in  Figure  4b,  and  the  estimation 
is  consistent  with  the  oscillation  period  observed  in  the  dynamics 
since  tosc  ^  2jr/QR.  The  real  eigenvalues  of  the  lowest  excited 
states  in  the  the  imaginary  branches  are  estimated  to  be  ~ 
1-2,  and  they  agree  with  the  decay  time  of  the  oscillation 
amplitude  in  Figure  4a,  confirming  the  validity  of  the  spectral 
method  as  a  density  matrix  propagation  scheme.  Even  though 
it  has  been  well-known  in  the  literature  that  the  damping  of 
population  is  enhanced  with  increased  energy  asymmetry,  we 
have  also  confirmed  this  through  the  spectral  analysis  method. 

As  an  example  of  the  eigenfunction  responsible  for  the 
coherent  oscillation  behavior  observed  in  Figure  4b,  we  show 
the  left  and  right  eigenfunctions  corresponding  to  a  complex 
eigenvalue  fiZ  =  2.6228  ib  /26.394  for  a  symmetric  case  (J3e  = 
0)  and  pz  =  2.8057  ±  i26A66  for  an  asymmetric  case  = 
5)  in  Figures  5  and  6.  The  eigenfunctions  corresponding  to  a 


Figure  4.  Comparison  of  (a,  top)  the  dynamics  and  (b,  bottom)  the 
spectra  in  the  mixed-valence  system  for  three  different  energy  biases. 
Except  for  the  energy  bias,  all  the  other  parameters  are  set  equal  to 
those  used  in  Figure  3.  Agreements  between  the  results  of  numerical 
and  spectral  propagation  have  been  checked  in  these  cases. 

complex  conjugate  pair  of  eigenvalues  are  also  complex 
conjugate  to  each  other;  therefore,  the  frequency  spectrum  of 
the  density  matrix  evolution  is  proportional  to  the  norm  of  wave 
function.  We  note  that  the  left  eigenfunction  is  more  extended 
than  the  right  eigenfunction.  Although  the  population  distribution 
in  the  donor  and  acceptor  states  corresponding  to  coherent 
oscillation  is  inverted  with  respect  to  the  Boltzmann  distribution, 
it  does  not  contribute  to  the  steady-state  population  distribution 
due  to  the  transient  nature. 

IV.  Concluding  Remarks 

In  this  paper  we  have  applied  the  spectral  analysis  method 
to  the  nonadiabatic  two-state  diffusion  equation  that  describes 
electron  transfer  dynamics  in  Debye  solvents.  In  particular,  we 
have  examined  electronic  coherence  in  mixed-valence  com¬ 
pounds  and  demonstrated  that  underdamped  Rabi  oscillations 
are  observed  in  an  overdamped  solvent  environment.  Detailed 
study  of  the  spectral  structure  of  the  nonadiabatic  operator  for 
various  energy  biases  and  coupling  constants  allows  us  to 
determine  the  underlying  mechanisms  of  electron  transfer 
kinetics.  Eigenvalues  form  three  branches  in  the  eigendiagram: 
a  single  branch  of  real  eigenvalues  and  two  symmetric  branches 
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Figure  5.  (a,  top)  Right  and  (b,  bottom)  left  eigenfunctions  with  an 
eigenvalue  =  2.6228  ±  ?26.394  for  a  symmetric  bias  case  (/?6  = 
0).  All  the  other  parameters  are  set  equal  to  those  used  in  Figure  3 
except  for  the  energy  bias.  Each  line  corresponds  to  pi  (solid),  p2 
(dashed),  u  (dot-dashed),  and  v  (dotted),  respectively. 

of  complex  conjugate  eigenvalues.  In  strongly  coupled  systems, 
all  three  branches  have  a  similar  order  of  magnitude,  indicating 
that  both  multiple-exponential  decay  and  coherent  oscillations 
can  be  observed  experimentally. 

We  have  investigated  the  dependence  of  the  spectral  structure 
on  the  coupling  constant.  In  the  very  weak  coupling  regime, 
the  lowest  excited  state  is  well  separated  from  higher  states, 
which  makes  the  electron  transfer  dynamics  a  well-defined  rate 
process.  In  the  strong  coupling  regime,  however,  the  eigenvalue 
diagram  shows  coalescence/bifurcation  behavior  in  the  complex 
plane.  We  have  used  the  spectral  method  to  calculate  the  time 
evolution  of  the  density  matrix,  and  indeed,  observed  electronic 
coherence  in  the  temporal  behavior  of  population  in  the  acceptor 
state  for  nonequilibrium  initial  distributions.  We  also  found  a 
good  agreement  between  results  of  the  spectral  propagation 
method  and  the  numerical  propagation  method  for  small  energy 
bias  cases.  Due  to  non-Hermitianity  of  the  nonadiabatic  operator, 
the  spectral  propagation  method  was  not  numerically  stable  for 
large  energy  bias  cases. 

For  an  isolated  quantum  system,  the  eigensolution  to  the 
Schrddinger  equation  completely  determines  its  dynamics.  In  a 
similar  fashion,  the  eigensolution  to  the  nonadiabatic  diffusion 


Figure  6.  (a,  top)  Right  and  (b,  bottom)  left  eigenfunctions  with  an 
eigenvalue  =  2.8057  ±  /26.466  for  an  asymmetric  bias  case  — 
5).  All  the  other  parameters  are  set  equal  to  those  used  in  Figure  3 
except  for  the  energy  bias.  Each  line  corresponds  to  pi  (solid),  p2 
(dashed),  u  (dot-dashed),  and  v  (dotted),  respectively. 

operator  completely  characterizes  the  dynamics  of  a  dissipative 
system  and  thus  provides  a  powerful  tool  to  analyze  dissipative 
dynamics.  It  is  well-known  that  quantum  dynamics  comes  from 
the  underlying  spectra,  especially  in  gas-phase  chemical  sys¬ 
tems  however,  the  spectral  aspect  of  condensed  phase 
dissipative  systems  has  not  been  well  recognized  yet  and 
deserves  further  investigation.  Though  the  analysis  presented 
here  is  restricted  to  semiclassical  dissipative  systems,  it  may 
also  be  applied  to  quantum  dissipative  dynamics.  In  principle, 
we  can  derive  the  evolution  equation  for  quantum  dissipative 
systems  either  from  first  principles  or  through  numerical 
reduction,  and  then  pose  the  quantum  dissipative  equation  of 
motion  as  an  eigenvalue  problem.  Along  this  line,  the  dissipative 
dynamics  of  the  spin— boson  Hamiltonian,  which  has  been 
studied  mostly  as  a  dynamic  problem,^’^^  can  also  be  explored 
as  a  spectral  problem  in  the  future. 
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Many  semiclassical  wave  packet  propagation  methods  require  only  local  potential  energy  surface  information 
in  order  to  update  a  Gaussian  wave  packet  over  a  short  time  interval.  These  data,  which  include  the  evaluation 
of  the  potential  energy  at  the  instantaneous  configuration  space  center  of  the  wave  packet,  plus  the  gradient 
vector  and  Hessian  (second  derivative)  matrix  at  the  same  configuration,  can  be  generated  efficiently  by 
extant  electromc  structure  packages.  This  leads  to  an  algorithm  for  propagating  semiclassical  Gaussian  wave 
packets  using  electromc  structure  data  computed  “on  the  fly”  in  the  course  of  the  propagation.  The  feasibility 
of  such  a  strategy  for  condensed  phase  systems  is  demonstrated  by  using  it  (with  an  appropriate  approximate 
level  of  electromc  structure  theory)  to  calculate  Franck-Condon  absorption  and  emission  spectra  of  all-trans 
1,3,5,7-octatetraene  in  the  gas  phase,  and  in  both  chloroform  and  methanol  solvents.  Good  agreement  with 
the  corresponding  experimentally  measured  spectra  is  obtained. 


1.  Introduction 

The  problem  of  computing  reliable  dynamical  signatures 
(spectra,  scattering  cross  sections,  reaction  rate  constants,  etc.) 
of  condensed  phase  quantum  systems  remains  challenging  for 
two  basic  reasons.  First,  there  are  severe  practical  difficulties 
in  propagating  wave  packets^  that  describe  the  quantum  motion 
of  the  nuclear  coordinates.  Second,  a  quantum  dynamics 
calculation  is  ultimately  only  as  good  as  the  potential  energy 
surfaces  upon  which  it  is  based,  yet  high-level  ab  initio 
electronic  structure  calculations^  can  only  be  carried  out  for 
small  isolated  molecule  systems.  The  task  of  generating  such 
surfaces  for  large  molecules  or  for  probe  molecules  that  interact 
with  a  condensed  phase  environment  is  a  daunting  one.  The 
situation  is  particularly  bleak  when  the  relevant  quantum 
dynamics  occurs  on  electronically  excited  potential  energy 
surfaces  (e.g.,  in  many  photoinduced  processes),  since  it  is  much 
more  difficult  to  compute  accurate  excited  electronic  potential 
surfaces  than  ground  state  properties. 

For  systems  with  only  a  few  degrees  of  freedom  (ca.  5  or 
less),  it  is  possible  to  calculate  and  store  global  potential  energy 
surfaces,  i.e.,  ones  which  span  the  full  relevant  range  of  each 
nuclear  coordinate,  via  ab  initio  electronic  structure  theory.  Once 
the  relevant  potential  energy  surface  (PES)  is  stored,  nuclear 
coordinate  wave  packets  can  be  propagated  on  it  using  exact 
numerical  grid  and/or  basis  set  technology.  For  systems  much 
larger  than  this,  construction  of  a  global  PES  is  not  feasible. 

Of  course,  in  many  situations  a  global  potential  surface  is  not 
strictly  required.  For  example,  if  the  nuclear  coordinates  can 
be  treated  classically,  one  needs  only  to  determine  the  gradient 
of  the  potential  surface  at  the  instantaneous  configuration  of 
the  nuclear  coordinates  in  order  to  update  this  configuration  by 
a  small  time  step.  The  gradient  has  to  be  recomputed  at  each 
time  step,  but  for  a  system  with  many  nuclear  coordinates  (e.g. 
a  condensed  phase  system),  this  is  vastly  preferable  to  attempting 
to  construct  a  global  multidimensional  potential  surface.  Indeed, 
this  strategy,  namely,  using  electronic  structure  methodology 
to  determine  the  potential  energy  gradient  at  the  instantaneous 
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nuclear  coordinate  configuration  coupled  with  Newton’s  equa¬ 
tions  of  classical  mechanics,  has  proven  extremely  useful  in 
recent  years.^  The  central  issue  we  wish  to  consider  here  is  to 
what  extent  the  concept  of  on  the  fly  determination  of  potential 
energy  surfaces  can  be  extended  to  enable  quantum  mechanical 
propagation  of  the  nuclear  coordinates. 

A  nuclear  coordinate  wave  packet  is  localized  in  some  region 
of  space  at  a  particular  time,  and  it  is  only  necessary  to  know 
the  potential  energy  surface  in  that  region  (i.e.,  where  the  wave 
packet  has  nonzero  amplitude)  to  update  it  by  a  small  time  step 
according  to  the  time-dependent  Schrodinger  equation.  This 
property  does  not  necessarily  provide  any  practical  advantage: 
one  would  still  need  to  map  out  (by  quadrature)  the  potential 
energy  surface  in  the  appropriate  region  of  multidimensional 
coordinate  space,  and  then  update  the  wave  packet  on  the 
corresponding  multidimensional  coordinate  grid.  However,  if 
the  wave  packet  is  well  localized,  several  features  conspire  to 
make  the  prospect  of  wave  packet  dynamics  with  potential 
surfaces  computed  on  the  fly  much  more  attractive.  A  narrow 
Gaussian  wave  packet  remains  Gaussian  in  time  (until  it 
broadens  to  a  critical  width;  cf.  below).  This  allows  the 
utilization  of  Heller’s  Gaussian  wave  packet  dynamics  (GWD) 
algorithm  to  propagate  multidimensional  wave  packets.^  GWD 
requires  at  most  a  quadratic  Taylor  series  expansion  of  the 
potential  energy  surface  around  the  instantaneous  center  of  the 
wave  packet  (the  “thawed  Gaussian  approximation”.^).  Thus,  a 
call  to  the  electronic  structure  (ES)  part  of  the  algorithm  need 
only  provide  at  each  step  the  value  of  the  potential  energy  at 
the  current  nuclear  coordinate  configuration,  plus  the  gradient 
and  Hessian  (second  derivative  matrix)  at  that  configuration. 
These  quantities  are  readily  produced  by  standard  electronic 
structure  programs/software  packages.  With  this  minimal  amount 
of  “local”  potential  energy  information  it  is  possible  to  update 
the  Gaussian  wave  packet  representing  the  nuclear  coordinate 
wave  packet  state  by  a  small  time  step,  and  then  repeat  the 
process  again.  Indeed,  we  note  that  in  certain  situations  (e.g.,  if 
the  width  of  the  nuclear  coordinate  wave  packet  is  very  small) 
a  simpler  approximation  to  the  nuclear  coordinate  wave  packet 
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motion,  namely  the  frozen  Gaussian  approximation,^  suffices. 

In  this  case  second  derivative  (Hessian)  ES  data  is  not  required, 
and  the  strategy  reduces  to  the  one  used  to  propagate  the  nuclear 
coordinates  classically  (vide  supra).^ 

Of  course,  the  condition  that  the  nuclear  coordinate  wave 
packet  remains  narrow  imposes  restrictions  on  the  range  of 
dynamical  processes  that  can  be  treated  by  the  strategy  proposed 
above.  For  the  general  case  of  anharmonic  potential  energy 
surfaces,  an  initially  narrow  wave  packet  will  eventually  spread 
until  the  potential  surface  cannot  be  represented  by  a  quadratic 
form  in  the  entire  spatial  region  where  the  wave  packet  is 
nonzero.^  How  long  it  takes  to  reach  this  point  depends  on  the 
details  of  the  shape  of  the  potential  surfaces,  mass  of  the  atoms, 
initial  conditions,  etc.  A  variety  of  applications  of  the  technique 
indicate  that  many  dynamical  processes  on  a  subpicosecond  time 
scale  can  be  successfully  treated  using  the  Gaussian  approxima¬ 
tion  of  the  nuclear  coordinate  wave  packet  states.^"^^  It  is  this 
class  of  processes  which  we  focus  on  here.^"^ 

In  the  present  work  we  combine  Gaussian  wave  packet 
dynamics  with  potential  energy  surfaces  computed  on  the  fly 
to  study  the  electronic  absorption  and  emission  spectra  of  all- 
trans  octatetraene,  both  as  an  isolated  molecule  and  immersed 
in  a  liquid  solvent.  Octatetraene  is  the  shortest  polyene  that 
shows  clear  emission  spectra. It  is  composed  of  18  atoms, 
and  hence  48  vibrational  coordinates.  We  treat  their  quantum 
dynamical  evolution  motion  via  Gaussian  wave  packet  dynam¬ 
ics,  while  the  relevant  48 -dimensional  PES’s  are  computed  on 
the  fly  using  Warshel’s  semiempirical  QCFF/PI  electronic 
structure  code.^^’^^  We  are  able  to  reproduce  well-resolved 
experimental  gas  phase  Franck—Condon  spectra  using  this 
procedure.  We  then  model  the  analogous  spectra  for  octatetraene 
in  room  temperature  polar  solvents,  specifically  chloroform  and 
methanol.  Because  solvent  relaxation  takes  place  on  a  multi¬ 
picosecond  time  scale  while  the  relevant  nuclear  wave  packet 
dynamics  contributing  to  Franck  Condon  absorption/emission 
spectra  lasts  less  than  100  fs,  we  employ  a  static  solvent  model, 
i.e.,  the  solute  (octatetraene)  motion  takes  place  in  the  potential 
field  generated  by  a  static  solvent  configuration.  (This  external 
potential  is  added  to  the  internal  Coulombic  interactions  of  the 
nuclei  and  electrons  of  the  octatetraene  molecule  in  the 
computation  of  potential  energy  surfaces  using  QCFF/PI).  We 
average  over  solvent  configurations  selected  from  a  classical 
equilibrium  molecular  dynamics  simulation  to  obtain  a  predic¬ 
tion  for  the  observed  condensed  phase  octatetraene  spectrum. 
Good  agreement  is  found  with  experimental  measurements.  Not 
only  are  solvent-induced  shifts  of  the  absorption  and  emission 
bands  successfully  accounted  for,  but  so  are  the  shapes  of  the 
bands.  The  latter  are  altered  by  solvent  broadening,  but 
nevertheless  retain  some  vibrational  structure.  The  ability  of 
the  methodology  utilized  here  to  account  for  vibronic  structure 
justifies  the  effort  of  propagating  nuclear  coordinate  wave 
packets,  and  the  accuracy  of  the  results  compared  to  experiment 
demonstrates  the  utility  of  performing  detailed  electronic 
structure  calculations  to  obtain  the  required  potential  energy 
surfaces. 

The  outline  of  the  paper  is  as  follows.  In  section  2  we  present 
methodological  details.  Section  2.1  briefly  reviews  the  QCFF/ 
PI  electronic  structure  method,  and  the  modifications  needed 
to  treat  the  influence  of  an  external  potential  energy  field  (to 
be  provided  by  electrostatic  and  nonbonded  interactions  of  the 
solute  molecule  with  surrounding  solvent  molecules).  In  section 
2.2  we  discuss  the  classical  MD  simulations  used  to  generate 
solvent  configurations.  In  section  2.3  we  summarize  the  GWD 
method  for  quantum  mechanical  propagation  of  the  vibrational 


coordinates  of  the  solute  molecules,  and  the  procedure  used  to 
extract  Franck-Condon  spectra  from  this  wave  packet  dynam¬ 
ics.  In  section  3  we  present  results  for  calculated  electronic 
absorption  and  emission  spectra  of  gas  phase  octatetraene  and 
the  analogues  of  these  spectra  for  an  octatetraene  molecule  in 
chloroform  and  methanol  solvents.  Direct  comparison  with 
experiment  is  made.  Section  4  contains  concluding  remarks. 

2.  Methodological  Details 

2.1.  Semiempirical  Electronic  Structure  USING  QCFF/ 
PI.  Consider  a  single  solute  molecule  immersed  in  a  liquid 
solvent.  For  a  given  configuration  of  solute  nuclei  and  solvent 
atoms,  the  Hamiltonian  for  the  electrons  of  the  solute  is 

H  +  ^sol  +  ^mol/sol  ^ 


where  H^oi  is  the  quantum  mechanical  Hamiltonian  of  the  solute 
(in  atomic  units): 


n  N  eZ„ 


N  N  Z^Zp 


A..,=-'4X’;+xi;7-xs-+ii7“  ® 

i  i  i  a  ^ia  a 


Here  i  labels  the  solute  electrons  (n  in  all)  and  a  the  solute 
nuclei  (A^  in  all);  nj  is  the  distance  between  electrons  i  and  j 
and  Rafi  the  distance  between  nuclei  a  and  Za  is  the  atomic 
number  of  nucleus  a  and  e  the  magnitude  of  the  electron  charge. 
Of  the  other  terms  in  eq  1 ,  Hsoi  is  the  classical  Hamiltonian  for 
the  solvent  (specified  in  section  2.2)  and  iTmoi/soi  is  the  interac¬ 
tion  Hamiltonian  that  describes  the  interaction  between  the  solute 
and  the  solvent,  namely: 


(3) 


H, 


mol/sol 


k  ^ik  k  Rak 


a  k 


\R. 


In  this  equation  the  solvent  atoms  are  labeled  by  k  (M  atoms  in 
all),  qk  is  the  charge  on  solvent  atom  k,  nk  is  the  distance  between 
solute  electron  i  and  solvent  atom  k,  Rak  is  the  distance  between 
solute  nucleus  a  and  solvent  atom  /c,  and  €ajc  and  Oajc  are 
Lennard- Jones  parameters.  Clearly,  the  first  two  terms  in  eq  3 
account  for  electrostatic  interactions  between  the  (partial) 
charges  on  the  solvent  atoms  and  the  electrons  and  nuclei  of 
the  solute  molecule,  while  the  third  term  accounts  for  short- 
range  van  der  Waals  forces  between  solute  and  solvent  atoms. 

To  calculate  the  electronic  absorption  and  emission  spectra 
of  octatetraene,  we  require  equilibrium  geometries  and  potential 
energy  surfaces  for  the  ground  and  the  first  two  excited  states. 
Simple  MO  theories  can  be  used  to  describe  the  ground  state 
l^Ag  and  the  second  excited  state  l^Bu.  This  corresponds  to 
the  |HOMO)  —  |LUMO)  transition.  To  describe  the  first  excited 
state  2^Ag  it  is  necessary  to  use  configuration  interaction  with 
double  excitations,  since  this  state  is  a  mixture  of  single 
([HOMO  -  1)  ILUMO)  and  IHOMO)  ILUMO  +  1))  and 
double  (mainly,  |HOMO,  HOMO)  —  |LUMO,  LUMO))  excita¬ 
tions.  It  is  possible  to  perform  ab  initio  calculations  for  the 
octatetraene  molecule,  but  our  “structure  on  the  fly  method 
requires  many  of  these  calculations  to  evaluate  the  potential 
energy  surfaces  at  the  center  of  the  wave  packet  during  its  time 
propagation.  For  this  reason,  we  have  chosen  to  employ  a 
semiempirical  technique  to  detemune  the  electronic  structure 
of  the  molecule,  specifically  the  QCFF/PI  method  developed 
by  Warshel  and  others  with  single  plus  double  excited  configu¬ 
rations  included. This  model  describes  the  o  electrons  with 
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an  empirical  potential  and  the  it  electrons  via  a  semiempirical 
quantum-mechanical  calculation  comprising  of  self-consistent 
field  plus  configuration  interaction  components.  The  QCFF/PI 
program  has  proven  reliable  for  computing  ground  and  excited 
states  of  gas  phase  polyenes  and  their  associated  optical/UV 
spectra,^^  and  has  the  additional  advantage  that  from  a  single 
electronic  eigenfunction  (obtained  by  solving  the  electronic 
Schrodinger  equation  at  a  particular  nuclear  coordinate  config¬ 
uration)  the  first  and  second  derivatives  with  respect  to  the 
Cartesian  positions  of  the  atoms  at  that  nuclear  configuration 
can  be  calculated  analytically  (hence  rapidly).  These  derivatives 
are  needed  in  order  to  evolve  the  nuclear  coordinate  dynamics 
using  GWD  techniques.  As  noted  above  (and  discussed  further 
below),  the  QCFF/PI  program  has  been  modified  to  include  an 
additional  term  in  the  diagonal  elements  of  the  Fock  matrix  to 
take  into  account  the  electrostatic  influence  of  the  partial  charges 
of  the  solvent  molecules  on  the  electronic  structure  of  the  solute 
molecule.  Specifically,  the  Fock  matrix  under  the  influence  of 
the  solvent  can  be  written  as^"^’^^ 


M 


Fii=j^i-YL 


k  i 


Fy  =  F^  (4) 

Here  is  the  Fock  matrix  of  the  isolated  solute,  expressed  in 
a  basis  of  orthogonalized  atomic  orbitals  q)i.  The  diagonal  Fock 
matrix  elements  are  modified  by  the  indicated  correction  terms 
which  reflect  electrostatic  interactions  of  the  solute  electrons 
with  the  charges  on  the  solvent  atoms  according  to  the  first 
term  in  HmoVsoh  (The  second  and  third  terms  in  HmoUsoi  do  not 
depend  on  solute  electronic  coordinates  and  can  be  treated  as 
an  external  field  and  added  directly  to  the  total  energy.)  The 
one-electron  integrals  associated  with  the  interaction  Hamilto¬ 
nian  are  evaluated  analytically  using  the  appropriate  expressions 
for  Slater  orbitals.^^  The  van  der  Waals  parameters  used  in  this 
calculation  are  the  same  ones  used  in  the  molecular  dynamics 
calculation  detailed  below. 

2.2.  Classical  MD  of  the  Solvent.  For  an  isolated  octatetraene 
molecule,  the  QCFF/PI  program  can  be  used  to  evaluate  the 
PES  at  any  atomic  configuration.  However,  when  this  molecule 
is  immersed  in  a  condensed  phase  environment,  the  relevant 
PES  is  modified  by  the  presence  of  the  surrounding  molecules 
of  the  bath.  In  particular,  if  the  solvent  molecules  are  polar,  the 
electrostatic  interaction  of  the  partial  charges  of  these  molecules 
will  significantly  affect  the  electronic  structure  of  the  polyatomic 
molecule.  This  effect  can  be  accounted  for  by  calculating  the 
Coulombic  potential  in  the  region  of  the  solute  atoms  generated 
by  the  partial  charges  present  in  the  solvent.  The  electric 
potential  field  generated  by  the  solvent  charges  modifies  the 
diagonal  elements  of  the  Fock  matrix  of  the  molecule  (cf.  eq 
4),  and  this  modification  perturbs  the  potential  energy  surfaces 
of  the  molecule.  To  incorporate  such  perturbations  we  take 
advantage  of  the  fact  that  the  dynamical  time  scale  for  the 
absorption  correlation  function  is  <100  fs,  while  the  typical 
time  scale  for  rotational  relaxation  of  polyatomic  molecules  in 
a  liquid  phase  can  be  several  picoseconds.  Therefore,  the  effects 
of  die  solvent  can  be  treated  in  the  “static  limit”,  i.e.,  the 
configuration  of  the  solvent  is  frozen,  nuclear  wave  packet 
dynamics  on  the  molecular  potential  energy  surface  perturbed 
by  that  solvent  configuration  is  computed  (details  are  given  in 
section  2.3),  and  an  average  is  taken  over  configurations  selected 
from  a  thermal  equilibrium  ensemble  to  get  the  condensed  phase 
spectrum.  For  a  liquid  solute -solvent  system  at  room  temper¬ 


ature,  the  equilibrium  configurations  of  the  (room  temperature) 
solvent  can  be  sampled  via  classical  molecular  dynamics  (MD) 
simulations. 

We  performed  MD  simulations  using  the  AMBER^^  force 
field,  according  to  which  the  total  potential  energy  function  for 
the  ensemble  of  solvent  molecules  has  the  form 


=  I  KXr  -  +  X  Ke(e  -  + 

angles 


bonds 


X  — [1  +  cos(n0  ~  r)]  +  X 

dihedrals  2  i<j 


(5) 


(The  definitions  of  the  various  force  field  parameters  can  be 
found  elsewhere.^'^)  For  the  solvents  studied,  chloroform  and 
methanol,  a  rectangular  box  of  solvent  molecules  was  generated 
(containing  787  and  633  solvent  molecules  in  the  cases  of 
chloroform  and  methanol,  respectively).  We  employed  a  flexible 
all-atom  model  for  the  molecules  using  force  fields  parameters 
developed  as  part  of  the  AMBER  package.^^’^^  The  molecular 
dynamics  simulations  were  performed  using  explicit  image 
periodic  boundary  conditions  with  a  time  step  of  0.5  fs  and  a 
temperature  of  300  K.  We  first  calculated  molecular  dynamics 
of  the  solvent  alone  to  ensure  that  solvent  properties  such  as 
the  bulk  density  were  reproduced  for  the  force  field  param¬ 
eters  chosen  for  the  simulations.  Then  one  molecule  of  octatet¬ 
raene  was  introduced  into  the  solvent  box  and  an  MD  simula¬ 
tion  was  performed  on  the  solvent/solute  system,  keeping  the 
solute  rigid  (freezing  internal  vibrations)  for  the  purposes  of 
the  simulation.  After  equilibrating  at  1  atm,  constant  volume 
dynamics  was  carried  out  and  we  generated  multiple  sets  of 
solvent  configurations  separated  by  1  ps.  For  absorption 
spectrum  calculations,  the  equilibrium  geometry  and  partial 
charges  of  octatetraene  in  the  ground  electronic  state  were  used 
in  the  molecular  dynamics  simulations.  For  emission  spectrum 
calculations,  the  geometry  and  charges  for  the  2^  Ag  state  were 
used. 

2.3.  Nuclear  Coordinate  Wave  Packet  Evolution  via 
Gaussian  Wave  Packet  Dynamics  and  the  Extraction  of 
Vibronic  Spectra.  As  discussed  above,  to  calculate  quantum 
nuclear  coordinate  evolution  on  general  multidimensional 
potential  energy  surfaces  it  is  necessary  to  use  approximate 
techniques.  One  such  technique  is  Gaussian  wave  packet 
dynamics  (GWD),  which  has  been  extensively  utilized  in  the 
past  to  produce  rapid  and  reliable  results  for  nuclear  dynamics 
on  the  scale  of  a  picosecond  or  shorter.^"^^  The  general  Gaussian 
wave  function  for  a  D-dimensional  system  at  time  t  with  spatial 
coordinate  3c  is 


(t)(x,t)  =  exp[/[(x  -  -  Xf)  +  pj*(x  -  x)  +  yj] 

(6) 

where  A^  is  a  D  x  D  complex  symmetric  matrix,  %  and  pt  are 
real  D-dimensional  vectors  specifying  the  position  and  momen¬ 
tum  of  the  center  of  the  wave  packet,  and  yt  is  a  complex  phase/ 
normalization  parameter. 

The  equations  of  motion  governing  the  time  evolution  of  the 
parameters  in  this  Gaussian  wave  packet  depend  only  on  local 
information  about  the  potential  energy  surface  near  the  center 
of  the  wave  packet.  Specifically,  frozen  Gaussian  approximation 
(FGA)  wave  packet  dynamics  requires  only  the  gradient  of  the 
potential  surface  at  the  position  space  center  of  the  wave  packet.^ 
Thawed  Gaussian  approximation  (TGA)  dynamics  also  requires 
second  derivative  information  as  input."^ 
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Covalently  bound  molecules  usually  occupy  the  ground 
vibrational  state  of  the  ground  electronic  PES  prior  to  photo- 
excitation,  because  typically  the  vibrational  quantum  is  much 
larger  than  k^T  (ks  is  Boltzmann’s  constant,  T  the  absolute 
temperature)  for  all  Franck-Condon  active  normal  modes.  The 
initial  wave  packet  is  then  Gaussian  in  shape.  After  the 
photoexcitation  event,  this  initial  wave  packet  evolves  on  an 
excited  electronic  surface.  The  evolution  of  this  wave  packet 
0(x,O  can  be  computed  by  solving  the  equations  of  motion  for 
the  Gaussian  parameters, using  as  input  excited  state  PES 
data.  The  electronic  absorption  spectrum  is  calculated  using  the 
well-known  prescription^ 

=  ^/o°°  dr  exp[/(tWL  +  (7) 

where  wl  is  the  frequency  of  the  laser  beam  and  is  the 
vibrational  energy  eigenvalue  corresponding  to  The  equa¬ 
tion  for  the  emission  spectrum  is  similar  with  reversal  of  the 
roles  played  by  ground  and  excited  electronic  states  and  the 
change  cul  ~coL’ 

We  use  the  GWD  technique  to  propagate  the  nuclear  wave 
packets  associated  with  the  octatetraene  molecule.  These  wave 
packets  evolve  on  the  anharmonic  potential  surfaces  generated 
by  QCFF/PI.  For  the  absorption  spectrum  the  initial  wave  packet 
is  written  as  a  product  of  the  ground  vibrational  eigenfunctions 
associated  with  the  normal  modes  of  the  ground  electronic  state 
of  the  molecule.  For  the  emission  spectrum,  the  ground 
vibrational  eigenfunctions  for  the  first  excited  state,  2^Ag,  are 
used.  At  t  =  0  this  initial  wave  packet  is  placed  on  the  second 
excited  state  (absorption)  or  the  ground  state  (emission)  and 
evolved  there.  At  every  time  step,  the  potential  energy  and 
appropriate  derivatives  of  the  PES  at  the  center  of  the  wave 
packet  are  evaluated  via  QCFF/PI  (on  the  fly  dynamics).  For 
the  systems  studied  in  this  paper,  the  FGA  and  TGA  produced 
essentially  identical  results.  Time  evolution  was  carried  out  for 
100  fs  for  each  solvent  configuration  and  the  spectra  were 
collected  and  averaged  for  the  different  configurations.  We 
obtained  converged  static  averages  for  the  condensed  phase 
spectra  using  150—200  solvent  configurations. 

We  executed  the  programs  on  a  DEC  a  workstation.  It  took 
several  days  to  get  the  set  of  solvent  configurations  using 
AMBER,  and  1  h  to  compute  the  nuclear  wave  packet  evolution 
using  QCFF/PI. 

3.  Results 

The  electronic  spectroscopy  of  all-trans-l,3,5,7-octatetraene 
has  been  studied  theoretically^^  and  experimentally.  The 
absorption  spectrum  of  this  molecule  involves  an  electronic 
transition  from  a  ground  state  with  Ag  symmetry  to  the  second 
lowest  excited  singlet  state  with  Bu  symmetry.  The  emission 
spectrum  in  the  gas  phase  involves  a  transition  between  the  same 
two  states,  and  hence  appears  as  a  mirror  image  of  the 
corresponding  absorption  spectrum.  However,  in  the  condensed 
phase  the  observed  emission  spectrum  is  due  to  a  forbidden 
transition  from  the  lowest  excited  singlet  state  with  Ag  sym¬ 
metry.  The  energy  gap  between  these  first  excited  states  of 
octatetraene  is  6400  cm“k 

The  absorption  and  emission  spectra  of  all- trans- 1,3,5  J- 
octatetraene  in  the  gas  phase  shows  Franck-Condon  structure 
arising  from  single  and  double  bond  C-C  stretches  (at  1645 
and  1235  cm~^  respect! vely).^®  Gavin  et  al.^o  also  obtained 
experimental  absorption  and  emission  spectra  of  octatetraene 
in  10  different  solvents.  They  observed  that  the  absorption  and 
emission  spectra  in  solution  are  broad  and  some  vibrational 
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Figure  1.  Calculated  absorption  and  emission  spectra  of  all  trans- 
octatetraene  in  the  gas  phase  computed  via  Gaussian  wave  packet 
dynamics  and  QCFF/PI  electronic  structure  is  shown  in  the  main  panel. 
The  inset  shows  both  experimental  spectra. 

structure  is  apparent  in  the  absorption  spectrum.  They  noted 
that  these  spectra  do  not  change  in  shape  from  solvent  to  solvent 
but  the  overall  spectral  band  shifts  in  frequency.  They  also 
noticed  a  large  energy  gap  that  separates  the  absorption  and 
emission  spectra  for  a  given  solvent  due  to  the  different 
electronic  states  involved  in  the  two  processes. 

We  have  chosen  two  solvents  (chloroform  and  methanol)  to 
test  the  sensitivity  of  our  method.  Experimentally, the  0-0 
absorption  band  of  octatetraene  in  chloroform  and  methanol  is 
red-shifted  with  respect  to  the  gas  phase  band  (by  2973  and 
2333  cm”^,  respectively). 

Figure  1  shows  the  absorption  and  emission  spectra  of 
octatetraene  in  the  gas  phase  calculated  using  QCFF/PI  plus 
GWD  techniques.  (In  order  to  mimic  instrumental  broadening 
in  the  experimental  gas  phase  measurements,  we  invoked  an 
additional  exponential  damping  factor  in  the  integrand  of  eq  7. 
That  is,  in  eq  7,  ^  IT.  A  numerical  value  of  F  =  160 

cm”^  was  employed.)  The  similarity  between  the  calculated 
absorption  spectrum  and  the  experimental  result^®  (shown  in 
the  inset  of  the  figure)  indicates  that  the  combination  of  QCFF/ 
PI  electronic  structure  and  GWD  wave  packet  propagation  is 
accurate  enough  to  compute  vibrationally  resolved  Franck- 
Condon  spectra  for  this  system.  The  calculated  emission 
spectrum  is  almost  a  mirror  image  of  the  calculated  absorption 
spectrum,  consistent  with  the  experimental  situation.  (The 
presence  of  resonance  fluorescence  prevented  an  accurate 
emission  spectrum  near  the  0~0  region  from  being  measured 
experimentally.)  In  Figure  2  we  show  the  absorption  spectrum 
calculated  for  octatetraene  in  the  gas  phase  and  in  liquid 
chloroform  at  room  temperature.  (For  the  condensed  phase 
spectra  shown  in  Figures  2—4,  no  artificial  correlation  function 
damping  was  imposed.)  Both  are  similar  to  the  corresponding 
experimental  spectra^®  (cf.  insets  of  Figures  1  and  3).  Interaction 
with  the  solvent  broadens  the  spectrum  of  the  solute  molecule 
and  shifts  the  calculated  spectrum  to  the  red  by  about  2500  cm“^ 
in  reasonable  agreement  with  the  experimental  result  of  2973 
cm“k  In  Figure  3  we  show  the  absorption  and  emission  spectra 
of  octatetraene  in  chloroform.  The  excited  states  involved  in 
these  two  spectroscopic  signatures  are  different,  as  noted  above. 
This  explains  the  energy  gap  between  the  origins  of  the  two 
spectra.  The  calculated  energy  gap  is  about  1200  cm“^  higher 
than  the  experimental  one.  This  difference  may  be  caused  in 
part  by  the  different  level  of  electronic  structure  theory  used  in 
QCFF/PI  to  calculate  the  electronic  states  involved  in  the  two 
transitions.  A  comparison  of  these  spectra  with  the  correspond¬ 
ing  experimental  results  (see  inset  to  Figure  3)  reveals  good 
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Figure  2.  Calculated  absorption  spectra  of  all  rran^-octatetraene  in 
chloroform  solution  at  room  temperature  and  in  the  gas  phase.  (The 
corresponding  experimental  spectra  are  presented  in  the  insets  to  Figures 
1  and  3.) 


Figure  3.  Calculated  emission  and  absorption  spectra  of  trans- 
octatetraene  in  chloroform  solution  at  room  temperature.  The  inset 
shows  the  corresponding  experimental  spectra  in  a  hexane  solution.^^ 
The  experimental  spectra  in  both  solvents  have  similar  shape  but  the 
0—0  absorption  band  in  chloroform  is  shifted  550  cm”^  to  the  red 
compared  with  the  one  for  hexane  and  the  fluorescence  maximum  in 
chloroform  is  shifted  190  cm'^  to  the  red  compared  with  the  maximum 
for  hexane.^® 


Figure  4.  Calculated  absorption  spectra  of  rran^-octatetraene  in 
methanol  and  chloroform  solutions  at  room  temperature. 


general  agreement.  Our  emission  spectrum  is  about  180  A 
broader  than  the  experimental  one  but  it  clearly  reproduces  the 


loss  of  vibrational  structure  compared  to  the  corresponding 
absorption  spectrum. 

To  test  the  sensitivity  of  our  method  to  changes  in  solvent 
environments,  we  show  in  Figure  4  the  calculated  absorption 
spectra  of  octatetraene  in  methanol  and  in  chloroform  at  room 
temperature.  It  has  been  observed  experimentally  that  the 
absorption  spectrum  of  octatetraene  does  not  change  much  in 
shape  from  solvent  to  solvent,  but  the  overall  absorption  band 
shifts  in  frequency.^®  The  absorption  spectra  we  obtain  indeed 
have  similar  shape  and  they  are  shifted  to  the  red  compared 
with  the  gas  phase  spectrum.  The  absorption  spectrum  in 
methanol  is  shifted  to  Ae  blue  compared  with  the  spectrum  in 
chloroform  by  about  450  cnT^.  The  experimental  shift  is  640 
cm“^  in  reasonable  agreement  with  the  result  obtained  in  our 
computation.  This  provides  evidence  that  the  technique  utilized 
here  can  be  used  to  study  a  wide  range  of  solvent— solute 
systems  that  show  vibrational  signatures  in  their  Franck— 
Condon  spectra.  The  quality  of  the  results  can  vary  depending 
on  such  factors  as  the  accuracy  of  the  electronic  structure 
program  that  calculates  the  potential  energy  surfaces  associated 
with  the  solute  molecule  and  the  degree  of  anharmonicity  of 
the  potential  energy  surfaces.  However,  due  to  the  short-time 
nature  of  the  associated  dynamics  (the  condensed  phase  wave 
packet  correlation  functions  calculated  in  the  present  work 
decayed  irreversibly  to  zero  in  <60  fs),  the  method  described 
in  this  paper  should  yield  accurate  results  for  many  systems  of 
chemical  interest.  The  use  of  fast  GWD  techniques  to  propagate 
nuclear  wave  packets  using  potential  surfaces  evaluated  on  the 
fly  via  semiempirical  electronic  structure  calculations  (utilizing 
a  spectroscopically  calibrated  ES  program)  will  allow  the  use 
of  this  technique  to  study  spectroscopic  signatures  for  solutes 
with  higher  dimensionality  than  octatetraene  (e.g.,  organic  dyes 
that  are  commonly  used  in  laser  devices^^). 

4.  Concluding  Remarks 

We  have  developed  a  methodology  that  uses  Gaussian  wave 
packet  techniques  to  propagate  the  nuclear  coordinate  wave 
packets  associated  with  a  polyatomic  molecular  system  on 
instantaneous  potential  energy  surfaces  generated  on  the  fly  by 
an  appropriate  electronic  structure  program.  These  potential 
surfaces  can  incorporate  interactions  between  the  molecule  and 
the  surrounding  environment.  We  have  applied  this  algorithm 
to  study  the  one-photon  absorption  and  emission  spectra  of  all- 
rran5'-l,3,5,7-octatetraene  in  the  gas  phase  and  in  polar  liquid 
solvents  (specifically,  chloroform  and  methanol).  Comparison 
with  experimental  results  shows  that  the  technique  is  accurate 
enough  to  reproduce  the  main  solvent-induced  perturbations  in 
the  spectroscopic  signals  studied.  The  relatively  small  deviations 
of  our  computations  compared  to  the  experimental  results  can 
be  attributed  to  the  approximations  inherent  in  the  semiempirical 
QCFF/PI  procedure  and  the  force  fields  determining  solvent- 
solvent  and  solute— solvent  interactions,  and  the  use  of  the  “static 
limit”  approximation  for  the  effect  of  the  solvent  on  the  nuclear 
wave  packet  dynamics.  Our  results  suggest  that  the  methodology 
can  be  applied  to  other  problems  involving  short-time  quantum 
dynamics  of  condensed  phase  systems.  These  systems  are  not 
limited  to  solutes  immersed  in  liquid  solvents,  but  include,  for 
example,  molecular  adsorbates  on  solid  surfaces^  ^  and  photo¬ 
dissociation  dynamics  of  small  molecules  bound  to  biomol¬ 
ecules. 

We  note  in  concluding  that  there  has  been  a  recent  resurgence 
of  interest  in  computing  nuclear  coordinate  wave  packet 
evolution  via  methods  founded  upon  the  initial  value  representa¬ 
tion  (IVR)  of  the  van  Vleck  time-dependent  semiclassical  (SC) 
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propagator.^^’^4  The  intrinsic  accuracy  of  the  SC  propagator 
appears  to  be  very  high.^^  Its  evaluation  for  high-dimensional 
systems  is  not  completely  straightforward  and  is  still  under 
investigation.^^"^^  Nevertheless,  all  IVR  methods  for  evaluating 
the  SC  propagator  use  the  same  elementary  ingredient  found  in 
simple  Gaussian  wave  packet  dynamics  (GWD),  namely  a 
classical  trajectory  is  propagated  (based  on  specified  initial 
values  of  position  and  momentum)  and  the  second  derivative 
matrix  of  the  potential  energy  function  (the  Hessian  matrix)  is 
evaluated  along  the  trajectory.  In  GWD  this  needs  to  be  done 
only  once  to  propagate  an  initially  Gaussian  wave  packet, 
whereas  in  IVR-SC  propagator  methods,  many  trajectories  (and 
the  associated  Hessian  matrices)  have  to  be  propagated.  The 
method  developed  here  can  thus  be  employed  without  essential 
modification  in  IVR-SC  schemes  in  situations  where  the  simple 
GWD  approximation  is  inadequate.  Since  each  classical  trajec¬ 
tory  is  independent  of  all  the  others,  it  should  be  possible  to 
employ  parallel  processing  computer  platforms  to  relieve  the 
burden  of  having  to  evolve  many  trajectories  in  order  to 
propagate  one  nuclear  coordinate  wave  packet. 
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Optimization  of  action  integrals  is  suggested  as  an  alternative  to  initial  value  algorithms  for  the  study  of 
time-evolving  quantum  systems.  The  finite  element  method  provides  a  convenient  and  rapidly  convergent 
scheme  for  some  simple  cases  where  analytical  solutions  are  available.  Two  level  systems  are  given  particular 
attention. 


Introduction 

Examination  of  the  options  offered  by  the  finite  element 
method,  as  a  means  of  estimating  the  evolution  of  quantum 
mechanical  systems,  is  the  subject  of  this  article.  An  action 
integral  is  defined  and  its  optimization  provides  an  alternative 
to  time-stepping  algorithms  and  provides  a  quadratic  conver¬ 
gence  toward  the  accurate  result.  Thus,  inaccuracies  in  a  state 
vector  affect  the  propagator  only  in  second  order. 

Molecular  change,  which  is  the  essence  of  chemistry,  derives 
from  quantum  mechanics  in  the  time  domain.  Approximate 
solutions  to  Schrodinger’s  and  Liouville’s  equations  are  desired, 
and  a  rich  literature  has  evolved  on  different  algorithms,  Kosloff 
reviewed  the  field  well  in  1988^  and  later  developments  are 
represented  in  this  issue,  so  no  attempt  is  made  here  to  create 
a  survey  of  the  methods  favored  at  this  time.  An  algorithm  based 
on  the  time-integrated  Lagrangian  formulation^  was  suggested 
in  1992^  as  a  means  of  effective  application  of  the  finite  element 
method  and  is  reconsidered  here  in  further  detail  and  with 
additional  results  on  convergence  properties  and  computational 
feasibility. 

The  action  integral  and  the  basics  of  the  finite  element  method 
representation  are  presented  in  the  next  section.  There  follows 
a  section  with  a  few  elementary  results  and  a  fourth  section 
with  application  to  a  two-level  problem  as  in  a  spin  resonance 
situation.  Conclusions  are  given  in  the  last  section. 

Action  Integral 

Schrodinger’s  picture  with  a  time-dependent  state  vector,  I'P- 
(0),  will  be  used  and  the  symmetrized  Lagrangian  is  formed  as 


Auxiliary  vectors  [A)  serve  to  define  the  evolution  operator  U. 
The  variations  of  the  action  S  and  conditions  of  stationarity 
imply  the  equations 

yi|lw(o>-Hiw))  =  o 

|W(0))=|Ao)  mT))  =  \Aj) 

|W(7))  =  C/|Ao)  mO)}=U^\^r)  (3) 

that  are  the  standard  ones. 

It  will  be  assumed  that  an  approximate  state  vector  is  defined 
in  terms  of  parameters,  which  are  functions  of  time.  A  common 
form  is  the  linear  one  where  a  fixed  basis  in  the  relevant  Hilbert 
space  is  used 

l'P(O)  =  'L[j)aj(t)  (4) 

More  involved  are  the  forms  where  the  state  vector  depends  on 
general  parameters 

|^[nai(r),a2(f),...]>  (5) 

such  as  the  coherent  state  representations  used  by  Ohm  and 
collaborators.^ 

We  consider  first  the  linear  case  and  introduce  a  finite  element 
representation  for  the  time  dependence  of  the  amplitudes  aft) 
in  terms  of  their  values  at  a  discrete  set  of  times: 


mt)\ 

dt  I 


ihimt) 

iX  St 


WOIHWIVPW)  (1) 


so  that  the  action  integral  S,  with  the  boundary  terms  will  be 


5(W,A)  =  fdtm  +  |{<'P(7)|Aj.>  -  (A^I'PCT))  - 
mO)|Ao>  +  <Ao|W(0))  +  {Aj\U\A,)  -  {A,\U^\Aj}}  (2) 


ap)  =  fPk')  = 

0  =  fo  <  <...<?„  =  r  (6) 

where  the  form  functions^  are  localized  on  a  few  intervals  which 
may  have  varying  lengths.  The  set  of  amplitudes  {aftif}  are 
the  variational  parameters  of  the  problem  together  with  ampli¬ 
tudes  of  the  auxiliary  states  at  the  beginning  and  end  of  the 
time  interval 


\A,)  =  yjj)bj,  r  =  0,T  (7) 


^  E-mail:  bjom@kemi,aau.cik 

*  E-mail:  jan@kemi.aau.dk  The  action  S  becomes  a  sesquilinear  form 
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^  ~  +  ^  bJjOjiT) 

ih- 


T'*'  = 


0  1 
1  0 


r“l 


0  1 
1  0 


(15) 


^j(^)bjo  +  bjQaj(0)]  +  ^'^/[bJr^jfbjkQ  ~  bj^  Utbyj]  (8)  This  implies  that  for  a  solution  to  eq  13 


and  optimization  results  in  a  matrix  problem.  The  detailed 
equations  are 


ihj  ^ 

9  h  ~ 


—  /  0,  0  <  4  <  r, 


_iK  .  _rr 
2 


(9) 


it  holds  that 


or,  equivalently 


bo 

0 

r 

T~1 

ao' 

bo 

.^0  . 

.1 

0. 

1 

kJ 

ao. 

(16) 


»/n=L-W 

Matrix  elements  Ajk/k'  and  Uj/  are  complex  and  the  matrices  A 
and  U  are  hermitian  and  unitary,  respectively.  It  has  been 
implicit  that  the  basis  is  orthonormal. 

Elimination  of  the  amplitudes  at  intermediate  times  from  eq 
9  reduces  the  system  to  a  form  that,  in  matrix  notation,  reads 
as 


[hi  a^]T  =  ^[bJ  a^]  (18) 

Two  possibilities  arise  from  this  relation:  (i)  zj  =  where 
a  “normalization”  can  be  chosen  so  that 

bW  +  a5,\  =  ±2  (19) 

and  (ii)  z*  =  z~l  where  pj  indicates  a  permutation  of  the  set  of 
indices  and  where  we  choose  the  “normalization”  such  that 


^00^0  ^nn^n  2^”’  (10) 

ao  =  U\;  a,  =  Ubo; 

where  the  reduced  matrices  refer  only  to  the  initial  and  final 
times.  A  satisfactory,  partial  solution  to  this  problem  is  obtained 
by  looking  for  eigenvectors  of  the  unitary  transformation 

Ubo  =  boZ  U\  =  (>„z*  =  b„(i)  (11) 

so  that 


^00^0 


'0  ^^0^0  —  —  ~^qZ  (12) 


which  implies  the  eigenvalue  equation 


—A  0 
h 

ao' 

1  —  —A 

'3^1  y 

0 

0 

bo. 

Q  _ 

(13) 


The  reduced  matrix  A  is  hermitian  and  its  off-diagonal  block 
Aon  is  assumed  to  have  an  inverse;  a  singularity  would  indicate 
a  linear  dependence  in  the  basis. 

Eigenvalues  of  the  matrix^ 


T  = 


2ir 

-I 

'2/r 

1 

f[Ko  0 

^  2i  r 

Hr 

1 

h  " 
0  1 


—A  0 

0 


^r-i 

2^0n 


1 

^A 

^-^00 


(14) 


have  unit  modulus,  \zj\  =  1,  or  come  in  pairs,  zj  =  since 
the  inverse  of  T  is  related  to  its  adjoint  through  a  similarity 
transformation 


Kj^opj  +  4j^Qpj  =  Kpj^oj  +  4pSj = 2  (20) 

It  is  recognized  that  these  eigenvalues  are  spurious  in  the  sense 
that  their  magnitude  differs  from  unity  and  cannot  correspond 
to  proper  values  of  a  unitary  matrix.  Their  occurrence  is  related 
to  large  time  steps  in  the  finite  element  discretization.  A  form 
of  orthogonality  holds  for  eigenvalues  that  are  unrelated 

^Ij^Ok  ^Ij^Ok  (2^) 

The  case  of  degenerate  eigenvalues  offers  the  possibility  that 
there  are  two  or  more  linearly  independent  vectors  in  the 
subspace,  but  there  will  be  a  linear  transformation  among  them 
which  brings  them  to  the  fulfill  the  conditions  of  eqs  19—21. 

There  are  twice  as  many  eigenvalues  of  T  as  there  are  of  the 
unitary  transformation  U.  Vectors  ao,bo  represent  approximations 
to  an  initial  state  and  should  be  close  to  parallel,  thus  we  choose 
those  solutions  which  have  a  positive  “normalization”  value  in 
relation  (eq  19)  as  being  the  ones  giving  the  appropriate 
representation  for  U.  Solutions  of  the  type  considered  in  eq  20 
require  a  reconsideration  of  the  procedure  from  the  start.  We 
will  first  establish  the  relation  between  the  vectors  {ao/,bo/[/  — 
1,2...}  and  conclude,  from  the  set  of  eq  10  that 

'^00^0/  2^0/  ^nO^Oj  2 

(22) 

and  that 

^0^00  4“  ~  ^oAon  4"  ^0^ 

(23) 


which  provides  the  relations 

r»t  A  «  _1_  *Kt  A  „  _L  A 


^oAoO^O/-  4-  Zj^boA^O^O/-  4"  aJAon*^o/y  4"  Z^bJAnn^o/;  — 

(24) 


and  the  conclusion 
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^Ik^Oj  ”  ^kj  ^^kj’  ^kj  ”  ^jk 

where  the  new,  hermitian  matrix  L  is  a  transformation  of  the 
hermitian  matrix  A.  Neither  set  of  vectors,  {aoj\j  —  1,2...}  nor 
{boyl;  =  1,2...},  is  an  orthogonal  basis  set  for  the  unitary 
transformation  nor  are  they  normalized. 

A  constrained  optimization  is  required  in  order  to  arrive  at 
an  acceptable  representation  of  the  propagation  matrix  U.  It  is 
necessary  to  make  the  vectors  ao  and  bo  of  eq  13  proportional 
to  a  common  one 

Hq  Cq/c  bQ  CqA  (26) 

and  use  the  consistency  of  the  two  components  of  the  equation 
to  determine  the  ratio  of  /r  to  2.  The  constraints  (eq  26)  lead  in 
the  system  (eq  10),  with  substitutions  (eq  11),  to  the  forms 

(AooAf  +  Ao^z)Co  =  (A„oV  +  A„„Az)co  =  -  ^—kzCq 

(27) 

which  are  combined  to  the  hermitian  eigenvalue  relation 
(ic*AoqK  +  K*AQjiz  +  z*A*A„oK  +  z*X*\J.z)Cq  = 

y(/C*A  —  Z*^*ICz)Cq  (28) 


Figure  1.  Approximations  to  the  evolution  operator  phase  from  finite 
element  method  calculations  for  a  constant  energy  case.  The  normal 
line  represents  the  correct  result  where  cp  is  proportional  to  the  time 
elapsed.  Variational  results  are,  from  the  top,  for  two  pieces  of  linear 
interpolation,  parabolic  interpolation,  and  the  linear  wave  function 
choice  on  the  interval. 

state  under  a  constant  or  periodic  Hamiltonian  is  governed  by 
the  energy  function 

£■(0  =  £(0)  cos(mr)  (34) 

so  that  the  evolution  operator  is 


Only  the  ratio  kIX  is  relevant,  and  we  replace  X  with  pi  according 
to 


U{t)  =  £(0)  exp 


iE{Q) 

hco 


sin((W^) 


(35) 


Xz  —  ju  (29) 

to  obtain 

(k*AooK  +  k*AoJI  +  fi*A^aK  +  A*A„^)Co  = 

—  fi*icz)Cfj  (30) 

which  exhibits  the  relation  between  the  phase  of  the  unitary 
matrix  eigenvalue  and  an  eigenvalue  of  a  suitably  time- 
integrated  Lagrangian.  It  is  seen  that  only  the  phase  of  the 
product  and  one  of  the  magnitudes  \k\  or  \fi\  die  numerically 
relevant.  Thus  it  is  convenient  to  choose 

\K*fi\  =  \k\\^\  =  I  (31) 

Eigenvalues  of  the  matrix  on  the  left-hand  side  in  eq  30  will  be 
functions  of  the  two  real  parameters  and  are  denoted  as  Sj(fc,pi) 
and  it  follows  that 

Zj  =  ^^(\/^^  “  ‘5^(^,/i)  4-  (32) 

and,  with  properly  normalized  eigenvectors,  the  propagation 
matrix  is 


U  =  LWJ,  (33) 

while  there  remains  to  resolve  the  appropriate  values  of  the 
parameters  k  and  fi. 

Optimal  choices  of  the  parameters  will  be  studied  further  as 
more  numerical  experience  is  acquired. 

Integrable  Examples 

Two  cases  are  examined  with  the  view  of  showing  the 
numerical  stability  and  accuracy  of  the  variational  formulation 
in  the  finite  element  implementation.  The  evolution  of  a  single 


The  static  case  is  the  limit  at  zero  frequency  (o.  All  integrals  in 
the  action  integral  are  elementary,  and  the  matrix  problem  for 
the  wave  function  amplitudes  is  tridiagonal  and  readily  solvable. 

We  show  in  Figure  1  a  comparison  of  three  approximations 
to  the  phase  of  the  evolution  matrix  for  a  constant  energy  state 
and  the  accurate  result:  a  linear  interpolant  over  the  interval, 
two  pieces  of  linear,  and  a  parabolic  interpolant.  All  are  quite 
accurate  as  long  as  g?  =  \E{())t\lh  <  0.5  and  there  is  no  advantage 
to  the  more  elaborate  approximations  for  larger  intervals  even 
though  an  error  analysis  shows  that  for  small  cp  errors  occur  in 
third,  fifth,  and  seventh  order,  respectively.  One  pays  for  the 
accuracy  at  small  intervals  by  decreasing  the  range  of  ap¬ 
plicability  of  the  formulation;  the  analytical  solutions  have 
branch  points  for  smaller  parameter  values  for  the  higher  order 
forms. 

Numerical  calculations  have  been  carried  out  for  the  oscil¬ 
latory  form  (eq  34)  and  the  results  are  given  in  Figure  2. 
Parameters  and  units  are  chosen  so  that  £(0)  =  hco  and 
integrations  are  for  the  interval  where  0  <  cot  <  5.  Piecewise 
linear  approximations  are  used  on  equidistant  intervals.  Rapid 
convergence  is  observed  with  the  number  of  time  steps.  These 
findings  hold  for  longer  time  lapses,  and  there  is  no  propagation 
of  errors  as  might  be  the  case  in  finite  difference  stepping  of 
an  initial  value;  the  variational  formulation  optimizes  the 
propagator  and  not  the  wave  function. 


A  Matrix  Propagator 

Additional  complications  arise  in  a  system  with  several  states 
as  is  evident  from  the  formal  development.  An  examination  of 
a  two-state  system  is  facilitated  by  the  use  of  the  Pauli  spin 
matrix  basis  and  we  express  the  Hamiltonian  as 


H{t)  =  a(f)cro  +  = 

-a{t)  +  Pp)  m-ipy{ty 


(36) 
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Figure  2.  Display  of  approach  to  the  accurate  evolution  operator  phase 
value  for  the  function  (eq  35)  with  finite  element  method  equidistant 
interval  length,  upper  panel,  and  number  of  intervals,  lower  panel  for 
total  interval  0  <  tur  <  5. 


as 

A  =  [a  +  ftsin(0)]CTo  + 

a  =  a(0)|/f|^  +  2a(l)cos(0)  +  a(0)|A:r^  (40) 

/c//*  =  cos(^)  +  /sin(0) 

where  the  average  notation  applies  to  all  parameters.  It  follows 
that  the  eigenvalues  are 

=  a  +  ihsin((/>)  ±  \P\  (41) 

and  the  unitary  transformation  comes  as 

(42) 

which  can  be  reduced  in  the  case  of  a  constant  Hamiltonian  to 
be  of  the  similar  form  as  the  one  state  problem  dealt  with  in 
the  previous  section. 

Conclusions 

Development  of  variational  methods  in  the  time  domain  of 
quantum  mechanics  promises  effective  numerical  algorithms 
when  implemented  in  the  finite  element  method  fi-amework.  The 
rather  simple  examples  given  in  this  article  demonstrate  the 
feasibility  of  the  approach  and  will  be  further  exploited  in  the 
context  of  control  mechanisms  as  employed  in  magnetic 
resonance  experiments.^  Greater  challenges  are  provided  by  the 
chemical  reactions  where  the  single  potential  surface  picture 
breaks  down  and  multistate  propagation  is  required.  Such 
problems  are  on  our  agenda. 


in  terms  of  real  functions  of  time.  For  simplicity  we  consider 
only  one  interval  with  linear  interpolants  for  the  state  vector 


Time  integration  over  the  Hamiltonian  results  in  the  forms 

//dfa(r)(l  -  =  a(n)  n  =  0,1,2  (38) 
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where  an  additional  notation  is  introduced.  The  relevant  matrices 
in  eq  10  and  the  following  are  then 

Aoo  =  a(0)ao  +  /3/0)a,  +  /S/0)a^  +  y3,(0)a, 

Ao,  =  [a(l)  +  |]ao  +  ^,(1)ct,  +  /3/l)a^  +  y8,(l)a,  (39) 

Ai,  -  a(2)ao  +  ^,(2)a,  +  Py(2)Oy  +  ^^(2)a, 

It  cannot  be  assumed  that  the  vectors  {^(0),  ^(1),  ^(2)}  are 
parallel  and  thus  there  is  no  basis  which  diagonalizes  all  three 
matrices  (eq  39).  The  average  action  matrix,  see  eq  30,  appears 


References  and  Notes 

(1)  Kosloff,  R.  J.  Phys.  Chem.  1988,  92,  2087. 

(2)  Kramer,  P.;  Saraceno,  M.  Geometry  of  the  Time-Dependent 
Variational  Principle  in  Quantum  Mechanics,  Springer:  Berlin,  1981. 

(3)  Linderberg,  J.  In  Time-Dependent  Quantum  Molecular  Dynamics; 
Broeckhove,  J.,  Lathouwers,  L.,  Eds.;  Plenum:  New  York,  1992;  p  201. 

(4)  Deumens,  E.;  Diz,  A.;  Longo,  R.;  Ohm,  N.  Y.  Rev.  Mod.  Phys. 
1994,  66,  917. 

(5)  Ciarlet,  P.  G.  The  finite  element  method  for  elliptic  problems;  North- 
Holland:  Amsterdam,  1978. 

(6)  Lowdin,  P.  O.  Linear  Algebra  for  Quantum  Theory,  John  Wiley  & 
Sons:  New  York,  1998;  p  111  ff. 

(7)  Glaser,  S.  J.;  Schulte-Herbriiggen,  T.;  Sieveking,  M.;  Schedletsky, 
O.;  Nielsen,  N.  C.;  Sprensen.  O.;  Griesinger,  C.  Science  1998,  280,  421. 


J.  Phys.  Chem.  A  1999, 103,  9479-9486 


9479 


Forward— Backward  Semiclassical  Dynamics  with  Linear  Scaling 

Jiushu  Shao 

School  of  Chemical  Sciences,  University  of  Illinois,  601  S.  Goodwin  Avenue,  Urbana,  Illinois  61801 

Nancy  Makri* 

School  of  Chemical  Sciences,  University  of  Illinois,  601  S.  Goodwin  Avenue,  Urbana,  Illinois  61801, 
and  Theoretical  &  Physical  Chemistry  Institute,  National  Hellenic  Research  Foundation, 

48  Vassileos  Constantinou  Avenue,  Athens,  Greece  11635 

Received:  June  7,  1999;  In  Final  Form:  July  23,  1999 


A  forward— backward  semiclassical  method  is  presented  for  calculating  correlation  functions  of  polyatomic 
systems.  Unlike  conventional  semiclassical  theories,  this  formulation  does  not  require  evaluation  of  the  prefactor 
that  contains  a  determinant  with  elements  defined  by  the  stability  matrix.  It  is  shown  rigorously  that  the 
contribution  of  the  semiclassical  prefactor  in  the  present  formulation  can  be  absorbed  in  the  semiclassical 
phase  and  initial  density  if  the  momentum  jump  at  the  end  of  the  forward  propagation  is  chosen  to  be  one- 
half  of  that  dictated  by  the  classical  equations  of  motion.  As  a  consequence,  the  number  of  equations  of 
motion  to  be  solved  in  its  implementation  is  linearly  proportional  to  the  number  of  degrees  of  freedom.  The 
method  is  applied  to  the  dynamics  of  water  clusters  which  involve  strongly  anharmonic  interactions. 


1.  Introduction 

Although  large-scale  computer  simulations  of  many-body 
systems  by  means  of  classical  molecular  dynamics  have  become 
extremely  common,  fully  quantum  mechanical  calculations  on 
such  systems  remain  far  beyond  the  reach  of  current  compu¬ 
tational  capability  because  their  cost  scales  exponentially  with 
the  size  of  the  system.  An  attractive  compromise  is  the  time- 
dependent  semiclassical  method  in  which  Planck’s  constant  is 
treated  as  a  small  parameter  compared  to  the  classical  action. 
While  the  semiclassical  propagator  results  from  asymptotic 
analysis,  it  offers  an  accurate  description  of  quantum  evolution 
for  short  or  intermediate  times  without  requiring  storage  of 
multidimensional  functions  or  diagonalization  of  large  matrices. 
Since  this  time  domain  is  relevant  in  many  molecular  dynamical 
processes,  the  semiclassical  method  is  appealing  as  a  numerical 
tool  in  theoretical  chemistry. 

The  traditional  analysis  of  semiclassical  dynamics  is  based 
on  the  Van  Vleck  propagator. The  accuracy  of  the  semiclas¬ 
sical  expression  has  been  demonstrated  in  several  calculations,^"^ 
including  systems  exhibiting  quantum  chaotic  behavior.’’^  There 
are  two  main  difficulties  in  implementing  the  Van  Vleck 
propagator.  First,  one  has  to  perform  a  root  search  in  order  to 
identify  classical  trajectories  satisfying  double-ended  boundary 
conditions;  and  second,  the  expression  diverges  at  caustics  (see, 
for  example,  refs  9  and  10).  Several  insightful  techniques  have 
been  devised  to  overcome  these  problems  in  the  calculation  of 
correlation  functions.  Initial  value  representations,"^  which 
replace  the  integral  over  final  coordinate  to  one  involving  the 
initial  momentum  of  a  trajectory,  and  coarse  graining  schemes 
based  on  cellular  dynamics^ ^  or  coherent  state  representations^^ 
are  proven  free  of  these  difficulties.  The  semiclassical  propagator 
involves  a  prefactor,  a  determinant  whose  elements  are  defined 
by  the  stability  (monodromy)  matrix.  This  means  that  in  addition 
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to  the  2n  classical  equations  of  motion  in  phase  space  for  an 
n-dimensional  system,  one  must  also  solve  (2nf  differential 
equations  determining  the  stability  matrix,  while  evaluation  of 
the  determinant  requires  effort  proportional  to 

Because  of  the  linear  superposition  principle  inherent  in 
quantum  mechanics,  both  the  quantum  and  the  semiclassical 
propagators  are  oscillatory.  This  behavior  results  in  the  so-called 
sign  problem  when  applied  to  the  evaluation  of  physical 
observables  or  correlation  functions.  A  solution  toward  this 
problem  is  offered  by  the  introduction  by  our  group  of  forward- 
backward  semiclassical  dynamics  (FBSD).^^  A  physical  quantity 
can  in  general  be  cast  into  a  form  of  an  ensemble  average  which 
involves  propagators  in  the  forward  and  backward  time  direc¬ 
tions.  By  combining  the  forward  and  backward  propagations 
into  a  single  semiclassical  time  evolution,  the  oscillations 
associated  with  these  opposite  in  time  motions  can  be  canceled 
to  a  large  extent  and  the  resulting  integrand  is  sufficiently 
smooth  for  treatment  by  Monte  Carlo  integration.  The  original 
formulation  of  FBSD  for  the  evaluation  of  influence  functionals 
in  the  context  of  a  path  integral  description  of  the  observable 
system^^’^"^  has  been  extended  to  schemes  which  treat  all  degrees 
of  freedom  semiclassically.^^”^^  The  FBSD  representation  of 
the  influence  functional  arises  if  the  integration  connecting  the 
forward  and  backward  semiclassical  propagators  is  evaluated 
by  the  stationary  phase  method  and  is  thus  completely  consistent 
with  the  spirit  of  the  semiclassical  approximation.  If  the 
observable  system  is  also  treated  semiclassically,  the  expression 
to  which  one  should  apply  the  final  stationary  phase  procedure 
is  not  unique,  leading  to  several  versions  of  FBSD.  A  number 
of  studies  to  date  have  shown  that  the  FBSD  scheme  is 
sufficiently  accurate  for  many  situations  of  interest  in  chemical 
dynamics  and  feasible  for  systems  of  several  atoms. 

In  a  recent  letter^^  we  described  a  new  formulation  of  FBSD 
for  calculating  semiclassical  correlation  functions.  In  this 
scheme,  the  prefactor  is  compensated  for  by  the  semiclassical 
phase  and  the  expensive  evaluation  of  the  stability  matrix  and 
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the  corresponding  determinant  is  no  longer  required.  Compared 
to  the  full  semiclassical  treatment  which  deals  with  the  forward 
and  backward  propagators  separately,  the  new  version  of  FBSD 
reduces  by  a  factor  of  2  the  number  of  integration  variables, 
guarantees  a  smooth  integrand,  and  eliminates  the  calculation 
of  the  prefactor.  For  this  reason,  this  FBSD  scheme  is  practical 
for  simulations  on  polyatomic  systems.  At  the  same  time,  owing 
to  the  partial  neglect  of  interference  between  the  forward  and 
backward  propagations  (which  seems  to  be  more  serious  than 
the  corresponding  neglect  inherent  in  the  semiclassical  propaga¬ 
tor  within  a  given  time  direction),  one  can  expect  FBSD  to  be 
less  accurate  than  the  fully  semiclassical  method.  Nevertheless, 
model  studies  on  multidimensional  anharmonic  systems  have 
shown  that  FBSD  gives  very  reasonable  results  over  several 
oscillation  periods,  a  time  length  often  sufficient  for  important 
chemistry  to  take  place.  The  loss  of  accuracy  in  FBSD  may  be 
roughly  understood  as  follows:  The  semiclassical  method  is 
an  asymptotic  theory  in  which  the  absolute  value  of  the  classical 
action  is  assumed  to  be  much  larger  than  Planck’s  constant.  In 
FBSD,  the  relevant  quantity  is  the  sum  of  actions  along  the 
forward  and  backward  time  contours,  which  are  partially 
canceled  out  with  each  other.  As  a  consequence,  the  effective 
action  is  not  so  large  and  the  phase  varies  less  rapidly  than  in 
the  individual  propagators. 

This  paper  presents  a  more  detailed  derivation  of  the  new 
FBSD  for  multidimensional  systems  and  the  results  of  its 
application  to  the  dynamics  of  water  clusters.  As  in  ref  17,  we 
focus  on  correlation  functions  of  the  type 

C{i)  =  Tr(p(0)Ae™"^Be“‘®*)  (1.1) 


m')  =  H-  -  t)B  (2.3) 

which  includes  an  instantaneous  “kick”  at  time  t.  In  the 
semiclassical  coherent  state  representation,^^  takes  the 

form 

=  {Ijthy'J  dqo  f  JpoD(qo,Po;q^,p^) 

X  exp(^5(qo,Po;/i))|g(q/,Py)><g(qo,Po)l  (2.4) 

Here  q^,p/  denote  the  coordinates  and  momenta  at  the  end  of 
the  forward —backward  propagation,  S  is  the  corresponding 
classical  action,  and  g  is  a  coherent  state  described  by  the  wave 
function 


+  ^Po'(q  -  Qo) 


(2.5) 


where  the  elements  of  F  (a  diagonal  matrix)  are  arbitrary 
parameters  representing  the  widths  of  the  Gaussians.  The 
prefactor  D  in  eq  2.4  assumes  the  form 


'D(qo>Po;q/.P/)  ^  2' 


-nil 


detl^  +  -  2ih^-T 

^Po  ^Po 


JLr-A 

2ih  aqo 


1/2 


(2.6) 


where  H  is  the  Hamiltonian  of  the  n-dimensional  system 

//  =  |p^-ra-'-p  +  ’P(q)  (1.2) 

with  m  being  the  mass  matrix  and  the  ordinary  potential  energy, 
A  and  B  are  two  (scalar)  Hermitian  operators,  and  p(0)  is  the 
initial  density  matrix.  (The  superscript  denotes  the  transpose  of 
a  matrix  or  of  a  vector.)  For  simplicity  we  assume  that  B  is  a 
function  of  the  position  operator  corresponding  to  the  observable 
dynamical  variable(s).  It  is  straightforward  to  extend  the 
following  discussion  to  an  arbitrary  operator  that  is  a  general 
function  of  all  phase  space  variables.  Section  II  gives  the 
rigorous  derivation  of  the  prefactor-free  FBSD  in  the  coherent 
state  representation.  In  section  in  we  discuss  the  implementation 
of  FBSD  to  study  the  vibrational  motion  of  a  water  molecule 
or  cluster.  Finally,  section  IV  summarizes  the  present  work. 


The  elements  entering  this  determinant  are  determined  from  the 
stability  matrix 


IdqiO  dqif) 


M(f')  = 


9qo  9Po 

ap(r')  ap(0 


\  9qo  9Po  / 

which  obeys  the  differential  equation 

^M(f')  +  F(tyM{t')  =  0 
at 

with  the  initial  condition 

M(0)^ 


1  O'! 

0  l) 


(2.7) 


(2.8a) 


(2.8b) 


n.  Theory 


where  the  matrix  F  has  the  form 


The  dynamical  part  in  the  correlation  function  of  eq  1.1  is 
the  Heisenberg  representation  of  the  operator  second  operator, 
Bh  =  Pqj.  rewrite  Bh  as  a  derivative 

of  an  operator  with  respect  to  a  parameter  /i,  namely 


(o 

F(0=  ^ 
\9q^ 


-m 


•)\ 


(2.9) 


Bu  =  lim  (2.1) 

//-K)  OfA, 

where 

(2.2) 

is  unitary  and  can  be  regarded  as  the  evolution  operator  along 
a  forward— backward  time  contour  0  — ^  0  for  the  time- 
dependent  Hamiltonian 


The  stability  matrix  is  thus  given  from  the  solution  of  (2n)^ 
coupled  first-order  differential  equations.  Furthermore,  the 
numerical  effort  required  for  evaluation  of  the  determinant  is 
proportional  to  n^.  For  these  reasons  computation  of  the  prefactor 
is  prohibitive  if  the  number  of  coupled  degrees  of  freedom  is 
large.  It  is  argued  in  ref  17  that  when  FBSD  is  formulated  in 
the  above  derivative  form,  one  can  arrange  for  the  contribution 
of  the  prefactor  to  be  compensated  for  by  other  terms.  In  the 
following  we  present  a  detailed  analysis  of  this  result,  which 
eliminates  the  need  for  calculating  the  semiclassical  determinant. 


Semiclassical  Dynamics  with  Linear  Scaling 


J,  Phys.  Chem.  A,  VoL  103,  No.  47,  1999  9481 


Note  that  the  propagator  U(t;iu)  contains  contributions  from 
all  classical  trajectories  in  phase  space.  The  classical  dynamics 
is  governed  by  Hamilton’s  equations,  namely 

^  =  ^//(rO  =  in-‘*p  (2.10a) 


dt' 


(2.10b) 


and  the  equation  of  motion  for  the  classical  action  is 


^  =  |p^-m-'-p-y(q)  (2.10c) 

The  classical  forward— backward  motion  in  phase  space  is 
simple.  Starting  from  (qo,po)  at  time  0,  the  trajectory  lands  at 
(qr,pf)  at  the  time  t  and  then  evolves  from  (qf,pf)  backward  to 
reach  the  phase  point  (q/^p/)  when  the  total  time  returns  to  zero. 
The  essential  physics  lies  in  the  dynamics  in  an  infinitesimal 
time  domain  around  the  intermediate  time  t.  According  to  the 
equations  of  motion,  all  coordinates  and  momenta  evolve 
continuously  except  at  time  t.  At  that  instant  the  momentum 
undergoes  a  jump  equal  to  the  amount 

(5p==fr/^B;  (2.11) 


To  proceed,  we  examine  the  stability  matrix  in  the  neighbor¬ 
hood  of  //  =  0.  Expanding  through  linear  terms,  one  finds 


.^  =  1+ 

9qo  ^9qo\9Pr  ¥) 


a  /^q/  ^pA 

9Po  '“9Po\9Pr  ¥1 


(2.15) 


.^=1+  9  /9P/9pA 

9qo  ‘^aqol^ap,  apo  ^9po(ap,  dn]  ^  ' 


where  1  is  the  n  x  n  identity  matrix.  The  derivatives  9q/9pf 
etc.  are  elements  of  the  stability  matrix  that  corresponds  to  the 
backward  evolution,  i.e.,  the  final  point  (q/^,p/)  depends  on  the 
initial  condition  (q/,pr)  of  the  backward  trajectory.  At  this  stage 
we  do  not  evaluate  the  derivative  9p/9^  explicitly,  as  we  wish 
to  allow  an  arbitrary  momentum  jump.  By  inserting  these 
expressions  into  eq  2.6  and  using  the  following  relation 


det(R  +  (5R)  =  det  R(1  +  Tr(R“'-(5R))  (2.17) 


which  holds  for  any  matrix  R  and  an  infinitesimal  variation 
<5R,  the  derivative  of  the  prefactor  takes  the  following  form: 


|^D(qo,Po;q/,P/)-|Tr| 


9Po\9p, 


where  B'  =  915(qf)/9qf.  Finally,  the  action  at  the  time  t 
increments  by  the  amount 

6S  =  hfiB^  (2.12) 

where  Bt  =  B(qr).  If  the  operator  B  is  a  constant  equal  to  Bq,  all 
trajectories  return  to  their  original  point  at  the  final  time.  In 
that  case  I7(?;/^)  =  exp(/^5o)5  namely,  the  propagator  is  a 
multiplier  independent  of  time. 

At  this  point  we  return  to  eq  2.1,  the  derivative  expression 
of  the  Heisenberg  operator  .Sr.  Because  the  final  phase  space 
variables  as  well  as  the  action  in  eq  2.4  depend  on  the  parameter 
fi,  we  may  divide  5h  into  three  parts  corresponding  to  the 
derivatives  of  the  prefactor  D(qo,po;qf,P/),  the  action  S{qo,pQ',pi), 
and  the  final  coherent  state  |g(qf,P/)),  respectively.  The  correla¬ 
tion  function  eq  1.1  can  also  be  partitioned  into  three  terms 
accordingly 

C(t)  =  Ci(0  +  C^it)  +  C^it)  (2.13) 

Using  the  fact  that  as  fx  approaches  zero  the  trajectories  become 
continuous  at  the  midpoint,  i.e.,  (qf,p/)  ^  (qo»Po)»  5  0,  and  D 

— ^  1,  we  readily  obtain 

Ci(f)  =  -«(2jrft)~"  f  dq^  f  Jpo— Z)(qo,Po;q^p^)|^=o 

X  (?(qo.Po)IP(0)A|g(qo,Po))  (2.14a) 

C^it)  =  f  dqof  dpo|^5(qo,Po;/^)l^=o 

X  <g(qo>Po)IP(OMIg(qo’Po))  (2.14b) 

and 

Cjit)  =  -i(2jrhf"  f  dqQ  f  dpo 

I;  (^(qo.Po)IP(OMk(q/,P/))l^=o  (2.14c) 


Inserting  this  expression  in  eq  2.14a  and  integrating  by  parts, 
we  obtain 

Ci(0  =  ^(27rh)-"  / dq,  f  dpo^l 

^  _  AM.r-^'l  aI  K  _  2/h^.rVA 

ap,  2ih  ap,  /  aqo  \ap,  ap,  /  apo 

{g(%,Po)\PiO)Amo,Po))  (2.19) 

where  it  is  assumed  that  (g(qo»Po)|p(0)A|g(qo,po))  0  as  one 

component  of  the  coordinates  or  the  momenta  go  to  ±00. 
Through  some  algebra  one  can  show 

0 

^(f(qo.Po)lp((iMI^(qo’Po))  = 

oqo 

-4r-qo(g(qo,Po)|p(0)A|g(qo,Po)>  +  2r-<g(qo,Po)| 

[qp(0)A  +  p(0)Aq]g(qo,Po))  (2.20) 

and 

0 

^(f(qo>Po)lp(OMI^(qo’Po))  = 

^Po 

^(^(qo>Po)l[P(OMq  -  qp(0)A]|g(qo,Po)>  (2.21) 
Combining  these  results  we  may  write  Ci(t)  in  the  compact  form 
Ci(0  =  -i(27th)~"  f  dqo  f  dpo[<g(qo,Po)lp(0)A| 

l^(qo.Po))qo  -  (g(qo’Po)lp(OMq’^l^(qo>Po))] 

Thus,  the  term  in  the  correlation  function  arising  from  the 
prefactor  takes  the  form 
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C,(0  =  fdqa  /jpofi(qo,Po)-^' 


/<=0 


(2.23) 


The  derivative  of  the  total  action  with  respective  to  the 
parameter  fi  can  be  evaluated  straightforwardly: 


dfi 


M 


=  fi- 

fi=o  a/u 


9q/ 

+  (2.24) 

/4=o 


which  yields 


C,{t)  =  (27thr  fdqofdp,\-^ 


dp; 


dqJ 

/^=o-^-Po  +  H 


X  (f(qo>Po)lio(0)^lg(qo>Po)) 
=  / dqo  f  dpof2iqo,Po) 


M=0 


9p, 

+  Cq,(0  (2.25) 


where  the  contribution  Cqc(0  due  to  the  delta  pulse  in  the 
effective  Hamiltonian  can  be  viewed  as  a  quasiclassical  cor¬ 
relation  function,  namely,  the  Heisenberg  operator  Bn  is  replaced 
by  the  classical  counterpart  B{t)  in  the  definition  of  C(t)  eq  1.1. 
The  first  term  in  eq  2.25  is  proportional  to  the  momentum  jump, 
while  the  second  quasiclassical  term  arises  from  the  net 
increment  of  the  action.  In  a  similar  manner  we  obtain  an  explicit 
formula  for  Csit): 


C^(t)  =  2ih{2jth) 


""  /^Po{ 


[<?(qo-Po)lp(OM 


l^(qo-Po))qo  -  <f(qo-Po)lp(OMq^l^(qo.Po))] 

9qJ 


(?(qo-Po)lp(OMIg(qo-Po)) 


% 

djU 


fi=0 


(2.26) 


Again,  the  integrand  is  seen  to  be  proportional  to  the  derivative 
of  the  momentum  jump,  i.e.. 


C^(t}  =  fdqa  f  c?Pof3(qo.Po) 


fi=0 


(2.27) 


Adding  eqs  2.23,  2.25,  and  2.27  one  sees  that 

C(f)  =  fdq^  f  ^^Po[fI(qo,Po)  +  f2(qo’Po)  +  faCqo’Po)] 

9P,| 


dfi 


'/4=0 


.  +  Cqc(0 


(2.28) 


Furthermore,  comparison  of  the  above  results  reveals  that 


-  ^[f2(qo-Po)  +  fsCqo’Po)]  =  fi(qo>Po)  (2-29) 


from  which  it  follows  that 


aO  =  \fdqo  f  dpolf2(%,Po)  +  fsCqo’Po)] 


9^ 


/4=0 


+  Cqc(0 


(2.30) 


It  is  thus  possible  to  eliminate  the  contribution  of  the  prefactor 
from  the  correlation  function.  To  compensate  for  this  omission, 
the  part  of  the  correlation  function  that  arises  from  the 
momentum  increment  at  the  time  t  must  be  multiplied  by  1/2. 


As  that  part  cannot  be  separated  from  the  one  arising  from  the 
quasiclassical  contribution  associated  with  the  change  in  the 
action,  this  must  be  achieved  by  multiplying  the  momentum 
increment  by  a  factor  of  1/2. 

Equation  2.30  is  the  main  result  outlined  in  ref  17.  The 
correlation  function  is  given  by  the  expression 

CO)  =  dqo  fdpo  exp|^5(qo,Po;)<)j 

X  (g(qo,Po)lp(0)A|g(q^,P/))|^,,o  (2.31) 

The  trajectories  follow  the  classical  equations  of  motion  with 
the  Hamiltonian  H  up  to  the  time  t,  at  which  point  the 
momentum  component  jumps  by  the  amount 

^p„p,  =  iVB;  (2.32) 

for  a  small  value  of  the  finite  difference  parameter  fi.  At  the 
same  time,  the  action  increments  by  the  full  amount  given  by 
eq  2.12.  Subsequent  evolution  takes  place  in  the  negative  time 
direction,  and  the  integrand  is  evaluated  when  the  time  parameter 
reaches  zero  once  again. 

Equation  2,31  (along  with  the  momentum  and  action  jumps 
given  by  eqs  2.32  and  2.12,  respectively)  is  a  rigorous 
semiclassical  formulation  of  correlation  functions  that  uses 
trajectories  in  combined  forward— backward  time  for  all  degrees 
of  freedom.  Its  main  advantage  is  that  the  contribution  from 
the  prefactor  is  eliminated.  As  a  consequence,  the  number  of 
equations  to  be  solved  scale  linearly  with  the  number  of  degrees 
of  freedom  in  the  Hamiltonian.  Note  that  the  elimination  of  the 
prefactor  is  achieved  via  an  exact  transformation  of  the 
derivative  form  of  the  correlation  function,  resulting  in  an 
expression  where  the  momentum  jump  is  one -half  of  that  dictated 
by  the  classical  equations  of  motion.  This  transformation  was 
feasible  because  the  derivative  formulation  in  terms  of  a  small 
parameter  allows  linearization  of  the  equations.  It  should  be 
noted  that  the  prefactor  is  equal  to  the  negative  of  the  total 
contribution  from  terms  arising  directly  from  the  momentum 
jump;  these  terms  are  extremely  important,  as  the  remaining 
term  is  merely  a  quasiclassical  contribution. 

The  combined  forward— backward  treatment  of  the  correlation 
function  amounts  to  a  stationary  phase  evaluation  of  the  full 
semiclassical  expression,  in  which  the  individual  forward  and 
backward  time-evolution  operators  are  treated  via  the  Van  Vleck 
propagator.  That  full  semiclassical  formulation  takes  the  form 

C(0  =  {2jch)~^"  f  Jqp  f  Jpp  f  dq^  f  rfpBi^pCqF’Pp) 

X  £>B(qB.PB)  exp|^5(qp,pF;qB,PB))<^(qp,Pp)lp(0)A 

l5(qB,/>PB/)>(^(qB.PB)l^l^(qp/Pp/))  (2-33) 

where  qF/,pF/and  qB/,pB/are  the  endpoints  of  the  forward  and 
backward  trajectories.  Often  A  and  B  are  operators  that  depend 
on  only  a  few  observable  degrees  of  freedom  (the  “system”) 
while  the  remaining  coordinates  constitute  the  environment  (or 
“bath”).  Treating  the  intermediate  integrations  associated  with 
the  bath  components  of  qB^Pn  via  the  stationary  phase  method 
leads to  an  FBSD  expression  where  the  trajectories  evolve 
continuously  in  the  space  of  the  bath,  while  their  system 
component  jumps  at  the  intermediate  time  t.  That  procedure 
amounts  to  an  enormous  simplification,  as  the  cancellation 
between  the  forward  and  the  backward  parts  corresponding  to 
the  dynamics  of  the  solvent  gives  rise  to  small  actions  and  thus 
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Figure  1.  (a)  Real  and  imaginary  parts  of  the  correlation  function  of  the  O-H  asymmetric  stretch  as  obtained  from  the  FBSD  calculations.  Error 
bars  indicate  one  standard  deviation.  Solid  lines  are  guides  to  the  eye  only,  (b)  Real  and  imaginary  parts  of  the  correlation  function  of  the  0~H 
symmetric  stretch,  (c)  Real  and  imaginary  parts  of  the  correlation  function  of  the  H-O-H  bend. 


smooth  integrands;  at  the  same  time,  the  integrand  is  more 
oscillatory  along  the  direction  of  the  variables  associated  with 
the  probed  system,  and  thus  these  integration  variables  must 
be  treated  via  a  combination  of  Monte  Carlo  and  quadrature 
methods.  Replacing  the  exact  integration  by  the  stationary  phase 
result  wipes  out  the  interference  between  multiple  bounce 
contributions  across  the  forward  and  backward  parts  of  the 
dynamics  and  thus  may  degrade  the  accuracy  if  the  potential 
of  the  bath  degrees  of  freedom  is  very  anharmonic.  However, 
important  interference  between  system  trajectories  is  fully 
accounted  for  in  that  scheme.  Another  way  of  arriving  at  FBSD 
expressions  where  the  system  component  of  the  momentum 
jumps  at  the  intermediate  time  while  the  trajectories  remain 
continuous  in  the  space  of  the  bath  involves^^  expressing  the 
operator  B  in  exponential  form  by  invoking  the  Wigner-Weyl 


representation^®’^^  and  implementing  FBSD  for  all  degrees  of 
freedom.  While  the  system  components  of  qB,PB  a^-e  also  treated 
within  the  stationary  phase  method  in  that  approach,  the  finite- 
size  momentum  jumps  permitted  in  the  space  of  the  system 
allow  for  some  interference  between  multiple  bounce  trajecto¬ 
ries.  The  present  formulation,  which  uses  a  derivative  method 
to  exponentiate  the  operators,  is  simpler  than  all  of  the  above 
in  that  no  additional  integrations  are  introduced  and,  most 
importantly,  there  is  no  prefactor  to  be  computed.  At  the  same 
time,  the  prefactor-ffee  FBSD  described  here  cannot  account 
for  interference  between  distinct  trajectories  of  the  forward  and 
reverse  time  propagators  as  the  momentum  jump  performed  at 
the  time  t  is  infinitesimal  in  magnitude.  As  a  consequence,  the 
present  method  is  similar  in  spirit  to  the  linearization  ap¬ 
proximation  of  Miller  and  co-workers although  the  math- 
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Figure  2.  Real  and  imaginary  parts  of  the  sum  of  the  three  correlation  functions. 


ematical  details  differ  and  the  present  prefactor-free  FBSD  was 
obtained  via  a  rigorous  semiclassical  procedure.  Sun  et  al.^"^  have 
found  that  their  linearization  approximation,  which  also  neglects 
similar  interference  terms,  captures  the  short  time,  transition- 
state-like  features  of  thermal  rate  constants  correctly  but  fails 
to  describe  nonclassical  aspects  of  the  recrossing  dynamics 
resulting  from  quantum  interference  on  the  time  scale  of  two 
or  more  vibrational  periods.  Our  tests^^  have  demonstrated  that 
the  prefactor-free  FBSD  leads  to  reasonably  accurate  results  for 
correlation  functions  in  multidimensional  potentials  where 
relaxation  and  dissipative  effects  tend  to  weaken  interference 
phenomena. 

ni.  Application:  Vibrational  Dynamics  of  Water 

The  FBSD  developed  above  is  a  general  technique  for 
investigating  dynamical  properties  of  a  system.  In  addition  to 
correlation  functions,  the  quantum  average  at  time  t  of  any 
observable  corresponding  to  the  operator  B  can  be  evaluated 
via  eq  1.1  in  which  A  is  set  equal  to  the  identity  operator.  In 
the  following  we  consider  molecular  vibrations  of  a  molecule 
or  small  cluster  at  low  temperatures.  Because  vibrations  are 
collective  motions,  we  focus  on  the  numerical  implementation 
of  the  FBSD  for  calculating  correlation  functions  of  the  type 

C{t)  =  (3.1) 

where  is  one  of  the  normal  modes  of  the  system  with  respect 
to  the  global  potential  minimum.  It  is  a  straightforward  matter 
to  extend  the  procedure  to  the  calculation  of  the  dipole 
correlation  function  if  the  functional  form  of  the  dipole  moment 
operator  is  available. 

The  initial  density  is  constructed  in  terms  of  the  ground 
vibrational  state,  p(0)  =  |Wo)(Wo|,  which  factorizes  in  the 
normal  mode  representation 


=  (3.2) 

where  n  =  3N  —  6,  N  being  the  total  number  of  atoms  and  (Oj 
the  normal-mode  frequencies.  We  take  F  as  a  diagonal  matrix 
with  elements  equal  to  C0j/2h.  Carrying  out  the  Gaussian 
integrals,  one  readily  obtains 


<g(Qo,Po)lp(0)ejg(Qy.P/))  =  -I  Q^f+  /—  n 

2\  (0^1  j=i 


X  exp 


COi 


1 


and 


(3.3) 


(g(Qo,Po)|p(0)aig(Qo,Po))  =  -|a.o  +  jn 


P*,o\  " 


/  1 


Ihcoj 


(3.4) 


These  expressions  are  inserted  into  eq  2.28  in  numerical 
calculations. 

It  is  convenient  to  retain  the  normal  mode  coordinates  for 
the  representation  of  the  FBSD  correlation  function.  The  RWK2 
potentiaF^  which  has  been  designed  for  calculating  vibrational 
spectra  of  water  clusters  is  adopted' in  our  work.  That  potential 
consists  of  the  Morse  oscillator  potential  from  the  intramolecular 
interaction  plus  atom-atom  interactions  and  Coulomb  terms 
between  point  charges  from  the  intermolecular  interaction.  The 
classical  equations  of  motion  are  solved  in  normal  mode 
coordinates.  Our  previous  work^’  showed  that  it  is  feasible  to 
sample  the  initial  conditions  via  a  Metropolis  procedure  with 
the  absolute  value  of  eq  3.4  being  the  weight  function.  Here 
for  fast  convergence  we  invoke  the  Genz-Monahan  algorithm 
developed  specifically  for  higher  dimensional  integrals  over 
unbounded  regions  with  Gaussian  weight.^^  Their  approach  is 
based  on  the  stochastic  spherical -radial  rules  for  integrations. 
We  report  the  results  of  the  method  described  in  the  previous 
section  for  a  single  water  molecule  as  well  as  two-  and  four- 
molecule  clusters  using  2500  trajectories  for  each  degree  of 
freedom.  The  largest  of  these  systems  has  30  active  degrees  of 
freedom  and  thus  the  calculation  involves  a  60-dimensional 
integral  which  is  evaluated  with  a  total  of  150  000  trajectories. 

Figure  1  shows  the  correlation  functions  of  the  three 
vibrational  modes  of  a  water  molecule,  namely  the  O— H 
asymmetric  stretch,  O-H  symmetric  stretch,  and  H-O-H  bend, 
obtained  via  the  prefactor-free  FBSD  scheme  described  in 
section  II.  Figure  2  shows  the  sum  of  the  three  correlation 
functions.  Since  rotational  degrees  of  freedom  evolve  on  a 
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Figure  3.  (a)  Real  and  imaginary  parts  of  the  correlation  functions:  the  two  O— H  stretches  of  the  donor  in  the  water  dimer,  (b)  Real  and  imaginary 
parts  of  the  correlation  functions:  the  two  O— H  stretches  of  the  acceptor  in  the  water  dimer,  (c)  Real  and  imaginary  parts  of  the  correlation 
functions  of  the  two  H— O— H  bends  in  the  water  dimer. 


slower  time  scale,  this  sum  represents  a  good  approximation  to 
the  correlation  function  for  the  normal  mode  vector  of  water. 
The  fundamental  frequencies  of  vibrations  can  be  estimated 
from  these  figures.  The  frequencies  for  the  O— H  asymmetric 
stretch,  O— H  symmetric  stretch,  and  H— 0“H  bend  are  about 
3658,  3573,  and  1576  cm“^  respectively.  Comparing  with  the 
results  of  the  normal-mode  analysis,  which  are  3922,  3817,  and 
1639  cm“^  respectively,  we  see  strong  red  shifts  due  to  the 
anharmonicity  of  the  system.  It  is  clearly  shown  in  these  figures 
that  anharmonic  interactions  affect  the  dynamics  within  about 
10  fs.  In  addition,  one  observes  energy  transfer  from  the  0“H 
asymmetric  stretch  to  the  nearly  resonant  O— H  symmetric 
stretch  during  the  initial  40  fs.  This  time  is  still  short  for  the 
H— o— H  bend  to  be  involved  in  the  process  of  energy 
redistribution  in  the  molecule. 


Figures  3  and  4  show  similar  results  for  the  water  dimer  and 
tetramer,  respectively.  The  stable  configuration  of  the  tetramer 
is  cyclic.  We  also  find  red  shifts  (mainly  due  to  intramolecular 
vibrations)  for  the  studied  normal  modes.  This  observation  is 
in  agreement  with  the  results  from  the  self-consistent  field 
calculations  by  Jung  and  Gerber.^^  In  the  dimer,  the  hydrogen 
bond  induces  an  increment  of  the  amplitude  and  a  decrement 
of  the  frequency  for  one  of  the  OH  stretches  in  the  donor.  In 
general,  the  larger  number  of  degrees  of  freedom  leads  to 
stronger  mixing  among  the  normal  modes  during  evolution.  All 
figures  exhibit  imaginary  parts  comparable  in  size  to  the  real 
parts  of  the  correlation  functions.  This  behavior  is  a  manifesta¬ 
tion  of  the  quantum  mechanical  aspect  of  the  dynamics  at  zero 
temperature.  It  is  remarkable  that  the  error  bars  are  small  in  all 
cases,  even  though  the  number  of  samples  per  integration 
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Figure  4.  Real  and  imaginary  parts  of  the  correlation  function  of  the  O 

variable  is  rather  small.  Most  importantly,  the  size  of  the  error 
bars  is  seen  to  be  a  slowly  varying  function  of  cluster  size.  This 
is  very  encouraging  for  performing  FBSD  calculations  with  truly 
large  systems. 

IV.  Concluding  Remarks 

We  have  presented  a  rigorous,  yet  practical  methodology  for 
calculating  semiclassical  correlation  functions  or  expectation 
values.  The  key  features  of  this  approach  are  (a)  the  combined 
treatment  of  the  forward  and  backward  time  evolution  operators, 
which  guarantee  a  smooth  integrand  amenable  to  Monte  Carlo 
sampling,  and  (b)  the  absence  of  a  semiclassical  prefactor  which 
leads  to  linear  scaling.  Starting  from  a  derivative  formulation 
of  the  correlation  function,  it  was  shown  that  the  prefactor 
amounts  to  exactly  one-half  of  the  combined  semiclassical  phase 
and  initial  density  terms  proportional  to  the  momentum  jump 
at  the  end  of  the  forward  evolution.  As  a  consequence,  using 
momentum  increments  of  half  the  magnitude  dictated  from  the 
classical  equations  of  motion  cancels  the  contribution  from  the 
semiclassical  determinant.  Given  the  near  elimination  of  the  sign 
problem  and  the  linear  scaling  with  system  size,  the  prefactor- 
free  FBSD  opens  the  way  to  large-scale  simulations  in  real  time. 

Implementation  of  the  prefactor-free  methodology  is  straight¬ 
forward.  If  the  coherent  state  matrix  element  involving  the  initial 
density  is  known,  one  uses  its  absolute  value  as  a  sampling 
function  to  carry  out  a  stochastic  procedure  for  the  integrals, 
say,  selecting  initial  conditions  via  a  Metropolis  random  walk. 
After  integrating  to  the  desired  propagation  time  t,  trajectories 
incur  an  instantaneous  discontinuity  and  subsequently  continue 
in  the  backward  time  direction  until  the  time  origin  is  reached. 
Evaluation  of  the  required  derivative  by  a  two-point  finite 
difference  formula  requires  a  single  calculation.  As  the  finite 
difference  parameter  is  infinitesimal,  the  corresponding  mo¬ 
mentum  jump  and  resulting  forward-backward  action  are  small. 
These  facts  ensure  excellent  Monte  Carlo  statistics  with  modest 
numbers  of  samples. 

Application  to  the  vibrational  dynamics  of  a  water  molecule 
was  employed  to  illustrate  the  practicality  of  the  scheme.  The 
correlation  functions  of  the  normal  modes  were  computed  for 
several  oscillation  periods.  The  calculations  give  rise  to  a  large 
imaginary  component  of  the  correlation  functions.  Such  imagi- 


H  stretch  with  the  highest  frequency  in  the  water  tetramer. 


nary  components  are  of  purely  quantum  mechanical  origin,  as 
classical  correlation  functions  are  always  real- valued.  If  the 
dipole  moment  operator  is  known  to  a  reasonable  approximation, 
the  real  part  of  correlation  function  can  be  used  to  extract 
spectral  line  shapes.  Future  work  in  our  group  will  deal  with 
similar  investigations  in  molecular  clusters. 
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The  forward—backward  semiclassical  representation  introduced  by  Makri  and  Thompson  {Chem.  Phys.  Lett. 
1998, 297, 101  — 109.)  is  employed  to  evaluate  dipole  correlation  functions  for  electronic  transitions  of  molecules 
in  clusters  or  the  condensed  phase.  The  method  is  applied  to  the  X  B  transition  of  an  iodine  molecule  in 
a  host  of  argon  atoms.  In  this  case,  where  the  spectrum  is  dominated  by  the  short-time  dynamics  of  the 
system,  a  factorization  of  the  stability  matrix  entering  the  semiclassical  expression  of  the  propagator  provides 
an  excellent  approximation,  substantially  reducing  the  computational  cost. 


1.  Introduction 

The  microscopic  description  of  condensed  phase  dynamics 
has  provided  a  challenge  over  the  past  two  decades.  An  exact 
quantum  mechanical  description  of  such  processes  as  photoin- 
duced  reactive  (photodissociation)  and  nonreactive  (solvation) 
dynamics  remains  out  of  reach,  as  the  numerical  effort  for 
solving  the  multidimensional  Schrddinger  equation  grows 
exponentially  with  the  number  of  coupled  degrees  of  freedom. 
The  alternative  very  appealing  path  integral  description  is 
plagued  by  the  so-called  sign  problem  which  amounts  to  the 
inability  of  stochastic  sampling  methods  to  handle  the  integration 
of  oscillatory  functions. 

In  view  of  these  difficulties  inherent  in  quantum  mechanical 
treatments  of  complicated  many-body  Hamiltonians,  simplified 
models  of  the  environment  provide  an  attractive  alternative.  A 
popular  description  of  many  condensed  phase  processes  is  based 
on  system— bath  models.  Here,  the  molecular  system,  i.e.,  a 
molecule  in  solution  or  in  a  solid  state  matrix,  is  mapped  onto 
a  low  (one-  or  two-)  dimensional  system  interacting  with  a  bath 
which  consists  of  uncoupled  harmonic  oscillators  (see,  for 
example,  ref  1).  The  microscopic  information  about  the  bath 
and  its  interaction  with  the  system  is  replaced  by  the  spectral 
density  function,  a  quantity  which  is  often  approximated  by 
means  of  classical  molecular  dynamics  simulations.  Given  the 
simplified  system— bath  Hamiltonian,  the  ensuing  dynamics  can 
be  obtained  either  perturbatively^""^  or  exactly  using  numerical 
path  integral  methods.^" Recent  work  has  analyzed  the 
conditions  for  validity  of  the  system— bath  description.^^  Clearly, 
the  drawback  in  these  formulations  is  the  loss  of  niicroscopic 
information  as  a  consequence  of  the  mapping  procedure.  This 
has  motivated  efforts  toward  methods  for  dealing  with  large 
systems  in  full  dimensionality,  the  most  popular  of  which 
involve  time-dependent  mean  field  approximations,  mixed 
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quantum-classical^^" and  surface  hopping  schemes, Gauss¬ 
ian  wavepacket  ideas, and  semiclassical  approximations.^^""^^ 
In  addition,  significant  progress  has  been  made  in  the  direction 
of  using  the  results  of  equilibrium  path  integral  calculations  via 
analytic  continuation^®"^^  and  maximum  entropy  methods^"^’^^ 
or  centroid  density  ideas^^"^^  to  deduce  dynamical  information. 
For  recent  reviews  the  reader  is  referred  to  refs  62  and  63. 

In  close  analogy  with  the  path  integral  situation,^  Monte 
Carlo  integration  of  the  semiclassical  propagator  suffers  from 
a  phase  cancellation  problem  due  to  its  oscillatory  character.  A 
number  of  elegant  methods  for  dealing  with  the  semiclassical 
sign  problem  based  on  filtering  procedures^^’^^  or  linearized 
approximations'^^ have  met  with  considerable  success.  An 
alternative,  more  rigorous  approach'*'^"'^^  is  based  on  the 
combined  treatment  of  the  forward  and  backward  time  evolution 
operators  entering  the  influence  functional  or  a  correlation 
function.  The  forward— backward  semiclassical  dynamics  (FBSD) 
method  has  the  advantage  that  most  of  the  rapid  oscillations 
cancel  and  one  is  left  with  a  smooth  integrand. 

In  the  present  contribution  we  employ  the  FBSD  scheme  in 
the  context  of  the  spectroscopy  of  electronic  transitions  in  the 
condensed  phase.  In  section  II  we  give  a  brief  account  of  the 
theoretical  apparatus.  As  phase  cancellation  is  minimal  in  FBSD 
calculations,  the  most  severe  obstacle  toward  applying  the 
method  to  large  systems  appears  to  be  the  computation  of  the 
prefactor,  which  scales  as  the  third  power  of  the  number  of 
atoms  involved.  We  thus  explore  a  simple  factorization  which 
substantially  reduces  the  required  computational  effort  associated 
with  integrating  the  stability  matrix.  The  specifics  of  the  line- 
shape  calculation  are  discussed  in  section  III  along  with  the 
numerical  results  that  we  obtained.  The  paper  is  finally 
summarized  in  section  IV. 

IL  Theory 

We  focus  on  spectroscopic  experiments  described  in  terms 
of  two  electronic  states,  labeled  g  and  e,  which  are  coupled  by 
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the  electromagnetic  radiation  field.  Adopting  the  conventional 
classical  treatment  of  the  radiation  field  and  the  dipole  ap¬ 
proximation,  the  total  Hamiltonian  is  written  as 

H(p,q)  =  //g(p,q)|g>(g|  +  H,(p,q)|e>(e|  - 

EW(Aeg(q)|e)<gl  +A<ge(q)lgXe|)  (2.1) 

Here  q  and  p  are  Cartesian  coordinates  and  momenta  for  the 
multidimensional  system  of  interest,  E(0  is  the  external  electric 
field,  and  //ge(q)  is  the  dipole  operator.  Optical  spectroscopy  in 
weak  external  fields  is  conveniently  described  by  employing  a 
perturbation  expansion  of  the  time  evolution  operator  with 
respect  to  the  field  (see,  for  example,  ref  65).  This  results  in 
expressions  for  the  linear  and  nonlinear  optical  response 
functions  in  terms  of  dipole— dipole  correlation  functions.  For 
instance,  the  linear  absorption  line  shape  normalized  to  unit  area 
is  given  by  the  Fourier  transform 

a(w)  =  -Rerdre'“"C(0  (2.2) 

Jt 

where  the  dipole— dipole  correlation  function  is 

C(t)  =  Tr[{/,(0//,g(q)Pgf/g“'(0-/<ge(q)]  (2.3) 

Here  Ua  and  Ue  are  the  time  evolution  operators  of  the  ground 
and  excited  potential  surfaces,  respectively,  pg  is  the  initial 
density  operator  prior  to  excitation,  and  the  trace  is  taken  with 
respect  to  the  nuclear  degrees  of  freedom.  Assuming  a  thermal 
distribution  of  the  molecular  system  of  interest,  the  initial  density 
is  given  by  the  Boltzmann  operator, 


Pg  =  Z-'exp(-j87fg)  (2.4) 

where  Z  is  the  canonical  partition  function  and  P  =  Hk^T. 
Invoking  the  Condon  approximation  and  setting  =  1,  the 
correlation  function  takes  the  form 

C{t)  =  Tr([/,(f)pgt/g-‘(0)  (2.5) 


In  the  condensed  phase  the  calculation  of  correlation  functions 
of  the  type  shown  in  eq  2.3  poses  severe  numerical  difficulties 
unless  one  can  resort  to  simple  system— bath  descriptions  like 
the  Brownian  oscillator  model  which  allows  for  an  exact 
evaluation  of  (2.3)  by  using  a  cumulant  expansion. Although 
such  mappings  are  justified  in  condensed  phase  situations  under 
conditions  that  favor  the  validity  of  the  linear  response  ap¬ 
proximation,  they  are  clearly  inadequate  for  describing  processes 
involving  a  few  strongly  interacting  degrees  of  freedom  such 
as  those  encountered  in  medium  size  clusters.  The  present  article 
aims  at  describing  a  rigorous  semiclassical  methodology  for 
dealing  with  the  spectroscopy  of  such  systems,  treating  the 
potential  interactions  in  full  dimensionality. 

The  semiclassical  propagator  in  the  coordinate  representation 
can  be  obtained  by  applying  the  stationary  phase  approximation 
to  the  path  integral.^^’^^  The  result,  first  obtained  by  Van  Vleck^^ 
by  a  different  method,  involves  a  phase  equal  to  the  action  along 
classical  trajectories  connecting  the  initial  and  final  points  and 
a  prefactor  which  amounts  to  contributions  from  quadratic 
fluctuations  about  a  classical  path.  The  endpoint  representation 
is  not  useful  for  the  purpose  of  performing  numerical  calcula¬ 
tions  as  the  determination  of  the  relevant  trajectories  requires 
the  solution  of  a  double  ended  boundary  value  problem.  This 
numerical  difficulty  is  overcome  in  initial  value  representations 
of  time  correlation  functions  which  replace  the  integration  over 


final  coordinates  by  one  involving  initial  momenta^^  or  invoke 
cellular  discretizations^"^  or  coherent  state  representations.^^  In 
these  formulations,  the  classical  trajectories  are  specified  by  their 
initial  conditions  in  phase  space.  A  number  of  successful 
applications  to  small  modeP^*^^  and  chemical  systems^^’"^^’^^  have 
demonstrated  the  high  accuracy  of  the  semiclassical  approxima¬ 
tion  as  well  as  some  of  its  limitations.  In  addition,  semiclassical 
ideas  have  been  successfully  combined  with  quantum-classical 
approaches  to  treat  polyatomic  systems.^^"^^  Multidimensional 
calculations  require  integration  by  Monte  Carlo  methods  which 
(because  of  the  oscillatory  phase  present  in  the  semiclassical 
integrand)  are  plagued  by  a  sign  problem  very  similar  to  that 
encountered  in  real-time  path  integration.  Even  though  a  few 
successful  calculations  employing  filtering  procedures^^’^^  or 
linearization  approximations"^^ have  been  reported,  rigorous 
semiclassical  calculations  in  large  systems  have  in  the  past  been 
considered  unfeasible. 

In  previous  attempts  to  develop  a  semiclassical  representation 
of  (2.5)  and  its  obvious  generalization  to  nonlinear  spec¬ 
troscopies  the  forward  and  backward  propagation  has  been 
treated  separately  while  the  integrals  associated  with  switching 
between  electronic  states  that  appear  in  higher  order  terms  were 
performed  within  the  stationary  phase  approximation.’^^”’^^ 

In  ref  72  this  procedure  was  combined  with  a  harmonic 
expansion  around  the  center  of  the  classical  orbits  of  the  forward 
and  backward  trajectories  in  the  spirit  of  Gaussian  wave  packet 
and  cellular  dynamics^"^  with  application  to  an  electronic  two- 
level  system  coupled  to  a  single  nuclear  coordinate.  Spencer 
and  Loring^"^  treated  a  solute  in  a  Lennard-Jones  solvent 
semiclassically,  simplifying  matters  by  neglecting  the  amplitude 
of  the  semiclassical  propagator.  They  also  discussed  the 
shortcomings  of  semiclassical  approaches  which  reduce  the 
correlation  function  to  the  ground  or  excited  state  dynamics  of 
the  instantaneous  energy  gap. 

To  circumvent  the  difficulty  associated  with  the  oscillatory 
nature  of  the  semiclassical  propagator,  Makri  and  Thompson 
formulated  a  FBSD  scheme  for  ensemble-averaged  quanti¬ 
ties. The  main  idea  is  to  apply  the  semiclassical  ap¬ 
proximation  to  the  combined  forward  and  reverse  time  evolution 
operators.  After  reaching  the  desired  propagation  time,  trajec¬ 
tories  are  subsequently  propagated  back  to  time  zero,  such  that 
the  net  accumulated  action  is  generally  small.  This  fact  implies 
that  the  semiclassical  integrand  is  now  only  mildly  oscillatory, 
allowing  Monte  Carlo  sampling.  Batista  et  al."^^  have  used  this 
scheme  to  simulate  the  photoelectron  spectrum  of  \2~  in  the 
gas  phase. 

References  44  and  46  present  in  detail  the  FBSD  scheme  for 
the  influence  functional  arising  from  coupling  of  a  multidimen¬ 
sional  medium  to  a  time-dependent  system.  Equation  2.5  for 
the  correlation  function  pertinent  to  the  photoabsorption  spec¬ 
trum  has  exactly  the  same  structure,  the  forward  and  backward 
evolution  operators  now  involving  the  forces  on  the  ground  and 
excited  potential  surfaces.  For  this  purpose,  we  simply  rewrite 
the  result  of  refs  44  and  46  in  the  present  notation: 

C(f)  =  (2jrh)""  f  dpo  f  dq^  £)(qo,Po)  x 

exp(^5(qo,Po))(G(qo,Po)|pg|G(qf,Pf))  (2.6) 

Here 


Calculation  of  Spectral  Line  Shapes 


J.  Phys.  Chem.  A,  Vol.  103,  No.  47,  1999  9489 


G(qo,Po)  =  (|)"Vtr)’'"x 

exp|-(q  -  qo)T‘(q  -  qo)  +  ^Po‘(q  “  qo))  (2-7) 

where  y  is  a  diagonal  matrix,  defines  a  multidimensional 
coherent  state.  According  to  eq  2.6,  trajectories  are  chosen  with 
initial  conditions  qo,Po  based  on  weights  given  by  the  coherent 
state  transform  of  the  initial  density  operator.  These  trajectories 
are  first  propagated  to  time  t  according  to  the  ground  stat^ 
Hamiltonian  and  subsequently  return  to  zero  time  following  the 
forces  in  the  excited  electronic  state.  Finally,  S  is  the  net  action 
during  this  forward— backward  evolution,  i.e. 

5(qo,Po) = -  H,)  dt' + 

-  77g)  dt'  (2.8) 

The  main  advantage  of  the  FBSD  formulation  in  the  context  of 
propagation  in  a  single  electronic  state^^-^^  is  that  the  combined 
forward— backward  action  tends  to  be  small  on  the  scale  of 
Planck’s  constant  and  thus  the  integrand  is  only  mildly 
oscillatory.  In  the  present  context,  the  extent  of  forward- 
backward  cancellation  depends  on  how  different  the  ground  and 
excited  state  Hamiltonians  are.  In  the  limit  Hg  =  He,  the  forward 
and  backward  propagation  steps  cancel  exactly  and  the  corre¬ 
sponding  action  is  identically  equal  to  zero.  The  prefactor  in 
(2.6)  is  given  by  Z)(qo,po)  =  VdetM  with  the  matrix  M 
defined  in  terms  of  the  elements  of  the  stability  matrix 


Figure  1.  Linear  chain  configuration  of  h  (large  spheres)  in  an  Ar 
(small  spheres)  environment.  The  system  is  placed  in  a  box  introduced 
via  the  external  potential  Vext(q)-  The  latter  is  taken  as  the  repulsive 
part  of  the  Ar— Ar  Lennard-Jones  potential  thus  modeling  the  presence 
of  further  Ar  atoms. 

at  time  t  by  the  amount 

=  h^-z  (2.13) 

9q 

The  action  generated  by  the  Hamiltonian  of  eq  2.11  also 
increments  discontinuously  at  the  time  t  by  the  amount 

dS  =  hfi{tyz  (2.14) 

Application  of  the  semiclassical  approximation  to  the  effective 
Hamiltonian  in  the  coherent  state  representation  brings  the 
correlation  function  to  the  form 

C(0  =  dqo  f  dpoD(qo,Po)  x 

exp(^5(qo,Po))<G(qo,Po)  |  p^fi  \  G(qf,Pf))|^=o  (2- 1 5) 


2\9^,,o 


Yidpj^f  ...  dqjf 
-^-2ihyr^  + 
Yi  ^Pi.o  9P,',0 


i 


(2.9) 


To  calculate  the  determinant,  one  needs  to  solve  the  (2n)^ 
differential  equations  for  these  elements.  Having  in  mind 
applications  to  large  systems,  the  quadratic  scaling  of  this 
procedure  becomes  the  bottleneck.  For  this  reason  we  will  also 
explore  the  validity  of  the  simplest  approximation  in  which  the 
correlations  between  initial  and  final  phase  space  points  of 
different  degrees  of  freedom  are  neglected,  i.e.  My  ^  <5yM„.  In 
this  approximation,  the  prefactor  D  is  replaced  by  Dfact  = 

Finally,  we  mention  how  the  FBSD  treatment  described  in 
this  section  can  be  used  to  evaluate  the  dipole  correlation 
function  without  invoking  the  Condon  approximation.  For  this 
purpose,  eq  2.5  is  written  in  the  form 

C(t)  =  -/|•Tr(;^,g(q)pgGg-’(Oe"■''-®G,(f))|,=o  (2-10) 


The  product  of  the  three  last  operators  in  this  expression  can 
be  interpreted  as  propagation  with  the  following  time-dependent 
Hamiltonian:"^^’^^ 


H(t')  =  H-  hz-jiid{f  -  t)  (2.1 1) 

The  classical  dynamics  generated  by  this  effective  Hamiltonian 
are  described  by  Hamilton’s  equations. 


...  dH  BH  ...  BH  . 

9p  9p  9q  9q  9q  ^2 12) 


According  to  these,  the  momentum  of  each  trajectory  must  jump 


III.  Application  to  I2  in  an  Ar  cluster 

The  photodissociation  of  I2  in  a  cluster  environment  has  been 
an  active  testing  ground  for  new  theoretical  propagation 
methods.  Gerber  and  co-workers  applied  their  classical  separable 
potential  based  approach  to  this  system  calculating  absorption 
and  resonance  Raman  spectra,^^’^^  A  so-called  mixed-order 
semiclassical  approach  combining  zeroth-  and  second-order 
approximations  to  the  propagator  has  been  used  by  Ovchinnikov 
et  al.  to  obtain  the  absorption,  emisson,  and  resonance  Raman 
profiles  for  I2  in  solid 

Much  effort  has  also  been  invested  in  the  theoretical  simula¬ 
tion  of  pump— probe  spectra  which  show  a  pronounced  pressure 
dependence.^^’^®  Purely  classical  molecular  dynamics  simula- 
tions,^^’^^  and  quantum/classical  hybrid  methods,^^’^^  as  well  as 
the  combination  of  quantum  propagation  for  the  early  time 
dynamics  with  classical  simulations  for  later  times^"^  have  added 
much  to  the  understanding  of  the  relaxation/recombination 
dynamics  in  this  system. 

In  this  section  we  apply  the  FBSD  expression  for  the  linear 
absorption  correlation  function  to  the  spectroscopy  of  the  X  ^ 
B  electronic  transition  of  an  iodine  molecule  embedded  in  a 
cluster  of  argon  atoms  at  finite  temperature.  In  the  absence  of 
detailed  information  for  the  dipole  moment  function  we  restrict 
ourselves  to  the  Condon  approximation.  Nonadiabatic  transitions 
within  the  I2  excited  electronic  state  manifold  do  not  play  a 
significant  role  for  the  linear  absorption  profile^^  and  therefore 
will  be  neglected.  Further,  to  keep  the  matter  simple  we  restrict 
ourselves  to  a  linear  chain  configuration  (see  Figure  1)  as  has 
been  done  for  the  present  system  in^^’^^  and  for  the  I2  anion  in 
Ar  and  Xe  in  refs  82  and  83. 

The  Cartesian  coordinates  and  momenta  of  the  two  iodine 
atoms  are  denoted  r,  and  p,  (/  =  1, 2),  respectively,  while  those 
of  the  n  Ar  atoms  are  written  as  Rj,  Fj  (j  =  1,  ...,  n).  In  the 
actual  calculation  we  will  describe  the  solute  by  its  relative  (bond 
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TABLE  1:  Parameters  of  the  Morse  Potential  Describing 
the  Ground  and  Excited  States  of  h  (from  Ref  79) 

D(cm-')  A  (A-')  b(k) 

ground  State  12547.2  1.875  2.656  0 

excited  state  4382.8  1.75  3.03  7605 

distance)  and  center  of  mass  coordinates  f  and  Ro,  respectively. 
The  respective  conjugate  momenta  are  p  and  Pq.  Employing  a 
pairwise  additive  potential,  the  Hamiltonian  takes  the  form 

+  (3.1) 


where 


Hi 


(3.2) 


describes  the  internal  vibration  of  the  iodine  molecule  and 

n  p.^  n 

^sol  =  J,-—  +  E'^Ar-ArdR,-  “  R;l)  + 

i>j 

n  n  P  ^ 

X  Wlr,  -  R,l)  +  -  R,l)  +  -^  + 

"  "  4oti 

y,,,(Ro...R„)  (3.3) 


is  the  Hamiltonian  of  the  argon  atoms  and  their  interactions 
with  the  iodine  molecule  as  well  as  the  overall  translation  of 
the  latter.  The  ground  and  excited-state  potentials  for  I2,  Ar— 
Ar,  and  the  I— Ar  interaction  are  taken  from  ref  79.  Specifically, 
the  vibrational  motion  of  I2  is  described  by  a  Morse  potential 
of  the  form 


V,_i(r)  =  D[exp(-2A(r  -  b))  -  2  exip{-X{r  -  b))]  +  d 

and  the  Ar— Ar  and  I— Ar  interaction  potentials  are  of  the 
Lennard- Jones  type: 


V^idR)=4e 


with  no  distinction  made  for  the  ground  and  excited  state  of  I2. 
The  parameters  of  these  potentials  are  given  in  Tables  1  and  2. 
To  mimic  the  effect  of  additional  solvent  atoms  the  system  is 
placed  in  a  box  of  length  2j?box  (see  Figure  1).  For  the  external 
box  potential  entering  eq  3.3,  we  chose  the  repulsive  part  of 
the  Lennard-Jones  potential  with  the  parameters  for  the  Ar— 
Ar  interaction. 

The  initial  density  operator  is  approximated  by  the  product 
p(0)  (3.4) 


where  V'i2(r)  is  the  wave  function  of  the  iodine  molecule  in  the 
vibrational  ground  state  of  the  ground  electronic  state.  Note  that 
Hso\  is  evaluated  in  eq  3.4  with  the  iodines  fixed  at  their  ground 
state  equilibrium  position.  For  simplicity,  the  ground  state  wave 
function  for  the  solute  is  approximated  by  a  Gaussian  form, 

exp{-a(r  -  (3.5) 

where  req  is  the  equilibrium  bond  length. 

Since  the  Ar  atoms  are  fairly  heavy,  we  use  the  high- 
temperature  approximation  to  calculate  the  solvent  part  of  the 
Boltzmann  matrix  element.  The  density  matrix  elements  in  the 


coherent  state  representation  have  been  given  in  refs  12  and 
13.  With  these  assumptions  the  correlation  function  becomes 


C(f)  =  /  dR,,o  /  dP,,o  /  dQ,  /  dri,o  /  x 


k=\ 


dPi.o  /  dr  2,0  /dp 

2,0  ^(^l,0’Pl,0’^2,0’P2,0’^*,0’^^,o)  ^ 

v^orm  (^l,0’Pl,0’^2,0’P2,0’^*,0’ 


exp  -5'(ri^o^Pi,o^r2^0’P2.0’Rjfc,o»P^,o)  x 


m. 


exp 


k=\  mf^3r 


P  2 

Vk 


Qa:  ^k,f 


+ 


n  n 


/  ct/o 

exp 

^eq 

\  cc+yo 

~  2 

Pi 


I  a 
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In  the  above  equation,  Qi^  are  auxiliary  integration  variables 
arising  from  the  coherent  state  transform  of  the  Boltzmann 
operator  in  the  high-temperature  approximation,  and  the  normal¬ 
ized  sampling  function  is  given  by  the  expression 


/norm(*‘l  ,0’P  1 ,0’^2,0’P2,0’®^;t,0’®*Jk,0’Q)t) 
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^  2 

—Plo  +  Y, 
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ro  - 


..  2 
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(3.7) 


Details  of  the  Monte  Carlo  procedure  are  discussed  in  ref  46. 

We  start  our  discussion  by  assessing  the  importance  of 
correlations  in  the  calculation  of  the  determinant  prefactor  D 
in  eq  3.6.  In  Figure  2  we  plot  a  set  of  trajectories  for  the  case 
of  four  Ar  atoms.  The  initial  conditions  have  been  taken  from 
a  Monte  Carlo  sampling  step  at  T  =  300  K.  The  solute  is  in  the 
excited  state;  i.e.,  the  trajectories  correspond  to  the  forward 
propagation.  The  elements  of  the  stability  matrix  entering  eq 
2.9  have  been  calculated  by  running  for  each  selected  set  of 
initial  conditions  concurrent  trajectories  with  slightly  modified 
initial  values  such  as  to  allow  for  a  finite  difference  approxima¬ 
tion  to  the  derivatives  in  (2.9).  The  integration  of  the  classical 
equations  of  motion  was  performed  using  the  velocity  Verlet 
algorithm.^^ 

Apparently,  on  the  time  scale  covered  in  Figure  2  the 
factorized  approximation  is  very  accurate  for  these  trajectories. 
As  can  be  seen  from  the  upper  panel  the  deviation  is  only  about 
4%  within  the  first  700  fs.  Note  that  initially  the  I2  is  compressed 
to  an  extent  that  the  energy  on  the  excited  state  is  above  the 
dissociation  threshold  for  this  bond.  The  initial  momenta  are 
zero  for  all  particles. 

In  Figure  3  we  show  a  situation  where  the  factorization 
approximation  completely  breaks  down  at  longer  times.  From 
the  forward  trajectories  propagated  on  the  excited  solute  state 
the  reason  for  this  break  down  does  not  become  obvious. 
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Figure  2.  Classical  trajectories  and  semiclassical  prefactor  for  a  linear 
chain  of  h  plus  four  Ar  atoms.  The  solute  dynamics  is  on  the  excited 
state  (forward  propagation).  The  external  confining  potential  starts  at 
^box  —  14.6  A.  This  corresponds  to  the  situation  where  for  h  in  the 
ground  state  the  equilibrium  I— Ar  and  Ar—Ar  distances  are  equal  to 
the  Lennard-Jones  minimum  The  initial  conditions  for  the 

trajectories  are  taken  from  an  arbitrary  step  in  the  Monte  Carlo  sampling 
of  the  integrals  in  eq  3.6.  With  this  initial  condition  the  forward  and 
backward  parts  of  the  trajectories  are  nearly  indistinguishable.  The  lower 
panel  shows  the  coordinates  of  the  I  atoms  (solid  lines)  and  those  of 
the  Ar  atoms  (dashed  lines).  The  upper  panel  shows  the  ratio  between 
the  absolute  values  of  the  factorized  and  the  exact  determinant. 

TABLE  2:  Parameters  of  the  Lennard-Jones  Potentials 
Describing  the  I~Ar  and  Ar-Ar  Interactions  (from  Ref  79) 

€  (cm“0  a  (A) 

I-Ar  209.7  3.59 

Ar-Ar  84.0  3.40 

However,  if  one  inspects  the  complete  forward— backward 
trajectory  as  is  done  for  the  final  time  (700  fs)  in  the  lower 
panel  of  Figure  3,  the  reason  for  the  failure  of  the  factorization 
approximation  becomes  transparent.  Tracing  their  backward 
motion  on  the  h  ground  state,  one  observes  an  intramolecular 
I2  collision  and  the  attraction  between  an  iodine  and  a  neighbor¬ 
ing  Ar  atom.  These  cause  the  final  phase  space  points  of  the 
involved  particles  to  become  correlated,  in  contrast  to  the  case 
shown  in  Figure  2  where  the  backward  ground  state  trajectory 
traced  the  forward  trajectory  almost  exactly  for  a  final  time  of 
700  fs.  Figure  3  also  suggests  that  one  can  improve  the 
factorization  approximation  by  including  correlations  between 
neighboring  particles,  for  instance,  those  in  the  first  solvation 
shell  surrounding  the  solute.  In  this  case  the  matrix  (2.9)  would 
take  a  block-diagonal  form;  the  resulting  ratio  |Dapprox|/|L>exactl 
is  shown  as  the  dashed  line  in  the  upper  panel  of  Figure  3. 
Including  also  the  next-nearest-neighbor  interaction  with  the 
Argon  atom  whose  trajectory  starts  at  about  —8  A  accounts  for 
most  of  the  correlations  in  the  time  interval  examined  (thin  solid 
line  in  upper  panel  of  Figure  3). 

The  broad  absorption  spectrum  of  I2  is  dominated  by  the 
short-time  dynamics  of  the  system.  As  shown,  for  example,  in 
ref  39,  the  ground  state  wave  packet  once  promoted  to  the 


Figure  3.  Same  as  in  Figure  2  but  for  a  different  set  of  initial 
conditions.  In  addition  to  the  forward  trajectories  on  the  I2  excited  state, 
the  backward  parts  of  the  trajectories  on  the  ground  states  are  shown 
for  the  longest  forward  propagation  time.  The  respective  directions  are 
indicated  by  arrows.  In  the  upper  panel  the  determinant  for  the  full 
factorization  (thick  solid  line)  and  block  diagonal  approximation 
(dashed:  only  first  solvation  shell;  thin  solid:  additional  inclusion  of 
the  argon  whose  trajectory  starts  at  about  —8  A)  is  compared  to  the 
exact  determinant  according  to  eq  2.9. 


0  5  .  10  15 

t[fs] 


Figure  4.  Comparison  between  the  exact  gas  phase  (solid  line)  and 
the  FBSD  condensed  phase  results  (markers)  for  the  correlation  function 
of  the  X  B  state  Franck— Condon  transition  at  room  temperature. 
The  triangles  show  the  real  and  imaginary  parts  of  the  correlation 
function.  The  inset  shows  the  spectrum  taken  with  respect  to  the  vertical 
transition  frequency  coq. 

excited  state  leaves  the  Franck— Condon  region  in  about  15  fs. 
On  this  time  scale  the  factorization  approximation  should 
perform  rather  well,  judging  from  the  two  extreme  cases  shown 
in  Figures  2  and  3.  In  Figure  4  we  plot  the  correlation  function 
for  the  I2  plus  four  Ar  atoms  system  using  the  factorized 
determinant.  For  each  integration  variable  in  eq  3.6  35  000 
Monte  Carlo  points  have  been  sampled  with  a  rejection  ratio 
for  the  Metropolis  random  walk  of  50%.  It  turns  out  that  the 
correlation  function  is  nearly  identical  to  the  gas  phase  result 
which  has  been  obtained  by  calculating  the  overlap  (^i2|exp- 
(-iHet/h)\tpi2)  '^sing  the  standard  split-operator  technique  in 
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conjunction  with  a  fast  Fourier  transform  scheme  for  calculating 
the  action  of  the  kinectic  energy  operator.^^  This  finding  is  in 
line  with  the  fact  that  the  spectrum  is  determined  by  the  short- 
time  dynamics  in  the  Franck— Condon  region  where  the  gas 
phase  potentials  are  not  substantially  altered  by  the  interaction 
with  the  rare  gas  environment. 

rV.  Summary 

The  FBSD  scheme  for  calculating  correlation  functions  offers 
a  straightforward  and  practical  methodology  for  studying  the 
dynamics  and  spectroscopy  of  polyatomic  molecules  and 
clusters.  In  the  Condon  approximation,  the  correlation  function 
for  the  linear  absorption  spectrum  involves  a  time  evolution  on 
the  excited  potential  surface  followed  by  reverse  propagation 
on  the  ground  state  Hamiltonian.  Combining  both  steps  into  a 
single  semiclassical  evolution  eliminates  the  most  severe 
oscillations  of  each  separate  semiclassical  propagator,  giving 
rise  to  a  smooth  integrand  that  invites  the  use  of  Monte  Carlo 
methods.  We  have  also  discussed  how  the  scheme  can  be 
formulated  without  reference  to  the  Condon  approximation. 
Furthermore,  combination  of  the  FBSD  idea  a  stationary  phase 
state  switching  procedure'^^"'^^  will  lead  to  a  powerful  methodol¬ 
ogy  for  simulating  nonlinear  spectroscopies. 

In  the  present  paper  we  applied  the  FBSD  procedure  to 
calculate  the  absorption  spectrum  for  the  X  — ^  B  transition  of 
iodine  embedded  in  a  cluster  of  four  argon  atoms  in  a  linear 
arrangement.  In  this  case  the  spectrum  is  dominated  by  the  short 
time  dynamics  of  h,  which  dissociates  very  rapidly  once 
promoted  to  the  excited  B  surface.  As  a  consequence,  the 
interaction  with  the  Ar  environment  plays  a  minor  role  in 
determining  the  spectrum.  Nevertheless,  the  present  results 
obtained  via  the  full  semiclassical  method  are  useful  as 
benchmarks  since  the  present  system  continues  to  serve  as  a 
testing  ground  for  less  rigorous  approximations.  It  will  be 
challenging  to  apply  the  FBSD  methodology  to  other  situations 
where  persisting  recurrences  in  the  correlation  function  give  rise 
to  vibrational  structure,  while  interaction  with  the  medium 
results  in  line-shape  broadening. 

As  the  FBSD  methodology  reduces  dramatically  the  severity 
of  the  Monte  Carlo  sign  problem  encountered  in  path  integral 
or  single-direction  semiclassical  treatments,  the  major  compu¬ 
tational  overhead  of  the  method  is  associated  with  the  deter¬ 
minant  prefactor.  The  latter  requires  costly  propagation  of  the 
stability  matrix  as  well  as  the  evaluation  of  a  determinant  that 
scales  as  the  third  power  of  the  number  of  degrees  of  freedom. 
In  the  present  work  we  explored  a  few  ways  of  simplifying  this 
procedure.  Full  factorization  of  the  determinant  leads  to  an 
extremely  efficient  algorithm  that  reproduces  the  short-time 
dynamics  rather  faithfully.  At  longer  times  binary  collisions 
become  important  and  the  factorization  scheme  breaks  down. 
We  found  that  following  the  full  stability  matrix  of  the  solute 
plus  one  solvation  shell  leads  to  significant  improvement  while 
resulting  in  an  economical  block-diagonal  form.  Finally,  we 
expect  that  inclusion  of  off-diagonal  terms  between  neighboring 
atoms  only  will  offer  further  increase  in  accuracy  at  little 
additional  cost,  as  the  resulting  stability  matrix  will  be  tridir 
agonal.  These  procedures  offer  a  promising  starting  point  but 
further  tests  will  be  needed  to  establish  the  most  fruitful 
approach  to  the  semiclassical  dynamics  of  polyatomic  systems. 
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The  accurate  numerical  calculation  of  general  quantum  time  correlation  functions  for  many-body  systems  is 
not  possible  at  present.  We  discuss  several  schemes  for  obtaining  approximate  quantum  time  correlation 
functions  using  as  input  only  the  corresponding  classical  results,  and  assess  the  merits  of  each  scheme  by 
considering  three  exactly  solvable  model  problems.  We  then  turn  to  the  problem  of  the  vibrational  energy 
relaxation  of  a  high-frequency  oscillator  in  a  liquid,  where  the  relaxation  rate  constant  can  be  related  to  a 
certain  quantum  force— force  time  correlation  function.  Focusing  specifically  on  the  case  of  liquid  oxygen, 
we  calculate  the  classical  force— force  time  correlation  function  using  a  molecular  dynamics  simulation  and 
then  determine  various  approximations  to  the  relaxation  rate  constant  by  applying  the  schemes  considered 
earlier.  The  Egelstaff  scheme  is  found  to  lead  to  reasonable  agreement  with  experiment. 


L  Introduction 

It  is  well-known  that  for  condensed  phase  systems  many 
experimental  observables  can  be  related  theoretically  to  time 
correlation  functions  (TCFs)  of  appropriate  dynamical  variables. 
And  in  many  cases  it  is  essential  that  these  TCFs  be  calculated 
quantum  mechanically,  since  thermal  energies  can  be  small 
compared  to  the  relevant  energy  splittings.  While  there  is  much 
interest,  and  has  been  much  progress,  in  the  numerical  calcula¬ 
tion  of  quantum  TCFs  for  many-body  interacting  systems,  a 
general,  tractable,  and  reliable  method  is  not  yet  at  our  disposal. 

On  the  other  hand,  the  calculation  of  classical  TCFs  for  many- 
body  interacting  systems  is  commonplace,  either  by  analytic 
methods  or  by  molecular  dynamics  simulation.  It  would  be  very 
useful,  therefore,  if  there  was  some  reliable  method  by  which 
one  could  obtain  an  approximate  quantum  TCF  from  its  classical 
analogue.  While  a  general  solution  to  this  problem  seems 
unlikely,  to  say  the  least,  several  such  approximation  schemes 
have  been  discussed  over  the  last  40  years.  One  of  the 
purposes  of  this  paper  is  to  examine  critically  these  approxima¬ 
tion  schemes  by  considering  three  exactly  solvable  model 
problems. 

The  other  purpose  of  this  paper  is  to  apply  these  various 
approximation  schemes  to  a  problem  of  current  theoretical  and 
experimental  interest,  namely,  condensed  phase  vibrational 
energy  relaxation.^“^  A  simple  golden  rule  calculation  shows 
that  the  state-to-state  relaxation  rate  constant  is  related  to  the 
Fourier  transform,  at  the  oscillator  frequency,  of  a  certain 
quantum  force— force  TCF.*^  If  h  times  the  oscillator  frequency 
is  smaller  than  thermal  energies,  then  it  may  be  possible  to 
approximate  the  quantum  TCF  simply  by  its  classical  analogue. 
If,  however,  the  oscillator  energy  is  much  higher  than  thermal 
energies,  the  classical  approximation  is  quite  poor,  and  it 
becomes  essential  to  use  better  approximations.  As  an  example 
of  this  latter  situation,  we  consider  specifically  the  vibrational 
relaxation  of  neat  liquid  oxygen  at  70 
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11.  Exact  and  Approximate  Quantum  Dynamics 

Consider  the  quantum  TCF  for  a  general  non-Hermitian 
operator  A: 

G(t)  =  «A«  A\0))  +  {A\t)A{0)))/2,  (1) 

where  the  time  dependence  of  any  operator  O  is  given  by  the 
Heisenberg  expression 

0(t)  =  (2) 

H  is  the  Hamiltonian  of  the  system,  and  the  ensemble  average 
of  operator  O  is 

(O)  =  Tr[e"^'^0]/Tr[e"^"],  (3) 

with  p  =  llkT.  This  TCF  is  a  complex  function  of  t,  but  it  is 
easy  to  show  that  it  has  the  following  time  symmetries:^® 

G(-t)  =  G(0*  =  G{t  -  i^hy  (4) 

We  will  also  be  interested  in  the  Fourier  transform  of  the 
quantum  TCF,  defined  by 

G((y)  =  (5) 

From  the  first  of  the  time  symmetries  it  follows  that  G{(o)  is 
real.  It  is  also  straightforward  to  show  that  G{(o)  >  0.  From  the 

second  time  symmetry  follows  the  detailed  balance  condition: 
10 

G(-<o)  =  G{(t)).  (6) 

Decomposing  G{t)  into  its  real  and  imaginary  parts: 

G{t)  =  G^{t)  +  iG,{ty  (7) 
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one  can  define  the  Fourier  transforms 

Gsico)  =  (8) 

GA(a>)  =  //_“  (9) 

SO  that  of  course 

G(a))  =  Gs(a>)  +  G^ico).  (10) 

Since  GrCO  and  Gi(0  are  both  real  and  are  symmetric  and 
antisymmetric  functions  of  r,  respectively,  it  is  straightforward 
to  show  that  Gs{(o)  and  Ga{(o)  are  both  real  and  are  symmetric 
and  antisymmetric  functions  of  (o,  respectively. 

The  detailed  balance  condition  shows  that  Gs(co)  and  Ga(co) 
are  not  independent,  but  in  fact  are  related  by^ 

Ga(c^)  =  G^ioj)  iai\h(j3h(o/2).  (11) 

That  means  that  G((o)  can  be  related  to  either  Gs(o))  by 

(12) 

or  to  Ga{o))  by 

(13) 

It  is  also  clear  that  Gr(0  and  Gi(0  are  not  independent;  by 
expanding  the  hyperbolic  tangent  in  eq  11  in  powers  of  o), 
performing  the  inverse  Fourier  transform  term  by  term,  and 
resumming,  one  sees  that^^ 

G,(0  =  tan(^^)GR(0.  (14) 

The  classical  limit  is  defined  by  ft  0,  and  so  we  can  define 
Gci(0  by  Gci(r)  =  limft-H)  G(t).  From  eq  14  it  is  clear  that  in  the 
classical  limit  Gi(0  — ^  0,  and  since  Gr(0  is  a  symmetric  function 
of  time,  so  is  Gci(0  (as  is  well-known).  Furthermore,  one  sees 
from  taking  the  classical  limit  of  eq  6  that  Gci(rt;)  =  Gci(“cy). 
Of  particular  interest  is  some  sort  of  semiclassical  approximation 
to  G(0,  which  will  be  approximately  valid  when  ft  ^  0,  and 
which  does  satisfy  detailed  balance.  Below  we  will  discuss  four 
such  schemes;  for  an  excellent  general  discussion  of  these 
schemes  the  reader  is  referred  to  the  book  by  Frommhold.^ 

The  first  scheme,  associated  with  the  names  of  Litovitz,^^ 
Berne,  and  Oxtoby,^  which  has  also  been  discussed  by 
Frommhold^  (and  probably  by  many  others),  and  which  we 
denote  as  the  “standard''  approximation,  comes  about  as  follows. 
In  the  classical  limit  by  definition  Gr(0  =  Gc\(tX  and  one  can 
in  fact  expand  Gr(0  in  powers  of  ft^,^^  Gci(0  being  the  zeroth- 
order  term.  The  standard  approximation  is  equivalent  to  simply 
taking  Gr(0  Gci(0»  even  when  ft  0,  which  at  least  ensures 
that  Gr(0  is  a  symmetric  function  of  time.  Defining 

Gc,((y)-/_“  dfe'“'G„(f),  (15) 

eq  8  shows  that  within  this  approximation  Gs(co)  =  Gci(a>),  and 
then  one  uses  the  exact  equation  12  to  determine  G(cy): 
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As  a  result,  G(a))  does  indeed  satisfy  detailed  balance,  and  from 
it  G(t)  can  be  obtained  by  inverse  Fourier  transformation. 

The  second  approximation  scheme,  associated  with  the  names 
of  Wilson,  Frommhold,^  and  Beme,^^  which  for  reasons  to 
become  clear  below  we  denote  the  “harmonic”  approximation, 
can  be  obtained  by  expanding  the  tangent  in  eq  14  to  lowest 
order  in  ft: 

(17) 

Next,  expanding  (as  above)  Gr(0  in  powers  of  ft^  and  keeping 
only  the  zeroth-order  term  yields 

G:(r)-^^^G,i(0.  (18) 

Upon  Fourier  transformation  we  then  obtain 

Ga(«)«^G„(w).  (19) 

Finally,  one  then  uses  the  exact  eq  13  to  obtain  the  approxima¬ 
tion 

=  (20) 

Note  that  within  this  approximation  G((o)  also  satisfies  detailed 
balance,  but,  for  example,  is  distinctly  different  from  the 
standard  approximation  in  eq  16. 

The  third  approximation  scheme,  originally  due  to  Schofield, 
can  be  obtained  by  combining  ideas  from  the  first  two  schemes 
(that  is,  to  expand  Gr(0  to  zeroth  order  in  ft,  and  Gi(0  to  first 
order  in  ft),  to  arrive  at  the  exact  equation 

G(t)  =  GJt)  +  ^  I  G„(0  +  0(h^  (21) 

Now  suppose  that  in  fact  G(t)  =  Gci(t  +  Expansion  to 

first  order  in  ft  gives  precisely  the  above  equation,  and 
furthermore  this  approximation  satisfies  the  required  time 
symmetries  for  G(0,  which  means,  for  example,  that  detailed 
balance  is  obeyed.  In  the  frequency  domain  one  obtains 

G(q))  =  e^'^“'^G„((w).  (22) 

This  simple  and  seemingly  attractive  approximation,  again 
distinctly  different  from  the  first  two,  is  called  the  “Schofield” 
approximation. 

The  fourth  scheme,  first  discussed  by  Egelstaff,^^  is  closely 
related  to  the  Schofield  approximation.  There  is  another  form 
for  G(0  that  also  yields  eq  21  when  expanded  to  first  order  in 
ft,  and  also  satisfies  the  required  time  symmetries,  which  is  G{t) 
“  Gc\{(t(t  +  i^h)y^'^).  This,  the  “Egelstaff  approximation,  in 
the  frequency  domain  gives^^ 

G(ft>)  =  dt  e'“"  G,i(Vf^  +  (/3?V2)^)-  (23) 

One  feature  common  to  the  first  three  schemes  is  that  G(0) 
=  Gci(O)  (see  eqs  16,  20,  and  22),  a  result  that  is  sometimes, 
but  not  generally,  correct.  The  Egelstaff  scheme,  on  the  other 
hand,  does  not  lead  to  this  equality.  The  first  three  schemes 
also  all  give  G((o)  >  0  (which,  as  discussed  earlier,  is  always 
true  for  the  exact  quantum  TCF),  since  Gc\((o)  >  0  (for  example, 
from  the  Wiener— Khintchine  theorem)  and  the  multiplicative 
correction  factors  in  eqs  16,  20,  and  22  are  all  positive.  The 
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Figure  1.  Exact  and  approximate  Gico)  for  the  free  particle  dynamic 
structure  factor.  kTfhcDo  =  1/2. 

Egelstaff  scheme  does  not  share  this  felicitous  feature  and  can 
in  fact  sometimes  lead  to  a  negative  G(co)  (see  below). 

In  summary,  then,  we  have  described  four  different  semiclas- 
sical  schemes  for  obtaining  an  approximation  to  the  quantum 
TCP,  each  of  which  satisfies  detailed  balance,  and  each  of  which 
requires  only  the  classical  TCP  as  input.  Our  next  step  is  to 
evaluate  the  merits  and  demerits  of  these  four  schemes  by 
comparing  results  for  three  exactly  solvable  model  problems. 

III.  Results  for  Exactly  Solvable  Model  Problems 

The  first  model  involves  the  dynamic  structure  factor  for  a 
free  particle  in  three  dimensions.  Thus  H  =  p'pUm,  where  p  is 
the  momentum  and  m  is  the  mass  of  ^he  particle,  and  A  = 
where  r  is  the  particle’s  position  and  ^  is  a  wave  vector.  G(t)  as 
defined  in  eq  1  is  then 

G(0  =  (F^(k,t)  +  F,(-X,0)/2,  (24) 

where  Fsik,t)  (the  dynamic  structure  factor)  is  given  by 

F^(k,t)  =  (25) 

G(0  can  be  calculated  exactly,  with  the  result  that^^ 

=  +  (26) 

where  coq^  ~  kyipm.  The  classical  limit  is  of  course  Gc\{t)  = 
e-a)o2f2  notices  immediately  that  since  in  this  case  G(t)  = 
Gc\((t(t  +  the  Egelstaff  scheme  is  exact!  (This  fact  has 

been  appreciated  for  some  time.^) 

In  this  work  we  will  be  particularly  interested  in  the 
frequency-domain  comparison  of  the  various  approximation 
schemes.  To  this  end  we  note  that  for  this  free-particle  problem 
one  can  obtain  simple  analytic  results  for  both  G(co)  and 
Gciiw). 

In  Pigure  1  we  compare  the  exact  results  for  G(cu),  with  the 
various  approximations  to  Gico)  discussed  earlier,  as  well  as 
with  Gci(cu),  for  kTfhcoo  =  1/2.  One  sees  that  in  this  case  the 
Schofield  scheme  provides  the  best  approximation  to  the  exact 
result,  differing  from  it  by  a  constant  factor.  (Recall  again  that 
the  Egelstaff  scheme  is  exact  in  this  case.)  The  harmonic  and 
standard  approximations  (as  well  as  the  classical  result)  all  fall 
off  significantly  too  fast  as  frequency  increases. 

The  next  exactly  solvable  problem  involves  a  collection  of 
harmonic  oscillators  with  Hamiltonian  H  =  + 

1/2),  where  cok  are  the  mode  frequencies  and  bl  and  bk  are  the 
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Figure  2.  Exact  and  approximate  Gico)  for  the  harmonic/linear  model. 
kT/hcoo  =  1/2,  A  =  0.2,  and  a  =  1. 

creation  and  annihilation  operators.  We  next  define  a  collective 
coordinate  by  ^  =  'LkCkibl+bk)  ick  are  real  expansion  coef¬ 
ficients),  and  the  TCP  C(0  by  C(0  =  <^(0^(0))-  Now  taking  A 
in  eq  1  to  be  q,  in  this  case  we  have  G(0  =  C(/).  (In  the  third 
model  problem,  discussed  below,  C(r)  will  be  defined  as  above 
but  G(0  will  be  different.) 

The  exact  solution  for  C(/)  can  be  represented  conveniently 
in  terms  of  the  spectral  density  r(a>)  =  Ck^^ico  —  cOk)  and 
thermal  occupation  number  nico)  ~  (e^^"  —  1)“^  by^ 

C(t)  =  dco  r(co)([n(ft))  +  1]  e“'“"  +  n{a))  e'“").  (27) 

Note  that  the  classical  limit  can  be  obtained  easily  from  this 
expression  to  give 

2  n-o  Tico) 

^  /o  dco  cos(«t).  (28) 

ick  are  implicitly  proportional  to  and  so  r(c(;)  is  implicitly 
proportional  to  h?)  Note  also  that  in  this  case  these  two 
equations  lead  to  the  exact  equality 

G,(0=^|^G„(0.  (29) 

Recall  that  for  a  general  TCP  this  equation  is  only  correct  to 
first  order  in  h,  and  so  the  previously  discussed  “harmonic” 
scheme  derived  from  this  equation  is  (in  general)  only  an 
approximation.  But  since  for  this  harmonic  model  this  equation 
is  exact,  it  means  that  the  “harmonic”  approximation  scheme 
is  exact  for  this  model,  hence  the  name. 

To  present  explicit  calculations  for  this  model  we  must  specify 
the  form  of  the  spectral  density,  for  which  we  choose  (see  also 
Egorov  and  Beme^®): 

r(cy)-2A^e-‘"''‘*'<  (30) 

(Oq 

with  a  equal  to  1  or  3.  Por  either  value  of  a,  r(cu)  is  normalized 
according  to 

£da)n(o)  =  X.  (31) 

In  Figure  2  we  show  our  calculations  for  Gico)  for  this  model, 
taking  a  =  1  (“Ohmic  dissipation”),  A  =  0.2,  and  kT/hcoo  = 
1/2.  As  in  the  previous  case  all  results  can  be  obtained 
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Figure  3.  Exact  and  approximate  G(a>)for  the  harmonic/linear  model. 
kT/hwo  =  1/2, 1  =  0.2,  and  a  =  3. 

analytically.  One  sees  that  (except  for  small  frequencies)  both 
Schofield  and  Egelstaff  overestimate  the  value  of  while 
the  standard  approximation  (and  the  purely  classical  result)  are 
underestimates.  (Recall  again  that  in  this  case  the  harmonic 
approximation  is  exact.)  Note  the  scale  on  the  ordinate!  Even 
when  the  value  of  G(d)  has  decreased  by  20  orders  of 
magnitude,  the  worst  approximation  scheme  is  only  off  by  2 
orders  of  magnitude. 

In  Figure  3  we  show  results  for  the  same  parameters  except 
now  a  =  3.  As  in  the  case  for  a  =  1  all  approximate  and  exact 
results  can  be  obtained  analytically.  The  Egelstaff  scheme 
actually  goes  negative  for  cu/oio  ^  1/2!  For  higher  frequencies 
the  Schofield  and  Egelstaff  approximations  overestimate,  and 
the  standard  and  classical  approximations  underestimate,  the 
exact  (and  harmonic)  result.  Note  again,  however,  that  none  of 
the  approximation  schemes  is  too  bad  at  high  frequency,  even 
when  the  value  of  G{o))  has  dropped  dramatically. 

Our  final  exactly  solvable  model  is  closely  related  to  the 
above.^  The  Hamiltonian  is  harmonic  (as  above),  and  q  is 
defined  identically  as  above,  but  now  A  ==  e^  —  (e^).  In  this 
case  the  TCF  is 

G(0  =  -  {t^f.  (32) 

The  exact  solution  to  this  TCF  is  given  by^^ 

G(0  =  -  1),  (33) 

where  C{t)  is  given  by  eq  27.  As  before,  the  time  domain  results 
can  all  be  obtained  analytically,  but  now  the  Fourier  transforms 
must  be  performed  numerically. 

Our  numerical  results  for  the  same  parameters  as  in  Figure  2 
are  shown  in  Figure  4.  One  sees  that  for  this  model  at  high 
frequencies  the  different  approximations  are  quite  different.  The 
Egelstaff  result,  while  clearly  an  overestimate,  is  the  closest  to 
the  exact  result.  Results  for  the  same  parameters  as  in  Figure  3 
are  shown  in  Figure  5.  In  this  case  the  Egelstaff  result  again 
becomes  negative  for  low  frequencies,  while  at  high  frequencies 
it  is  the  best  approximation. 

To  summarize  this  section,  for  the  dynamic  structure  factor 
for  the  free  particle  the  Egelstaff  result  is  exact,  and  the 
Schofield  result  is  off  by  a  constant  factor.  The  harmonic  result 
can  easily  be  off  by  several  orders  of  magnitude,  especially  at 
high  frequencies  and  low  temperatures.  For  the  harmonic  model 
the  harmonic  result  is  exact,  and  the  Egelstaff  and  other 
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Figure  4.  Exact  and  approximate  G{(d)  for  the  harmonic/exponential 
model.  kTIhcoo  —  1/2,  X  ~  0.2,  and  a  =  1. 


Figure  5.  Exact  and  approximate  G{(ji))  for  the  harmonic/exponential 
model:  kTIhoQ  =  1/2,  X  ~  0.2,  and  a  =  3. 

approximations  can  be  off  by  several  orders  of  magnitude.  For 
the  model  involving  an  exponential  function  of  harmonic 
coordinates,  none  of  the  approximation  schemes  is  exact,  but 
the  Egelstaff  approximation  generally  performs  significantly 
better  than  the  other  schemes.  The  Egelstaff  scheme  does, 
however,  suffer  from  the  unfortunate  drawback  that  it  can  lead 
to  negative  (unphysical)  results  at  low  frequencies. 

So  we  clearly  do  not  yet  have  a  satisfactory  solution  to  this 
problem.  Indeed,  it  would  not  be  reasonable  to  expect  one  of 
these  simple  schemes,  involving  only  the  classical  TCF,  to  be 
able  to  reproduce  the  quantum  TCF  for  all  physical  situations. 
Nonetheless,  under  certain  circumstances,  one  or  more  of  these 
schemes  may  provide  reasonable  approximations  to  the  quantum 
TCF. 

IV.  Applications  to  Vibrational  Relaxation  in  Liquid 
Oxygen 

In  this  section  we  apply  the  ideas  discussed  above  to  the 
physical  problem  of  vibrational  energy  relaxation  (VER)  in 
liquids.  To  be  specific,  consider  the  VER  of  neat  liquid  oxygen, 
for  which  experimental  measurements  of  the  vibrational  state- 
to-state  (t^  =  1  to  =  0)  relaxation  rate  constant  have  been 
performed.^  While  vibration— vibration  (excitonic)  energy  trans¬ 
fer  is  surely  rampant  in  liquid  oxygen,  the  experiments  measure 
only  the  total  population  of  the  i;  ==  1  state,  independent  of 
whether  it  has  transferred  from  molecule  to  molecule  during 
the  course  of  the  experiment.  The  relaxation  mechanism  must 
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therefore  be  due  solely  to  vibration— translation  and  vibration- 
rotation  channels.^ 

The  simplest  way  to  approach  this  problem  divides  the 
Hamiltonian  into  system,  bath,  and  interaction  components.  The 
system  is  the  harmonic  oscillator  for  a  single  oxygen  molecule, 
the  bath  consists  of  the  translations  and  rotations  of  all  the 
oxygen  molecules  (including  the  “tagged”  one),  and  the  interac¬ 
tion  involves  the  force  exerted  by  the  neighboring  molecules 
on  the  bond  of  the  tagged  one.  Within  this  picture  the  VER 
state-to-state  rate  constant  can  be  calculated  using  Fermi’s 
golden  rule.  Translated  into  the  TCF  language  one  finds  that^’^^ 


_  G{(0^ 
ljuhcoQ 


(34) 


where  G(t)  =  {dF(t)dF(0)}  is  the  quantum  TCF  of  the  force 
fluctuations  on  the  tagged  molecule’s  bond,  and  pt  and  wo  are 
the  reduced  mass  and  frequency  of  the  oscillator.  Such  a 
quantum  TCF,  for  say  500  interacting  oxygen  molecules,  is  not 
possible  to  calculate  at  present.  And  so  in  order  to  proceed  one 
is  forced  to  consider  the  approximation  schemes  discussed 
herein. 

Of  course,  the  big  question  is  which  (if  any)  of  the 
approximation  schemes  is  appropriate  for  this  problem?  There 
are  several  issues  to  consider.  The  first  involves  simply  the  ratio 
of  the  oscillator  frequency  (1552.5  cm“^  for  oxygen)  compared 
to  kT  (about  50  cm~0  at  70  K.  The  large  size  of  this  ratio 
indicates  that  quantum  effects  are  likely  to  be  important  (that 
is,  the  purely  classical  approximation  to  calculating  G{a))  will 
fail). 

One  way  to  think  about  the  VER  process  in  this  system  is 
similar  to  multiphonon  relaxation  in  crystals.^^*^"^  That  is,  one 
considers  the  translations  and  rotations  of  the  oxygen  molecules 
in  the  liquid  to  be  more  or  less  harmonic,  with  characteristic 
frequencies  on  the  order  of  50  or  100  cm“^  (above  which,  for 
example,  the  Fourier  transforms  of  the  velocity  or  angular 
velocity  TCFs  decay  considerably).  Since  the  energy  gap  of  the 
system  is  much  larger  than  that,  to  emit  one  quantum  of  oxygen 
vibration  one  must  create  many  quanta  of  translations  and 
rotations.^’^®’^^’^^’^^  This  is  possible  since  the  force  is  a  strongly 
nonlinear  function  of  the  (nearly)  harmonic  coordinates.  This 
picture  is  reminiscent  of  the  third  model  discussed  in  the 
previous  section— that  of  a  harmonic  bath,  but  the  TCF  involves 
an  exponential  function  of  the  coordinates.  In  that  case  for  the 
high-frequency  Fourier  transform  of  the  TCF  we  found  that  the 
Egelstaff  approximation  was  the  best,  implying  to  us  that  it 
might  also  be  the  most  appropriate  approximation  scheme  for 
the  oxygen  problem. 

An  alternative  picture  is  that,  presumably  because  of  central 
limit  theorem  arguments,  the  (classical)  force  on  a  given 
molecule  describes  a  Gaussian  random  process.  As  such,  this 
force  can  be  thought  of  as  a  “coordinate”  of  an  effective 
harmonic  bath,  which  because  of  nonlinear  couplings  within 
the  bath  has  a  spectral  density  that  extends  well  past  the 
characteristic  frequencies  described  in  the  preceding  paragraph. 
In  this  view,  then,  the  VER  process  corresponds  to  the  creation 
of  only  one  quantum  of  a  very  high  frequency  effective  “mode” 
of  the  bath.  This  picture  is  equivalent  to  the  purely  harmonic 
model  discussed  in  the  previous  section  (the  bath  is  harmonic 
and  the  TCF  involves  a  linear  function  of  the  coordinates).  To 
the  extent  that  this  scenario  is  valid,  then,  the  harmonic 
approximation  discussed  above  might  be  the  most  appropriate 
scheme  for  the  oxygen  problem.  To  assess  the  validity  of  this 
picture,  one  can  consider,  for  example,  a  special  case  of  the 
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Figure  6,  Classical  force— force  TCF  for  liquid  oxygen  at  70  K. 


i  (ps) 

Figure  7.  Comparison  of  {dF(t)^dF(0fh  (solid  line)  and  {dF^)J  + 
2Gci(/)^  (dashed  line). 


four-point  TCF:  G^^(t)  =  ((5F(0^<5F(0)^)ci,  which  if  the  force  is 
“Gaussian”  should  be  equal  to  (dF^)ci^  +  2Gci(0^- 

We  have  performed  a  classical  molecular  dynamics  simulation 
of  neat  rigid  oxygen  at  70  and  from  the  simulation  we 
have  obtained  the  fluctuating  force  on  the  bond  of  a  tagged 
oxygen  molecule.  Our  result  for  Gci(t)  is  shown  in  Figure  6.  In 
Figure  7  we  show  the  comparison  of  the  four-point  TCF 
discussed  above  and  its  Gaussian  decomposition.  We  see  in  fact 
that  the  force  does  not  appear  to  be  very  Gaussian.  This  is  really 
not  surprising:  since  the  intermolecular  force  is  such  a  quickly 
varying  function  of  distance,  essentially  only  a  few  neighboring 
molecules  contribute  to  the  total  force  on  a  given  molecule  at 
any  given  time,^^  whereas  for  the  central  limit  theorem  to  apply 
one  needs  many  independent  and  roughly  equal  magnitude 
contributions.  This  observed  non-Gaussian  behavior  of  the 
fluctuating  force  would  seem  to  indicate  that  the  harmonic 
approximation  scheme  would  not  be  appropriate  for  oxygen. 

The  Fourier  transform  of  Gci(t)  is  shown  in  Figure  8.  Also 
shown  is  the  Egelstaff  approximation  to  G((o),  obtained  from 
eq  23  numerically.  It  is  seen  that  the  Fourier  transforms  are 
only  reliable  up  to  about  500  or  600  cm“^  whereas  according 
to  eq  34  they  need  to  be  evaluated  at  1552.5  cm”^  We  have 
discussed  several  approaches  toward  extending  the  frequency 
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Figure  8.  Classical  (lower)  and  Egelstaff  (upper)  approximations  to 
G(a))  for  liquid  oxygen.  The  solid  lines  are  directly  calculated  from 
Gc\{t),  while  the  dashed  lines  are  their  extrapolations  to  high  frequency. 

TABLE  1:  ki-^  at  70  K  for  Liquid  Oxygen,  Theory  and 
Experiment" 

experiment^  360  harmonic  0.015 

classical  0.00047  Egelstaff  270 

standard  0.00095  Schofield  4030 

"  All  numbers  in  units  of  s“f 


is  clear  that  no  scheme  will  work  well  for  all  physical  problems. 
We  then  considered  the  difficult  theoretical  problem  of  the 
energy  relaxation  of  a  high-frequency  vibration  in  a  simple 
liquid.  Our  calculations  indicate  that  for  liquid  oxygen  at  70  K 
the  Egelstaff  scheme  may  provide  a  reasonable  approximation 
to  the  required  quantum  force— force  TCP. 

Note  Added  in  Proof.  From  Figures  4  and  5  one  can  see 
that  for  the  harmonic/exponential  model  the  logarithmic  average 
of  the  harmonic  and  Schofield  approximations  would  agree  quite 
well  with  the  exact  results.  Such  an  average  produces  the 
approximation 

This  new  suggestion  does  not  have  strong  theoretical  justifica¬ 
tion,  and  may  or  may  not  be  a  good  approximation  for  specific 
systems  (for  example,  for  the  liquid  oxygen  problem  at  70  K  it 
gives  ki^  ^  8  s“0-  But  it  does  satisfy  the  basic  symmetry 
requirements  of  a  quantum  TCF,  and  does  not  suffer  from  the 
low-frequency  problems  of  the  Egelstaff  approximation. 
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range,  using  the  Wiener— Khintchine  theorem,  or  using  an 
analytical  ansatz  for  Gci(0  whose  parameters  can  be  determined 
from  a  short-time  expansion.^  Here  we  simply  perform  a  linear 
(on  a  log  plot)  extrapolation  of  the  displayed  Fourier  transforms, 
which  is  essentially  equivalent  to  assuming  that  the  VER  rate 
exhibits  an  exponential  energy  gap  law.^^’^^ 

Using  these  results,  eq  34,  and  the  expressions  in  section  II, 
we  can  then  compare  the  predictions  of  the  various  approxima¬ 
tion  schemes  to  the  VER  rate  for  the  oxygen  problem.  The 
different  results,  together  with  the  experimental  rate,  are  shown 
in  Table  1 .  One  sees  that  the  different  approximation  schemes 
give  wildly  different  results,  that  the  classical  result  is  off  by 
orders  of  magnitude  (as  anticipated),  that  the  harmonic  ap¬ 
proximation  is  not  in  good  agreement  with  experiment  (also  as 
anticipated),  and  that  the  Egelstaff  approximation  is  in  surpris¬ 
ingly  good  agreement  with  experiment. 

Of  course  the  success  of  the  Egelstaff  result  could  be 
fortuitous,  arising  from  a  cancellation  of  errors  due  to  (1)  the 
approximation  scheme,  (2)  the  extrapolation  to  high  frequencies, 
and  (3)  the  intermolecular  potential.  While  we  cannot  rule  out 
any  of  these  possibilities,  regarding  the  third  one  we  do  note 
that  this  same  system  has  been  studied  using  a  potential  function 
with  quite  different  parameters,  and  the  result  for  the  VER  rate 
is  similar  (differing  by  about  a  factor  of  5).^^ 

V.  Conclusion 

The  accurate  numerical  calculation  of  quantum  time  correla¬ 
tion  functions  for  raany-body  systems  is  not  yet  at  hand.  We 
have  discussed  several  schemes  for  obtaining  approximate 
quantum  TCFs  using  as  input  only  the  corresponding  classical 
TCFs  and  have  tried  to  assess  the  merits  of  each  scheme  by 
comparing  the  results  for  exactly  solvable  model  problems.  It 
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We  investigate  the  possibility  of  obtaining  potential  energy  surfaces  for  chemical  reactions  from  experimental 
photodetachment  spectra  by  carrying  out  a  sensitivity  analysis.  Specifically,  the  variations  of  the  theoretical 
photodetachment  spectrum  with  respect  to  the  values  of  the  potential  on  a  grid  of  points  (the  “derivatives”  of 
the  spectrum)  are  calculated.  We  show  how  these  derivatives  can  be  obtained  at  no  extra  cost  beyond  that 
required  to  obtain  the  spectrum.  Sensitivity  analysis  is  performed  on  one-  and  two-degrees-of-freedom  model 
photodetachment  systems.  The  results  are  discussed  in  the  context  of  the  prospects  for  the  “inversion”  of 
transition  state  spectra  to  obtain  potential  surfaces  in  reactive  systems. 


1.  Introduction 

For  a  chemical  reaction,  the  barrier  region  is  the  most  difficult 
part  of  the  potential  energy  surface  to  obtain  by  electronic 
stmcture  calculations,  yet  it  is  the  most  important  in  determining 
reactivity.  A  method  for  extracting  this  information  from 
experimental  measurements  would  thus  be  very  useful.  It  is  well 
established  that  transition  state  (photodetachment)  spectroscopy 
experiments  can  directly  probe  the  barrier  region  of  a  reactive 
potential  energy  surface.  In  these  experiments  a  bound  anion 
(e.g.,  ABC“)  is  formed,  the  excess  electron  is  detached  by  a 
photon  of  fixed  energy  to  form  the  unstable  neutral  species 
(ABC*),  and  the  kinetic  energy  of  the  detached  electron  is 
measured.  The  resulting  electron  kinetic  energy  spectrum 
contains  information  about  the  reactive  neutral  potential  energy 
surface  (governing  the  A  +  BC  — ^  AB  +  C  reaction).  In 
particular,  if  the  geometry  of  the  anion  is  similar  to  that  of  the 
“activated  complex”  on  the  neutral  surface,  the  spectrum 
contains  detailed  information  about  the  neutral  transition  state. 
In  this  case,  the  spectrum  will  consist  of  peaks  at  the  vibrational 
energy  levels  of  the  neutral  activated  complex  (with  intensities 
governed  by  the  Franck— Condon  overlap  of  the  anion  bound 
state  and  neutral  scattering  wave  functions)  with  widths 
determined  by  the  lifetimes  of  these  states. 

These  experiments  possess  a  number  of  advantages  over 
conventional  scattering  experiments.  For  example,  in  reactive 
scattering  experiments  the  measured  cross  sections  include 
effects  due  to  the  entrance  and  exit  valleys  of  the  potential 
surface.  However,  the  information  about  the  barrier  region 
contained  in  transition  state  spectra  is  not  obscured  in  this  way. 
Also,  the  information  contained  in  the  spectra  is  not  averaged 
over  many  partial  waves,  which  clouds  the  details  of  the  reaction 
dynamics.  This  is  actually  a  two-fold  advantage  as  the  corre¬ 
sponding  theoretical  calculations  are  more  easily  performed. 

A  straightforward  method  for  obtaining  a  potential  energy 
surface  from  a  spectrum  is  a  perturbative  approach.  That  is, 
one  calculates  how  the  spectrum  is  affected  (to  first  order)  by 
changes  in  the  neutral  reactive  potential,  i.e.,  the  “derivatives” 
of  the  spectrum.  Given  an  experimental  spectrum,  these  deriva- 
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tives  can  be  used  to  obtain  the  potential  surface  giving  the 
theoretical  spectrum  in  best  agreement  with  the  experimental 
one.  This  can  be  accomplished  by  an  iterative  scheme  in  which, 
at  each  step,  the  potential  is  modified,  using  the  derivatives,  to 
minimize  the  “error”  (i.e.,  the  deviation  of  the  theoretical 
spectrum  from  the  experimental  one)  until  convergence  is 
reached.  The  following  paper  in  this  issue  describes  and  applies 
such  an  approach.^ 

However,  it  is  important  to  first  understand  what  information 
is  contained  in  transition  state  spectra  before  attempting  to  invert 
experimental  spectra  to  obtain  potential  energy  surfaces.  Sen¬ 
sitivity  analysis  is  a  useful  tool  in  determining  an  appropriate 
approach  for  inverting  experimental  spectra.  For  example,  it  can 
be  used  to  decide  if  a  “point-by-point”  representation  can  be 
obtained  from  the  spectra,  if  information  about  the  barrier  can 
be  extracted  when  the  Franck— Condon  region  does  not  overlap 
the  transition  state,  and  if  spectra  from  vibrationally  excited 
states  of  the  anion  can  provide  additional  information.  In  this 
paper  we  address  the  question— -To  what  part  of  the  neutral 
potential  energy  surface  are  the  photodetachment  spectra 
sensitive?  This  question  can  be  answered  by  examining  the 
derivatives  of  the  spectrum  discussed  above. 

The  theoretical  approach  for  calculating  photodetachment 
spectra  and  their  derivatives  with  respect  to  potential  parameters 
is  described  in  Section  2.  Particularly,  we  show  how  these 
derivatives  can  be  obtained  with  no  extra  computational  effort 
beyond  that  needed  to  calculate  the  photodetachment  spectrum 
itself.  To  illustrate  the  basic  features  of  the  sensitivity  of  the 
photodetachment  spectra  to  the  neutral  potentials,  this  method 
is  implemented  for  two  model  transition  state  spectroscopy 
systems  in  Section  3.  The  results  are  discussed  in  terms  of  the 
prospects  for  inverting  spectra  to  obtain  potential  energy 
surfaces.  Finally,  concluding  remarks  are  given  in  Section  4. 

2.  Theory 

In  this  section  we  review  the  theoretical  methodology 
developed  previously^*^  for  efficiently  calculating  anion  pho¬ 
todetachment  intensities.  We  also  show  how  this  approach  can 
be  extended  to  calculate  the  derivatives  of  the  photodetachment 
intensities  with  respect  to  parameters  of  the  neutral  potential 
surface  with  no  extra  computational  cost. 
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Consider  a  potential  energy  surface  for  a  chemical  reaction 
defined  by  a  set  of  M  parameters  a  =  For  example, 

the  set  a  could  be  the  values  of  the  potential  on  a  grid  of  points 
or  the  parameters  in  an  analytical  representation.  The  derivative 
3I(E)/daj  indicates  the  first  order  dependence  of  the  spectrum 
1(E)  on  one  of  the  parameters,  a^,  and  is  thus  a  measure  of  the 
sensitivity  of  the  spectrum  to  Oj.  For  example,  if  dI(E)ld(Xj  ^  0 
then  a  small  change  in  ay  will  not  change  the  spectrum. 
However,  if  9/(£)/9ay  has  significant  magnitude,  varying  Oy  will 
modify  the  photodetachment  intensity  at  energy  E,  Naturally, 
the  derivative  will  depend  on  the  value  of  ay  and  the  energy  E 
at  which  this  derivative  is  evaluated. 

The  photodetachment  intensity  is  given  within  the  Franck— 
Condon  approximation  as 

m  =  p{E)  K<(£)|0b)|^  (1) 

n 

where  is  the  scattering  wave  function  on  the  neutral 

surface  at  energy  E  with  outgoing  wave  boundary  conditions 
and  asymptotic  quantum  numbers  n,  p(E)  is  the  neutral  density 
of  states,  and  0b  is  the  bound  state  wavefunction  of  the  anion. 
As  shown  previously,^  the  photodetachment  spectrum  can  be 
obtained  using  a  discrete  variable  representation^” (DVR) 
Green’s  function  with  absorbing  boundary  conditions^ 
(ABC).  In  this  formulation,  the  photodetachment  intensity  is 
given  by^ 

=  (2) 


where  0b  is  the  anion  bound  state  wavfunction  vector  in  the 
DVR  basis  and  G'^(£)  is  the  DVR-ABC  Green’s  function, 

G'^iE)  =  (£I  -  H  +  (V)”'  (3) 

with  outgoing  wave  boundary  conditions  (as  indicated  by  the 
superscript  +).  Here,  H  =  T  +  V  is  the  Hamiltonian  matrix 
for  the  neutral  species  in  the  DVR  basis  and  T,  V,  and  €  are 
the  kinetic  energy,  potential,  and  absorbing  potential  DVR 
matrices,  respectively. 

A  prime  advantage  of  this  approach  is  that,  in  principle,  the 
entire  photodetachment  spectrum  can  be  obtained  in  a  single 
calculation  using  the  multiply  shifted  quasi-minimal  residual 
(QMRES)  method^”^  for  acting  the  Green’s  function  on  the  anion 
bound  state.^  This  is  possible  because  the  state  upon  which  the 
Green’s  function  is  acted,  0b,  does  not  depend  on  the  scattering 
energy.  The  reader  is  referred  to  ref  7  for  a  detailed  description 
of  this  approach;  here  we  concentrate  only  on  the  features 
relevant  to  the  problem  of  calculating  the  sensitivity  of 
photodetachment  spectra. 

In  the  expression  for  the  photodetachment  intensity  in  eq  2, 
the  neutral  potential  energy  surface  appears  only  in  the  Green’s 
function.  Thus,  taking  the  derivative  of  the  photodetachment 
intensity  with  respect  to  a  potential  parameter  Oy  gives 


(£)■  — -G  (4) 


Note  that,  in  the  DVR,  the  potential  operator,  which  is  only  a 
function  of  position,  is  approximated  as  a  diagonal  matrix  with 
each  diagonal  element  equal  to  the  potential  evaluated  at  the 
corresponding  DVR  grid  point.  If  we  define  the  scattering 
wavefunction. 


(5) 


then 


«l>bW  =  (/>b'G+(£)  (6) 

(Note  the  absence  of  complex  conjugation.)  Then,  eq  4  can  be 
compactly  written  as 


(7) 


Analogous  equations  for  this  derivative  have  previously  been 
derived  in  a  time-dependent  framework  by  Baer  and  KoslofF^ 
and  in  a  time-independent  formulation  by  Wu  and  Zhang.^^ 
These  workers  have  demonstrated  their  approaches  by  inverting 
absorption  spectra  (where  the  excitation  is  to  a  dissociative 
state). 

The  formulation  of  the  derivative  in  terms  of  the  DVR-ABC 
Green’s  function  is  new,  however.  Note  that  the  major  com¬ 
putational  effort  in  calculating  such  a  derivative  via  eq  7  is  the 
same  as  that  in  obtaining  1(E):  the  action  of  the  Green’s  function 
on  the  anion  wavefunction.  Thus,  the  derivative  information  can 
be  generated  with  essentially  no  more  effort  than  that  required 
to  calculate  the  photodetachment  spectrum.  In  addition,  this 
means  that  both  the  spectrum  and  all  desired  derivatives  of  the 
spectrum  can  be  obtained  at  all  energies  in  a  single  calculation 
using  the  QMRES  method. 

As  an  example,  consider  the  potential  as  expressed  in  a 
discrete  variable  representation  basis: 

j-i 

v=y^\j)Vj{j\  (8) 

^DVR 


Here,  [/)  is  the  jth  DVR  basis  function  localized  about  the  grid 
point  ry  and  Vj  is  the  value  of  the  potential  at  ry.  The  values  of 
the  potential  at  the  DVR  grid  points  can  then  be  regarded  as 
the  parameters  defining  the  potential.  In  this  case,  the  derivatives 
have  the  particularly  simple  form 


(9) 


and  thus  reflect  the  form  of  the  scattering  wavefunction  obtained 
from  the  action  of  the  Green’s  function  on  the  anion  bound 
state.  Equation  9  is  the  crucial  formula  for  the  purposes  of  this 
paper.  In  the  following  section,  we  use  this  equation  to  calculate 
these  derivatives  for  two  model  systems  to  investigate  the 
sensitivity  of  photodetachment  spectra  to  the  neutral  potential 
energy  surface. 


3.  Applications 

A.  Eckart  Barrier.  The  one-dimensional  Eckart  barrier 
provides  a  simple,  but  quite  useful,  test  problem  for  examining 
the  basic  properties  of  the  sensitivity  of  the  photodetachment 
spectrum  to  the  neutral  potential.  In  this  model, the  neutral 
potential  is  given  by 

V{q)  =  Vq  sech\q/a)  (10) 

and  the  anion  potential  by 

^anion(?)  =  |  D 

In  what  follows,  we  take  Vo  =  0.425  eV,  a  =  1  au,  m  =  1060 

au,  CO  —  3000  cm"^  and  different  values  of  ^o-  The  potentials 


<D+(£)  =  G+(£)  • 
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Figure  1.  Depiction  of  the  neutral  and  anion  potential  surfaces  for 
the  model  one-dimensional  Eckart  barrier  photodetachment  system. 


Scattering  Energy  (eV) 


Figure  2.  Photodetachment  spectra  for  the  one-dimensional  model 
Eckart  barrier  system  with  Vb  =  0.425  eV,  a  =  1  au,  m  =  1060  au, 
and  0)  =  3000  cm“^  The  photodetachment  spectrum  from  the  anion 
ground  state  {v  ~  0)  with  =  0  is  shown  as  the  solid  line,  the  spectrum 
from  the  =  1  anion  state  with  =  0  as  the  dashed  line,  and  the  v 
~  0  spectrum  with  =  1  au  as  the  dot— dashed  line. 

are  shown  in  Figure  1  for  qo  =  0.  For  the  purposes  of  discussion 
we  define  the  reactants  on  the  neutral  surface  as  ^  <  0  and 
products  as  ^  >  0. 

Figure  2  shows  the  photodetachment  spectra  calculated  for 
the  model  Eckart  barrier  system  in  three  different  cases.  The 
spectra  are  shown  versus  the  scattering  energy  on  the  neutral 
surface  for  photodetachment  from  the  z;  =  0  anion  bound  state 
with  ^0  =  0,  the  z;  =  1  state  with  =  0,  and  the  z;  =  0  state 
with  ^0=1  au.  The  z;  =  0,  =  0  spectrum  consists  of  a  single 

asymmetric  peak  centered  around  E  ^  0.43  eV  2=^  Vb-  The  anion 
wave  function  in  this  case  is  largest  in  the  region  of  the  barrier, 
leading  to  small  intensities  at  energies  below  the  barrier  height 
where  the  neutral  scattering  wave  function  is  decaying  expo¬ 
nentially.  The  V  —  1,  ^0  ==  0  spectrum  has  a  similar  structure 
but  is  peaked  at  at  ==^0.5  eV  and  has  a  tail  at  higher  energies, 
Both  differences  reflect  the  better  overlap  of  the  z;  =  1  anion 
state  with  the  more  oscillatory  neutral  scattering  wave  functions 
at  higher  energies.  The  t'  =  0,  =  1  au  is  peaked  at  ===^0.25  eV 

with  a  smaller  peak  around  0.48  eV.  The  displaced  anion  wave 
function  is  largest  outside  the  barrier  region  leading  to  larger 
intensities  at  lower  scattering  energies. 

Figure  3a  shows  the  derivatives,  at  three  different  scattering 
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Figure  3.  Sensitivity  of  the  photodetachment  spectrum  to  the  neutral 
potential  (in  units  of  hartrees'^)  as  represented  on  a  DVR  grid  at  three 
different  values  of  the  scattering  energy.  The  absolute  square  of  the 
anion  wave  function  is  indicated  by  a  dotted  line,  scaled  to  be  of  the 
same  magnitude  as  the  sensitivity.  Results  are  shown  for  (a)  the  y  =  0 
anion  bound  state  with  =  0,  (b)  the  v  =  \  anion  bound  state  with  qo 
=  0,  and  (c)  the  =  0  anion  bound  state  with  =  1  au. 

energies,  of  the  photodetachment  spectrum  from  the  anion 
ground  state  with  respect  to  the  value  of  the  neutral  Eckart 
barrier  potential  at  the  DVR  grid  points,  (cf.  eq  8).  Briefly,  we 
use  a  sinc-function  DVR  basis to  represent  the  Green’s 
function  and  anion  bound  state.  In  this  basis  the  DVR  grid  points 
are  evenly  spaced.  For  these  calculations  a  significantly  higher 
DVR  grid  density  (A^,  the  spacing  between  grid  points  ===0.04 
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au)  is  used  than  is  required  to  converge  the  photodetachment 
spectra  in  order  to  better  observe  the  structure  in  the  derivatives. 
The  basic  structure  of  the  “sensitivity”  is  the  same  for  all  the 
energies.  Namely,  the  derivatives  of  the  spectrum  with  respect 
to  the  potential  are  (not  surprisingly)  largest  in  the  Franck- 
Condon  region  and  oscillate  on  both  sides  of  this  region. 

It  can  be  immediately  seen  that  the  frequency  of  these 
oscillations  vary  with  the  scattering  energy.  In  fact,  the 
wavelength  of  the  oscillations  at  a  given  energy  is  precisely 
half  the  de  Broglie  wavelength  corresponding  to  that  scattering 
energy.  That  this  should  be  so  can  be  seen  from  eq  9,  which 
shows  that  the  derivative  is  proportional  to  the  square  of  the 
scattering  wave  function.  At  large  values  of  \q\,  where  the 
potential  is  flat,  the  scattering  wavefunction  has  the  form  for 

1^1  ^  OO 

~ (12) 

where  k  =  \FhnElh,  so  asymptotically 

[$b(£)]^  ~  (13) 

Thus,  the  presence  of  the  square  gives  oscillations  at  a  frequency 
twice  that  corresponding  to  the  scattering  energy.  Note  that  the 
wave  function  decays  to  zero  at  the  largest  values  of  |^|  due  to 
the  absorbing  boundary  conditions. 

The  correspondence  of  the  largest  derivatives  with  the 
Franck— Condon  region  is  particularly  striking  for  energies 
significantly  above  the  barrier.  This  can  be  seen  in  the  bottom 
panel  of  Figure  3a  {E  =  0.59  eV)  where  the  derivative  of  the 
spectrum  with  respect  to  the  potential  is  superimposed  with  the 
absolute  square  of  the  anion  wave  function  (suitably  scaled). 

This  direct  relationship  is  not  observed  for  the  two  lower 
energies  shown.  The  lowest  energy,  £"  =  0.32  eV,  shown  in  the 
top  panel  of  Figure  3a,  is  more  than  0.1  eV  below  the  barrier 
height  and  the  magnitude  of  the  derivative  is  peaked  to  either 
side  of  the  barrier,  where  the  anion  bound  state  has  greatest 
overlap  with  the  scattering  wave  function  at  this  energy.  A 
similar  pattern  is  observed  for  the  derivative  at  E  =  0.44  eV 
which  is  close  to  the  barrier  height.  At  this  energy  the  derivative 
has  positive  peaks  on  either  side  of  the  center  of  the  anion  wave 
function  and  a  negative  peak  at  the  center. 

Figure  3b  shows  the  derivatives  of  the  photodetachment 
spectrum  for  the  =  1  anion  bound  state  with  =  0  with 
respect  to  the  values  of  the  neutral  potential  at  the  DVR  grid 
points.  There  are  some  interesting  differences  between  the 
structure  seen  here  and  that  observed  for  the  =  0  ground  state 
in  Figure  3  a.  An  important  point  to  note  is  that  for  photode¬ 
tachment  from  the  z;  =  1  anion  state  the  sensitivity  is  always 
zero  at  ^  =  0  (the  center  of  the  barrier)  since  the  anion  wave 
function  has  a  node  at  that  point. 

The  derivatives  dl{E)ldVj  at  £"  =  0.32  eV  are  similar  to  that 
in  Figure  3a  for  the  =  0  anion  bound  state.  The  primary 
difference  is  the  node  at  ^  =  0  for  the  =  1  spectrum.  In  both 
cases  the  spectrum  is  most  sensitive  to  the  sides  of  the  neutral 
barrier.  However,  in  the  i;  =  0  case  the  derivative  is  nonzero 
near  ^  =  0  due  to  the  overlap  between  the  exponentially 
decaying  scattering  wave  function  and  the  anion  bound  state 
which  is  largest  in  that  region  (cf.  eq  1). 

At  all  the  energies,  oscillations  are  again  observed  at  a 
wavelength  half  of  that  corresponding  to  the  scattering  energy 
for  large  \q\.  However,  the  v  =  I  spectrum  is  somewhat  more 
sensitive  to  the  potential  at  larger  values  of  |^|  than  the  =  0 
spectrum.  This  is  not  surprising  since  the  z;  ==  1  anion  state  is 
greater  in  extent  than  the  ground  state.  However,  it  indicates 
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that  additional  information  about  the  neutral  potential,  above 
that  in  the  z;  =  0  spectrum,  is  contained  in  the  spectra  for 
vibrationally  excited  anion  bound  states. 

The  sensitivity  of  the  photodetachment  spectra  from  the  z;  = 
0  anion  bound  state  with  =  1  au  in  the  anion  potential,  eq 
1 1,  is  shown  in  Figure  3c  for  three  different  scattering  energies. 
The  case  where  the  anion  bound  state  does  not  sit  directly  under 
the  neutral  transition  state  is  often  the  situation  in  realistic 
systems  and  is  thus  important  to  investigate. 

The  most  striking  difference  between  the  qQ  =  0  (Figure  3a) 
and  ^0  =  1  au  sensitivities  is  at  £  =  0.32  eV  where  for  =  1 
au  the  derivative  dI(E)ldVj  is  zero  for  ^  <  0.  At  this  energy  the 
transmission  probability  for  the  Eckart  barrier  is  less  than  ~0.01 
so  photodetachment  from  this  state  yields  only  products.^^  Thus, 
the  spectrum  is  not  sensitive  to  the  reactant  side  of  the  potential. 

At  the  scattering  energy  E  =  0.44  eV  the  absolute  value  of 
the  derivative  peaks  around  q  =^0,24  au  and  has  significant 
magnitude  in  the  barrier  region.  This  is  an  important  result  as 
it  indicates  that  information  about  the  barrier  may  be  obtained 
even  when  the  Franck— Condon  region  for  the  photodetachment 
does  not  coincide  with  the  transition  state.  The  same  is  true  for 
the  sensitivity  at  E  =  0.59  eV  which  consists  of  two  large  peaks 
and  the  usual  oscillations  at  greater  q.  The  dominant  peak  is  at 
the  position  of  the  anion  bound  state,  ^  =  1  au,  while  the  smaller 
peak  is  centered  at  slightly  positive  values  of  q  near  ^  =  0. 
Thus,  at  this  energy  there  is  also  sensitivity  to  the  banier  region. 

Recently,  Skodje  and  co-workers^^  have  proposed  a  scheme 
for  controlling  the  anion  bound  state  in  photodetachment 
systems.  Their  goal  was  to  assign  photodetachment  spectra  by 
changing  the  character  of  the  anion  state  to  accentuate,  for 
example,  resonance  or  direct  scattering  contributions.  The  large 
sensitivity  of  the  spectrum  to  the  neutral  potential  in  the  Franck— 
Condon  region  suggests  that  such  a  scheme  could  instead  be 
used  to  map  out  the  neutral  potential  energy  surface. 

B.  Photodetachment  of  Collinear  H3“.  As  a  second  ap¬ 
plication  we  consider  a  two-degrees-of-freedom  model  system 
in  which  the  neutral  potential  energy  surface  is  that  for  the 
collinear  H  +  H2  system^^  (as  given  by  the  LSTH  surface^). 
The  anion  potential  is  a  separable  harmonic  oscillator  potential 
in  the  Jacobi  coordinates  of  the  reactant  arrangement: 

^anion(^ ’  ~  2  ~  ^o)  “^2  ”  ^o)  * 

Here,  r  is  the  diatomic  H2  distance  in  the  reactants  and  R  is  the 
distance  from  the  center  of  mass  of  H2  to  the  colliding  H  atom; 
fir  and  fiR  are  the  reduced  masses  associated  with  these 
coordinates  and  Or  and  cu/?  are  the  harmonic  frequencies  of  the 
anion  potential  in  these  coordinates.  The  classical  barrier  to 
reaction  is  0.425  eV  for  the  LSTH  surface. 

We  examine  two  different  parameter  sets  for  the  anion 
potential  which  we  will  refer  to  as  Sets  A  and  B.  In  Set  A  the 
anion  equilibrium  geometry  lies  directly  under  the  neutral 
transition  state  with  cOr  =  2500  cm“^  ro  =  1.757  au,  cor  = 
2000  cm“^  and  Rq  =  2.6355  au.  The  frequencies  are  kept  the 
same  but  the  anion  equilibrium  geometry  is  displaced  into  the 
reactant  valley  in  parameter  Set  B  for  which  r©  =  1.6  au  and 
jRo  =  3.2  au 

The  photodetachment  spectra  for  this  model  collinear  Hs" 
photodetachment  system  are  shown  in  Figure  4  for  the  two 
parameter  sets.  Figure  5  shows  a  contour  plot  of  the  neutral  H 
+  H2  (LSTH)  potential  superimposed  with  the  anion  bound 
states  for  parameter  Sets  A  and  B.  The  spectrum  with  parameter 
Set  A  is  peaked  around  a  scattering  energy  of  E  ^  0.56  eV, 
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Figure  4.  Photodetachment  spectra  for  the  model  collinear  Hb"  system. 
The  spectrum  obtained  using  parameter  Set  A  for  the  anion  potential 
is  given  by  the  solid  line,  while  the  spectrum  for  Set  B  is  shown  as  the 
dashed  line. 


R 

Figure  5.  Contour  plot  of  the  LSTH  potential  energy  surface  and  the 
absolute  square  of  the  anion  bound  state  wave  functions  for  the  model 
collinear  Ha”  photodetachment  model  system.  The  wave  function  for 
the  anion  potential  parameter  Set  A  appears  to  the  left  of  that  for  Set 
B.  The  contours  for  the  potential  surface  are  spaced  0.4  eV  apart  from 
0.4  to  2.4  eV;  for  the  wave  functions  the  contours  range  from  0.008  to 
0.032  in  increments  of  0.008,  The  distances  R  and  r  are  in  atomic  units. 

corresponding  to  the  threshold  for  reaction  in  the  collinear  H 
+  H2  system.  In  analogy  with  the  Eckart  barrier  model 
considered  above,  the  displaced  anion  potential  of  parameter 
Set  B  leads  to  a  spectrum  peaking  at  somewhat  lower  energies. 
Both  spectra  have  structure  around  E  ~  0.9  eV  relating  to  the 
threshold  for  production  of  H2  (t;  =  1).  The  threshold  for 
reaction  into  (or  out  of)  the  =  1  state  of  H2  for  collinear  H  + 
H2  occurs  at  ~0.88  eV.^^ 

Figure  6  shows  some  illustrative  examples  of  the  sensitivity 
of  the  photodetachment  spectra  to  the  neutral  potential  for  the 
model  H3~  system.  Many  of  the  general  features  of  the 
sensitivities  in  this  system  are  the  same  as  in  the  one¬ 
dimensional  Eckart  barrier  model  considered  above.  Specifically, 
the  magnitude  of  the  derivative,  dI(E)/dVp  peaks  in  the  vicinity 
of  the  Franck— Condon  region  and  the  derivative  exhibits 
oscillatory  structure  in  the  reactant  and  product  asymptotic 
valleys  with  a  wavelength  dependent  on  the  scattering  energy. 
However,  there  are  some  noteworthy  differences  as  well  as 
further  similarities  which  we  now  discuss. 

In  Figure  6a  contour  plots  of  the  derivative  dI(E)fdVj  and  the 
neutral  potential  are  shown  for  parameter  Set  A  at  a  scattering 
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Figure  6,  The  sensitivity  of  the  photodetachment  spectrum  for  the 
collinear  H3”  model  system  is  shown,  (a)  Results  using  anion  potential 
parameter  Set  A  and  a  scattering  energy  of  £"  =  0.49  eV;  the  contours 
for  the  sensitivity  range  from  —600  to  100  in  increments  of  175  in 
units  of  hartrees”^.  (b)  Results  using  anion  potential  parameter  Set  B 
and  a  scattering  energy  of  £"  =  0.59  eV;  the  contours  for  the  sensitivity 
range  from  —350  to  650  in  increments  of  250  in  units  of  hartrees”^. 
(c)  Results  using  anion  potential  parameter  Set  A  and  a  scattering  energy 
of  £  =  0.95  eV;  the  contours  for  the  sensitivity  range  from  —40  to  85 
in  increments  of  25  in  units  of  hartrees”^.  The  distances  R  and  r  are  in 
atomic  units. 

energy  of  £  =  0.49  eV.  The  sensitivity  has  a  large  negative 
doubly  peaked  maximum  encompassing  much  of  the  transition 
state  region  and  extending  significantly  into  the  reactant  and 
product  valleys.  This  energy  is  below  the  threshold  for  reaction 
in  the  collinear  H  +  H2  system  and  reaction  occurs  only  through 
tunneling.  Thus,  as  observed  for  the  Eckart  barrier  model  (cf. 
E  —  0.32  eV  in  Figure  3a),  the  spectrum  at  this  energy  is  most 
sensitive  to  the  sides  of  the  barrier.  A  more  subtle  detail  of  this 
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plot  is  that  the  magnitude  of  the  sensitivity  is  largest  somewhat 
away  from  the  transition  state  where  the  anion  bound  state  is 
largest.  In  fact,  the  sensitivity  here  is  somewhat  suggestive  of 
the  “comer-cutting”  nature  of  tunneling.^^ 

An  analogous  contour  plot  is  shown  in  Figure  6b  but  for 
parameter  Set  B  and  at  a  scattering  energy  of  £"  =  0.59  eV.  In 
this  case  the  sensitivity  peaks  in  a  broad  area  extending  from 
the  Franck— Condon  region  (recall  that  here  the  anion  bound 
state  is  displaced  toward  the  reactant  valley)  to  the  transition 
state.  This  is  a  very  interesting  result  in  that  it  shows  that  for 
this  system  the  photodetachment  spectrum  is  sensitive  to  the 
barrier  region  even  when  the  anion  wave  function  is  small  or 
zero  there.  This  is  encouraging  from  the  point  of  view  of  using 
spectra  to  obtain  information  about  potential  surfaces,  particu¬ 
larly  in  the  transition  state  region. 

Figure  6c  shows  the  derivative  dl{E)ldVj  and  the  neutral 
potential  for  parameter  Set  A  at  a  scattering  energy  of  E~  0.95 
eV.  The  most  striking  feature  of  the  sensitivity  at  this  energy  is 
the  nodal  stmcture  in  the  vibrational  H2  coordinate  in  the 
asymptotic  valleys.  This  is  present  because  photodetachment 
is  now  leading  to  the  production  of  H2  (^'  =  1)  in  both  the 
reactants  and  products.  Another  interesting  difference  from 
Figure  6,  parts  a  and  b,  is  that  the  derivative  is  largest  near  the 
repulsive  wall  occurring  for  smaller  values  of  H— H  distances 
in  the  transition  state. 

4.  Concluding  Remarks 

We  have  shown  how  the  derivatives  of  photodetachment 
intensities  with  respect  to  parameters  of  the  neutral  potential 
energy  surface  can  be  calculated  within  the  DVR- ABC  Green’s 
function  formulation.  These  derivatives  can  be  obtained  with 
no  extra  computational  effort  beyond  that  required  to  calculate 
the  photodetachment  spectrum  itself.  In  addition,  using  the  quasi- 
minimal  residual  method  for  applying  the  Green’s  function  onto 
the  anion  bound  state,  both  the  spectrum  and  any  desired 
derivatives  can  be  obtained  at  all  energies  in  a  single  calculation. 

We  have  examined  the  sensitivity  of  the  photodetachment 
spectra  to  the  neutral  potential  energy  surfaces  for  two  model 
systems  to  illustrate  the  general  features  in  transition  state 
spectroscopy  systems.  In  general,  the  spectrum  is  most  sensitive 
to  the  neutral  potential  in  the  Franck— Condon  region  where 
the  anion  wave  function  is  largest  and  in  the  area  around  the 
transition  state.  The  spectra  do  not  appear  to  be  sensitive  to  the 
global  potential  surface.  This  is  discouraging  from  the  point  of 
view  of  inverting  a  transition  state  spectrum  to  obtain  the 
potential  in  a  “point-by-point”  representation.  However,  the 
results  are  quite  encouraging  if  the  goal  is  extracting  information 
about  the  potential  in  the  region  of  the  barrier.  This  is,  after  all, 
the  most  difficult  part  of  the  potential  to  obtain  by  other  means, 
e.g.,  ab  initio  calculations. 
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We  present  a  method  for  determining  reactive  potential  energy  surfaces  from  experimental  photodetachment 
spectra.  The  variations  of  the  theoretical  photodetachment  spectrum  with  respect  to  potential  parameters  (the 
“derivatives”  of  the  spectrum)  are  calculated.  These  derivatives  are  used  in  an  iterative  Levenberg— Marquardt- 
based  algorithm  to  find  the  optimal  values  of  the  potential  parameters,  i.e.,  those  yielding  the  theoretical 
spectrum  that  best  matches  the  experimental  one.  Applications  of  the  method  to  one-  and  two-degrees-of- 
freedom  model  systems  are  presented,  and  accurate  results  are  obtained  with  a  small  number  of  iterations. 
Prospects  for  treating  realistic  systems  are  discussed. 


1.  Introduction 

In  the  preceding  paper^  in  this  issue  (hereafter  referred  to  as 
Paper  I)  we  carried  out  a  sensitivity  analysis  of  transition  state 
(photodetachment)  spectra.  Specifically,  for  two  model  systems, 
we  determined  the  regions  of  the  neutral  potential  energy  surface 
to  which  the  spectra  are  sensitive.  One  of  the  primary  conclu¬ 
sions  drawn  from  that  analysis  is  that  the  spectra  are  sensitive 
to  the  barrier  region  in  a  wide  number  of  cases,  including  those 
where  the  Franck— Condon  region  (i.e.,  the  location  of  the  anion 
bound  state)  does  not  coincide  with  the  transition  state.  This 
result  suggests  that  it  should  be  possible  to  use  transition  state 
spectra  to  obtain  information  about  the  barrier  on  the  neutral 
potential  surface.  In  this  paper  we  present  an  iterative  method 
for  “inverting”  a  transition  state  spectrum  to  obtain  an  accurate 
representation  of  the  neutral  surface  in  the  barrier  region. 

2.  Methodology 

In  Paper  I,  we  showed  how  the  derivative  of  a  photodetach¬ 
ment  spectrum  with  respect  to  a  parameter  of  the  neutral 
potential  energy  surface  can  be  obtained  for  no  extra  cost  beyond 
that  required  to  calculate  the  spectrum  itself  In  this  section, 
we  review  the  relevant  formulas  for  completeness  and  then 
describe  the  methodology  for  “inverting”  transition  state  spectra. 

As  in  Paper  I,  we  consider  a  potential  surface  for  a  chemical 
reaction  defined  by  a  set  of  M  parameters  a  =  {a/}j=i,  For 
the  purposes  of  this  paper  the  set  a  will  represent  the  parameters 
in  an  analytical  representation  of  the  potential  energy  surface. 
The  derivative  dI(E)ldaj  can  be  used  to  optimize  the  values  of 
the  potential  parameters  for  which  dI{E)ldaj  ^  0.  Specifically, 
given  an  experimentally  measured  spectrum,  /ex(£),  at  a  set  of 
Ne  energies  {£,}  we  can  define  a  measure  of  the  “error”  in  the 
trial  spectrum  as 


Thederivative  of  with  respect  to  a  potential  parameter  O/ 
indicates  how  the  error  changes  as  O/  is  varied  and  is  then  given 
by 

ay2  ^  a/(£.;  a) 

—  =  2^ - [/(£;;  a) -4,(£,.)]  (2) 

30,.  do, 

Thus,  the  key  to  this  approach  is  the  calculation  of  the 
derivatives  dl{E)ldaj. 

In  Paper  I,  we  showed  how  these  derivatives  can  be  obtained 
using  a  Green’s  function  in  a  discrete  variable  representation^"^ 
(DVR)  with  absorbing  boundary  conditions'"^  (ABC).  This 
approach  allows  the  calculation  of  the  derivatives  with  no 
additional  effort  beyond  that  required  to  calculate  the  spectrum 
itself  Briefly,  the  photodetachment  intensity  in  the  DVR- ABC 
formulation  is  given  within  the  Franck— Condon  approximation 
byio.ii 

/(£)  =  - i/m <•«)+(£)  (3) 


And,  as  shown  in  Paper  I,  the  derivative  of  the  intensity  at 
energy  E  with  respect  to  a  potential  parameter  is 


The  scattering  wavefunction  0^(£)  is  defined  as 
<!»+(£)  = 


(4) 

(5) 


where  0b  is  the  anion  bound  state  wavefunction  vector  in  the 
DVR  and  G'^(E)  is  the  DVR- ABC  Green’s  function: 

G^(E)  =  (£I  -  H  +  ie)“'  (6) 


Ne 

=  X  (1) 

/=i 

The  optimum  potential  is  then  the  one  that  minimizes 


^  Current  address.  University  of  Colorado. 


with  outgoing  wave  boundary  conditions.  Here,  H  and  €  are 
the  DVR  matrices  of  the  Hamiltonian  and  the  absorbing 
potential. 

As  can  be  seen  from  eqs  3—5  the  primary  effort  in  calculating 
the  photodetachment  intensity,  1(E),  and  its  derivative  with 
respect  to  a  potential  parameter,  9/(£)/9ay,  is  the  same:  the 
action  of  the  Green’s  function  onto  the  anion  bound  state.  Thus, 
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any  and  all  derivatives  of  the  spectrum  can  be  obtained  with 
no  extra  effort  beyond  that  required  to  compute  !(£)  itself.  In 
addition,  we  note  that,  in  principle,  the  entire  photodetachment 
spectrum  can  be  obtained  in  a  single  calculation  using  the  quasi- 
minimal  residual  (QMRES)  method^^  for  acting  the  Green’s 
function  on  the  anion  bound  state. 

A  generic  iterative  scheme  for  obtaining  the  neutral  potential 
energy  surface  from  an  experimental  photodetachment  spectrum 
is  as  follows: 

(1)  Make  an  initial  guess  for  the  potential,  V. 

(2)  Calculate  the  photodetachment  spectrum  (and  its  deriva¬ 
tives)  associated  with  V  using  eqs  3~5. 

(3)  Calculate  the  ‘‘error”  of  the  theoretical  spectrum  relative 
to  the  experimental  one  using  eq  1. 

(4)  Use  the  derivatives  9/(£)/9a/  to  obtain  a  new  V. 

(5)  Return  to  2,  iterating  until  is  minimized. 

A  variety  of  schemes  of  this  sort  can  be  conceived,  particularly 
several  that  differ  only  in  the  method  used  in  Step  4.  In  this 
paper  we  use  a  Levenberg— Marquardt  algorithm^"^  for  imple¬ 
menting  this  scheme.  This  algorithm  uses  a  combination  of  the 
inverse-Hessian  and  steepest  descent  methods  to  update  the 
parameters  to  be  optimized, 

On  the  basis  of  sensitivity  analysis  in  Paper  I,  it  seems 
unlikely  that,  in  general,  an  accurate  “point-by-point”  repre¬ 
sentation  of  the  potential  surface  can  be  obtained  by  inverting 
transition  state  spectra.  An  extreme  example  is  the  case  where 
the  Franck— Condon  region  is  in  the  reactant  valley.  If  photo¬ 
detachment  of  the  anion  does  not  lead  to  formation  of  the  neutral 
products  then  the  spectrum  contains  no  information  about  the 
product  side  of  the  potential.  Nevertheless,  as  seen  in  Paper  I, 
the  photodetachment  spectrum  can  still  provide  information 
about  the  barrier  region  in  this  case.  Thus,  here  we  consider 
the  optimization  of  parameters  in  an  analytical  representation 
of  the  neutral  surface.  The  goal  is  to  establish  the  viability  and 
properties  of  the  present  approach  by  treating  model  systems. 
Thus,  the  “experimental”  spectrum  is  generated  by  a  theoretical 
calculation  using  one  potential  (what  we  will  call  the  exact 
potential).  Then  the  “experimental”  spectrum  is  used  to  optimize 
the  parameters  of  a  trial  potential  with  a  different  functional 
form  by  minimizing  the  error  of  the  theoretical  spectrum 
(obtained  using  the  trial  potential)  relative  to  the  “experimental” 
one. 

3.  Model  Systems 

A.  One-Dimensional  Barrier.  As  a  first  test  of  the  method 
proposed  in  Section  2,  we  consider  a  one-dimensional  model 
problem  in  which  the  exact  (i.e.,  “experimental”)  spectra  are 
those  for  the  Eckart  barrier  model  considered  in  Paper  The 
exact,  or  target,  neutral  potential  is  given  by 

Kx(9)  =  V,‘hech\q/a)  (7) 

with  =  0.425  eV  and  a  =  1  au  and  the  anion  potential  is 
a  harmonic  oscillator  of  frequency  co  =  3000  cm”‘  centered  at 
qo.  The  mass  is  taken  to  be  1060  au  and  in  what  follows  we 
consider  both  =  0  and  qo  =  I  au.  The  trial  potential  has  a 
different  functional  form  and  is  a  Gaussian, 

V(q)  =  (8) 

where  Vo  and  b  are  the  parameters  to  be  optimized  using  the 
“experimental”  spectrum. 

The  test  of  the  method  is  as  follows.  The  “experimental” 
photodetachment  spectrum,  /ex(£),  is  first  calculated  at  60  values 


of  the  scattering  energy  using  the  exact  potential,  eq  7.  Initial 
guesses  are  made  for  the  parameters  Vo  and  b  in  the  trial 
potential.  The  Levenberg— Marquardt-based  scheme  described 
in  Section  2  is  then  used  to  minimize  the  error  x^  (^q  1)  of  the 
theoretical  spectrum  /(£)  obtained  with  the  trial  potential,  eq  8, 
relative  to  hx{E)‘ 

Figure  la  shows  the  initial,  optimized,  and  “experimental” 
photodetachment  spectra  resulting  from  this  exercise  for  the  case 
where  ^o  =  0  and  initially  Vq  =  0.7  eV  and  ^  =  1.4  au.  Here 
the  spectra  are  for  photodetachment  from  the  anion  ground  state 
(t^  =  0).  The  initial  trial  potential  gives  a  spectrum  peaking  at 
significantly  higher  energy  than  the  exact  spectrum  due  to  the 
greater  barrier  height.  However,  the  spectrum  obtained  from 
the  optimized  trial  potential  is  in  excellent  agreement  with  the 
exact  spectrum.  Figure  2a  shows  the  error  x^  (on  a  semilog  plot) 
and  the  values  of  Vq  and  b  at  each  iteration  of  the  optimization. 
Convergence  is  achieved  in  15  iterations  yielding  excellent 
agreement  in  the  barrier  height  with  optimized  values  of  Vq  = 
0.424  eV  and  b  —  0.977  au.  Note  that  while  there  is  a  plateau 
in  the  value  of  x^  it  decreases  monotonically  with  the  number 
of  iterations.  It  is  interesting  that  the  value  of  b  initially  increases 
by  an  order  of  magnitude  from  its  initial  value  before  converging 
to  its  optimum  value.  On  the  other  hand,  the  route  of  the  barrier 
height  to  its  final  value  is  much  more  direct. 

Figure  lb  shows  the  initial,  optimized,  and  “experimental” 
photodetachment  spectra  from  the  =  1  anion  state  with  qo  = 
0.  The  initial  parameters  in  the  trial  potential  are  taken  as  Vq  = 
1.0  eV  and  b  =  0.6  au.  These  result  in  a  spectrum  peaked  at 
very  high  energies  (in  fact  the  intensity  is  nonzero  outside  the 
range  of  energies  considered  in  the  optimization).  Despite  the 
initial  barrier  height  being  more  than  twice  the  exact  value,  the 
optimization  is  completed  in  16  iterations  giving  a  spectrum  in 
excellent  agreement  with  the  “experimental”  one. 

The  error  in  the  theoretical  spectrum  and  the  values  of  the 
trial  potential  parameters  are  shown  in  Figure  2b  as  a  function 
of  the  number  of  iterations.  As  in  Figure  2a,  x^  decreases 
monotonically  while  b  initially  increases  by  an  order  of 
magnitude  before  converging  (to  0.948  au).  Here  the  value  of 
Vo  first  increases  to  1.4  eV  before  decreasing  to  its  optimized 
value  of  0.422  eV,  in  excellent  agreement  with  the  barrier  height 
of  the  exact  potential. 

The  initial,  optimized,  and  “experimental”  photodetachment 
spectra  from  the  anion  ground  state  with  =  1  au  are  shown 
in  Figure  Ic.  The  initial  values  of  Vo  and  b  are  taken  to  be  0.2 
eV  and  0.6  au,  respectively.  The  initial  spectrum  is  quite 
different  from  the  “experimental”  one;  it  is  peaked  at  a 
significantly  lower  energy  and  consists  of  a  narrow  peak  with 
a  shoulder  at  higher  energy  whereas  the  exact  spectrum  consists 
of  two  distinct  broad  peaks  with  the  second  having  much  less 
intensity.  The  optimized  spectrum  is  in  excellent  agreement  with 
the  exact  spectrum  reproducing  both  the  position  and  width  of 
the  peaks. 

The  convergence  of  the  error  in  the  theoretical  spectrum  and 
the  trial  potential  parameters  is  shown  for  this  case  in  Figure 
2c.  The  behavior  observed  here  is  notably  different  from  that 
in  Figure  2,  parts  a  and  b.  First,  convergence  is  achieved  in 
significantly  fewer  iterations,  9  vs  '^15.  Second,  both  Vq  and  b 
rise  almost  monotonically  to  their  optimized  values  of  0.404 
eV  and  0.81  au,  respectively.  As  before,  x^  decreases  monotoni¬ 
cally.  The  final  barrier  height  is  slightly  lower  than  that  obtained 
in  the  previous  cases  with  qo  =  0,  but  is  still  in  excellent 
agreement  within  0.5  kcal/mol  of  the  exact  value. 

Note  that  the  different  choices  for  the  anion  bound  state  used 
to  obtain  the  spectrum  (i.e.,  the  values  of  v  and  ^o)  do  not  lead 
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Figure  1.  The  initial,  optimized,  and  “experimental”  photodetachment 
spectra  for  the  one-dimensional  model  are  plotted.  In  each  case,  the 
initial  spectrum  is  shown  as  the  solid  line,  the  optimized  spectrum  as 
the  dashed  line,  and  the  “experimental”  spectrum  (Vo  =  0.425  eV,  a  ~ 
1.0  au)  as  the  solid  circles.  Results  are  shown  for  photodetachment 
from  (a)  the  v  —  0  anion  state  with  —  0,  (b)  the  v  =  \  anion  state 
with  ^0  =  0,  and  (c)  the  z;  =  0  anion  state  with  =  1  au.  The  initial 
and  optimized  potential  parameters  are  given  in  the  text. 

to  the  same  optimized  Vo  and  b.  This  is  a  consequence  of  using 
a  different  functional  form  for  the  exact  and  trial  potentials. 
Each  anion  state  probes  somewhat  different  regions  of  the 


#  of  Iterations 


Figure  2.  The  error  and  potential  parameters  Vo  and  b  for  the 
optimization  of  the  potential,  corresponding  to  the  cases  shown  in 
Figures  la— c,  are  plotted  as  a  function  of  the  number  of  iterations  in 
the  optimization.  Again,  results  are  shown  for  photodetachment  from 
(a)  the  z;  =  0  anion  state  with  =  0,  (b)  the  z/  =  1  anion  state  with 
^0  —  0,  and  (c)  the  z;  =  0  anion  state  with  =  1  au. 

neutral  potential  and  the  optimized  values  of  the  trial  potential 
parameters  are  those  that  best  match  the  trial  and  exact  potentials 
in  those  regions.  Note  that  in  all  cases  the  optimized  photode¬ 
tachment  spectra  are  in  excellent  agreement  with  the  “experi- 
mental”  spectra.  However,  we  saw  that  for  =  0  the  z;  =  0 
and  V  =  1  anion  states  yield  slightly  different  optimized  values 
of  Vo  and  b.  And,  for  the  =  0,  =  1  au  anion  state  we 

obtained  an  optimum  value  of  b  that  is  -^15%  lower  and  a 
slightly  lower  value  for  Vq.  The  initial,  optimized,  and  exact 
neutral  potentials  for  this  case  are  shown  in  Figure  3,  Note  that 
the  optimum  potential  is  indistinguishable  from  the  exact 
potential  on  the  sides  of  the  barrier.  Also,  while  the  final  barrier 
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Figure  3.  The  initial,  optimized,  and  exact  potentials  for  the  one¬ 
dimensional  model  problem  are  plotted.  The  results  shown  are  from 
the  optimization  carried  out  using  the  photodetachment  spectrum  from 
the  y  =  0  anion  state  with  =  1  au.  The  exact  (Eckart  barrier)  potential 
is  shown  as  the  solid  line  while  the  initial  and  optimized  (Gaussian) 
potentials  are  indicated  by  the  dot— dashed  and  dashed  lines,  respec¬ 
tively. 

height  is  somewhat  low,  it  is  still  in  excellent  agreement  with 
the  exact  value. 

B.  Collinear  H  +  H2.  As  a  second  example  we  consider  a 
two-degrees-of-freedom  model  system  in  which  the  neutral 
potential  energy  surface  is  that  for  the  collinear  H  +  H2  reaction. 
In  this  case,  the  exact  neutral  potential  is  given  by  the  LSTH 
surface^^  which  has  a  barrier  height  of  0.425  The 

“experimental”  photodetachment  spectrum  is  obtained  using  this 
potential  with  a  separable  harmonic  oscillator  anion  potential 
in  the  Jacobi  coordinates  of  the  reactant  arrangement, 

R)  =  \p,co](,r  -  r,f  +  -  R,f  (9) 

Here  r  and  R  are  the  vibrational  and  translational  Jacobi 
coordinates,  respectively,  with  associated  reduced  masses  fjLr  and 
fiR.  As  in  Paper  I,  we  consider  two  sets  of  parameters  for  the 
anion  potential  with  (Or  =  2500  cm“^  and  (Or  =  2000  cm“^  in 
both  cases.  Set  A  has  an  equilibrium  geometry  identical  to  that 
of  the  neutral  transition  state  with  ro  =  1.757  au  and  =  2.6355 
au.  For  Set  B  the  equilibrium  geometry  is  displaced  into  the 
reactant  valley  with  ro  =  1.6  au  and  /?o  =  3.2  au. 

The  trial  potential  to  be  optimized  is  of  the  London— Eyring— 
Polanyi— Sato  (LEPS)  form, 

V{r,R)  =  Q^  +  Q^  +  Q^,- 

Ab'  +  JJ  +  V  -  -^ab^o  -  Vbc  -  (10) 

where  a,  b,  and  c  label  the  three  atoms  and,  e.g., 

Sab  =  -  (2  +  +  S^) 

(11) 

and 

•^ab  =  |l^[(l  +  -  (6  + 

(1  +  S^)  (12) 

Here  D,  ^8,  and  ro  are  the  Morse  parameters  for  the  diatomic 
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Figure  4.  The  “experimental”,  initial,  and  optimized  photodetachment 
spectra  for  the  collinear  Hs"  model  are  plotted.  Results  using  the  anion 
potential  parameter  (a)  Set  A  and  (b)  Set  B  are  shown.  The  initial  spectra 
(5  =  0.2  corresponding  to  Vb  =  0.828  eV)  are  plotted  as  solid  lines, 
the  optimized  spectrum  (S  =  0.355  corresponding  to  Vb  —  0.439  eV 
for  Set  A  and  S  ~  0.347  corresponding  to  Vb  =  0.464  eV  for  Set  B)  as 
dashed  lines,  and  the  “experimental”  spectra  (Vo  =  0.425  eV)  as  the 
solid  circles. 

fragment;  by  symmetry  these  parameters  are  the  same  for  each 
pair  and  can  be  obtained  from  the  well-known  diatomic  H2 
potential.  The  values  are  taken  to  be  D  =  4.75  eV,  ^  =  1.044 
au,  and  ro  =  1.42  au.  The  Sato  parameter,  5,  is  here  the 
parameter  to  be  optimized  by  minimizing  the  error  of  the 
theoretical  photodetachment  spectrum  relative  to  the  “experi¬ 
mental”  one. 

For  parameter  Set  A,  Figure  4a  shows  the  “experimental” 
spectrum  calculated  using  the  LSTH  potential  and  the  initial 
and  optimized  spectra  from  the  LEPS  surface.  The  initial  value 
of  S  is  taken  as  0.2  corresponding  to  a  barrier  height  of  0.828 
eV.  Due  to  the  larger  barrier  height  the  initial  spectrum  is  shifted 
to  higher  energy  and  broadened  relative  to  the  exact  one.  The 
optimized  spectrum  obtained  after  15  iterations  is  in  very  good 
agreement  with  the  “experimental”  one,  the  primary  difference 
being  that  the  peak  maximum  has  a  lower  value.  Note  that  the 
sharp  dip  at  "^0.9  eV  due  to  the  production  of  H2  (z;  =  l)Ms 
well  reproduced.  Plots  of  the  analogous  photodetachment  spectra 
for  parameter  Set  B  are  shown  in  Figure  4b  for  the  same  initial 
5.  The  results  are  much  the  same  for  this  displaced  anion 
geometry  as  observed  for  Set  A.  The  initial  spectrum  peaks  at 
a  higher  energy  and  is  broadened  while  the  optimized  spectrum 


9510  J.  Phys.  Chem.  A,  Vol  103,  No,  47,  1999 


Figure  5.  The  error  Sato  parameter  S,  and  corresponding  barrier 
height  Vo  for  the  optimizations  of  the  LEPS  potential  corresponding  to 
Figure  4  are  plotted  as  a  function  of  the  number  of  iterations.  The  results 
are  shown  for  anion  potential  parameter  Set  A  as  the  solid  lines  with 
filled  symbols  and  for  Set  B  as  the  dashed  lines  with  open  symbols. 

is  in  quite  good  agreement  with  a  minor  difference  in  the  peak 
maximum.  This  is  true  even  though  the  anion  bound  state  wave 
function  for  Set  B  has  little  overlap  with  the  barrier  region  of 
the  neutral  potential. 

Figure  5  shows  the  error  in  the  theoretical  spectrum,  the 
value  of  the  Sato  parameter,  and  the  corresponding  barrier  height 
at  each  iteration  for  both  the  Set  A  and  Set  B  cases.  As  seen 
for  the  one-dimensional  example  above,  the  different  anion  states 
lead  to  slightly  different  values  of  the  optimized  parameter. 
Using  Set  A  the  optimum  value  of  S  is  found  to  be  0.355  while 
Set  B  yields  0.347.  This  difference  naturally  leads  to  different 
barrier  heights  in  the  optimized  potentials,  giving  values  of  0.439 
and  0.464  eV  for  Sets  A  and  B,  respectively.  It  is  worth  noting 
that  these  are  within  <  1  kcal/mol  of  the  exact  barrier  height. 
In  both  cases  the  convergence  of  the  Sato  parameter  is  smooth 
and  rapid,  being  completed  in  10  iterations. 

One  factor  that  can  limit  the  effectiveness  of  an  inversion 
procedure  is  finite  experimental  resolution.  This  can  be  reason¬ 
ably  represented  by  Gaussian  convolution  of  the  theoretical 
spectrum.  That  is,  in  making  a  comparison  with  an  experimental 
spectrum  the  theoretical  spectrum  to  be  used  is  given  by 

4(£)  =Nf  I{E')  d£'  (13) 

where  A  is  a  normalization  constant  determined,  e.g.,  by  scaling 
to  match  the  maximum  value  of  the  experimental  spectrum.  We 
can  examine  the  effect  on  the  inversion  of  the  transition  state 
spectra  by  generating  an  “experimentaF’  spectrum  by  convolut- 
ing  the  calculated  spectrum  for  the  exact  potential. 

To  this  end,  we  have  optimized  the  LEPS  potential  using  the 
Ha"  spectrum  calculated  using  the  LSTH  potential  (with  anion 
potential  parameter  Set  B)  and  convoluted  with  rj  =  0.01  eV, 
a  reasonable  experimental  value.  Since  the  exact  resolution  may 
not  always  be  known,  we  convolute  the  trial  spectra  with  a 
different  value,  rj  =  0.008  eV.  The  initial,  optimized,  and  exact 
(convoluted)  spectra  are  shown  in  Figure  6  for  this  case.  Note 
that  the  optimized  spectrum  is  in  very  good  agreement  with 
the  “experimental”  spectrum.  The  optimized  value  of  the  Sato 
parameter  is  0.347,  corresponding  to  a  barrier  height  of  0.466 
eV.  The  convergence  is  smooth,  similar  to  that  in  Figure  5,  and 
is  completed  in  15  iterations.  Thus,  excellent  agreement  with 
the  exact  barrier  height  is  obtained  despite  the  convolution  and 
the  use  of  different  values  of  r]  for  the  exact  and  trial  spectra. 
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Figure  6.  Same  as  Figure  4b  but  the  “experimental”  spectrum  has 
been  convoluted  with  rj  =  0.01  eV  (cf.  eq  13)  and  the  trial  spectra 
with  ff  =  0.008  eV  (see  the  text).  Here  the  optimized  spectrum  has  S 
=  0.347  corresponding  to  Vo  =  0.466  eV. 

In  fact,  while  a  somewhat  larger  number  of  iterations  is  required, 
the  final  values  of  the  Sato  parameter  is  almost  identical  (within 
0.001)  to  the  unconvoluted  case. 

4.  Concluding  Remarks 

We  have  presented  a  method  for  determining  reactive 
potential  energy  surfaces  from  transition  state  photodetachment 
spectra.  The  method  makes  use  of  the  derivatives  of  the 
photodetachment  spectra  with  respect  to  parameters  of  the 
neutral  potential  energy  surface.  As  shown  previously,^  these 
derivatives  can  be  obtained  at  no  additional  cost  above  that 
required  to  calculate  the  spectrum  itself.  An  iterative  Leven- 
berg— Marquardt-based  scheme  is  used  to  optimize  the  potential 
parameters  by  minimizing  the  differences  between  the  theoretical 
and  experimental  photodetachment  spectra. 

The  viability  of  this  approach  has  been  demonstrated  by  its 
application  to  two  model  systems.  Excellent  agreement  is 
obtained  with  the  barrier  height  on  the  neutral  potential  energy 
surfaces  in  all  cases.  The  method  converges  rapidly  and  thus 
requires  only  a  small  number  of  calculations  of  the  photode- 
tachmerit  spectrum  (and  its  derivatives).  In  addition,  the  finite 
resolution  of  experimental  spectra  can  be  dealt  with  by  convolu¬ 
tion  of  the  theoretical  spectrum  and  does  not  hinder  the 
determination  of  the  potential  surface  even  if  the  resolution  is 
not  known  exactly. 

It  is  worth  noting  that  multiple  spectra  for  the  same  system 
obtained  with  different  initial  anion  bound  states  can  be  used 
to  advantage  in  this  method.  The  measure  of  the  error  in  eq  1 
(which  is  minimized)  can  be  simply  extended  to  include  more 
than  one  spectrum.  The  development  of  experimental  techniques 
for  varying  the  anion  wave  function  would  thus  improve  the 
ability  to  accurately  determine  the  neutral  potential  surface. 

There  are  a  number  of  systems  that  would  be  interesting  to 
treat  with  this  method.  These  include  the  XHY"  systems  (the 
X  +  HY  reactions),  where  X  and  Y  are  halides.  The  photode¬ 
tachment  spectra  of  these  anions  have  been  the  subject  of 
extensive  experimental  studies. In  addition,  larger  molecules 
are  such  as  cyclooctatetraene^^  are  of  interest  which,  while  not 
amenable  to  a  full-dimensional  quantum  mechanical  description, 
can  be  accurately  treated  in  reduced  dimensionality.  In  the  case 
of  cyclooctatetraene  the  photodetachment  spectrum  probes  the 
barrier  to  isomerization  of  the  molecule. 
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The  metastability  of  atomic  impurities,  Li  and  B,  trapped  in  solid  parahydrogen  is  studied  by  employing  path 
integral  molecular  dynamics  (PIMD)  and  centroid  molecular  dynamics  (CMD)  simulations  at  4  K  and  zero 
external  pressure.  Starting  from  pure  solid  hydrogen  consisting  of  1440  particles,  doped  systems  are  prepared 
by  substituting  impurity  atoms  for  hydrogen  molecules  at  substitutional  defect  sites.  For  various  concentrations, 
thermodynamic  quantities  are  then  calculated  and  the  stability  of  the  systems  is  monitored.  For  the  case  of 
lithium,  systems  containing  2.5  mol  %  dopants  remain  metastable  with  convergent  thermodynamic  quantities, 
but  systems  with  3.3  mol  %  or  more  dopants  become  unstable.  For  the  case  of  boron,  systems  containing  as 
high  as  15  mol  %  dopants  remain  metastable  on  the  time  scale  of  the  simulation,  while  systems  with  25  mol 
%  dopants  do  not.  These  results  provide  evidence  of  the  transition  from  metastability  to  global  instability  and 
a  rough  estimate  of  the  maximum  doping  density  of  the  two  atomic  species.  The  calculations  show  that 
boron-doped  systems  have  the  potential  to  achieve  a  higher  impurity  concentration  than  lithium-doped  systems. 
The  intrinsic  boron  reaction  rate  at  longer  times  was  calculated  for  6.25  mol  %  of  boron  impurities.  The 
quantum  centroid  potential  of  mean  force  (PMF)  was  calculated  and  then  the  recombination  reaction  rate  was 
estimated  using  path  integral  quantum  transition  state  theory  (PI-QTST).  The  PI-QTST  calculation  suggests 
that  the  transition  state  for  boron  dimer  recombination  at  this  concentration  occurs  at  5.39  A  separation  and 
its  free  energy  barrier  is  360  d=  36  K.  The  calculated  intrinsic  recombination  reaction  rate  is  approximately 
8  X  10“^^  s“^  This  result  suggests  that  the  overall  reaction  rate  of  boron  recombination  reaction  may  be 
limited  by  the  intrinsic  recombination  rate  rather  than  by  self-diffusion  of  the  impurities.  It  is  also  found  that 
the  initial  reaction  of  boron  induces  only  local  recombination  of  other  boron  impurities  at  this  concentration 
and  not  a  global  instability.  The  dynamical  effect  of  a  single  boron  pair  reaction  on  the  rest  of  the  system  has 
also  been  studied  by  CMD  simulations.  These  simulations  show  that  the  energy  release  from  the  dimer 
recombination  does  not  lead  to  global  melting  of  the  solid. 


1.  Introduction 

Solid  parahydrogen  is  one  of  the  simplest  quantum  solids 
and  has  been  the  subject  of  many  theoretical  and  experimental 
studies.  Experimental  evidence  shows  that  impurity  atoms  such 
as  Li,  B,  and  F  can  be  metastably  trapped  in  the  solid  hydrogen 
matrix,  suggesting  its  potential  usage  as  high  energy  density 
matter  (HEDM).^“^  Classical  molecular  dynamics  (MD)  simula¬ 
tion  is  not  suitable  for  these  systems  because  of  the  substantial 
quantum  behavior  of  the  host  and  guest  molecules.  To  date, 
various  quantum  simulations  have  been  performed,  but  they  have 
been  mostly  confined  to  pure  solid  parahydrogen  or  hydrogen 
systems  containing  at  most  two  lithium  impurities. For  boron 
atoms  with  parahydrogen,  there  have  been  simulation  studies 
on  the  stability  of  small  B(H2L  clusters,^’^®  and  it  is  suggested 
that  the  clusters  are  stable  from  these  studies. 

For  the  doped  solid  hydrogen  to  be  useful  as  HEDM,  the 
impurity  atoms  must  remain  metastably  trapped  for  a  substantial 
lifetime.  In  addition,  the  concentration  of  the  metastable  impurity 
should  be  as  high  as  possible.  However,  each  system  will  have 
some  maximal  possible  impurity  concentration.  This  concentra¬ 
tion,  in  principle,  can  be  determined  through  a  series  of 
experiments,  but  uncontrollable  experimental  factors  make  it 
very  difficult  to  correlate  microscopic  details  of  a  system  with 
its  metastability  in  a  quantitative  and  systematic  way,  so 
complementary  simulation  studies  are  useful. 


A  complete  simulation  study  of  the  metastability  of  a  quantum 
many-body  system  is  a  daunting  problem.  One  must  identify 
quantum  metastable  states  in  multidimensional  space  and  adapt 
a  suitable  quantum  dynamical  simulation  method  or  quantum 
rate  theory.  Only  one  model  system  is  not  enough  to  study  as 
the  information  for  various  concentrations  of  the  dopant  are 
required. 

The  purpose  of  the  present  work  is  as  follows:  First,  a 
qualitative  global  stability  analysis  of  Li  doped  p-H2  and  B 
doped  P-H2  is  carried  out  and  an  identification  of  metastable 
states  with  converging  thermodynamic  quantities  will  be  made. 
For  large  scale  model  systems  with  varying  concentration  of 
the  dopants,  path  integral  molecular  dynamics  (PIMD)^^  simula¬ 
tions,  an  equilibrium  finite  temperature  quantum  simulation 
technique,  are  performed.  The  stability  of  the  system  is 
monitored  along  with  the  convergence  of  the  thermodynamic 
quantities.  Since  PIMD  is  a  fictitious  time  molecular  dynamics 
simulation  method,  the  lifetime  determined  by  this  method  does 
not  have  a  genuine  physical  meaning  in  real  time.  However,  it 
can  give  an  upper  bound  for  the  maximum  metastable  concen¬ 
tration  and  the  qualitative  estimation  of  the  relevant  thermo¬ 
dynamic  quantities.  This  information  is  useful  for  the  guidance 
of  future  experimental  efforts  to  prepare  samples  and  for  more 
quantitative  simulation  studies. 

Second,  the  pairwise  reactivity  of  boron  impurities  in  a  solid 
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P-H2  matrix  will  be  studied.  An  earlier  study  on  the  recombina¬ 
tion  of  Li  impurities  was  carried  out  by  two  of  us,  and  it  was 
found  that  the  Li  atom  shows  significant  quantum  tunneling 
behavior  and  that  the  recombination  reaction  is  estimated  to  be 
diffusion  limited.^  The  boron  counterpart  of  this  study  is 
performed  here  by  constructing  a  quantum  centroid  potential 
of  mean  force  (CPMF)  at  a  globally  stable  impurity  concentra¬ 
tion. 

Finally,  the  structural  and  dynamical  effects  of  the  pairwise 
boron  impurity  recombination  on  the  rest  of  the  system  are 
studied.  The  pairwise  reaction  of  two  impurities  may  induce  a 
structural  change  in  the  lattice  and  can  release  significant 
amounts  of  energy  into  the  surrounding  environment,  both  of 
which  could  in  turn  induce  other  impurity  recombination 
reactions.  Since  the  energy  release  process  is  a  quantum 
dynamical  process  rather  than  an  equilibrium  process,  the 
centroid  molecular  dynamics  (CMD)  method^ will  be  used 
for  this  purpose.  There  have  been  previous  CMD  studies  on 
pure  solid  p-hydrogen  in  our  group  which  showed  that  the 
calculated  phonon  spectrum  is  in  good  agreement  with  the 
experimentally  observed  spectrum,  while  the  classical  calcula¬ 
tion  resulted  in  very  different  results.  Also,  the  self-diffusion 
constant  of  liquid  p-hydrogen  was  calculated  using  CMD,^^ 
showing  good  agreement  with  experimental  data.  Recently, 
Kinugawa  reported  a  CMD  study  on  the  dynamic  structure  factor 
of  liquid  p-hydrogen.*^ 

The  present  paper  is  organized  as  follows:  In  section  II  a 
brief  description  is  given  of  PIMD  and  CMD.  The  potential 
energies  and  calculation  methods  used  in  this  study  will  also 
be  presented  in  this  section.  Section  III  contains  the  simulation 
results  and  discussion,  while  concluding  remarks  are  presented 
in  section  IV. 

II.  Methods 

A.  Path  Integral  Molecular  Dynamics.  The  quantum 
canonical  partition  function  Z  has  the  following  form 

Z  =  Tr[e“^"]  (1) 

=  f  dq(q|e“^^|q>  (2) 

where  p  =  l/ksT  and  H  is  the  system  Hamiltonian.  Using 
indexed  complete  sets  of  coordinate  and  e“^^  =  with  € 

—  fi/P,  the  partition  function  can  be  reexpressed  as 

p 

(3) 

i=l 

Feynman  showed  that  for  a  large  enough  number  of  discreti¬ 
zations  P,  this  partition  function  can  be  described  analytically 
in  terms  of  quantum  paths,  i.e. 

p 

Z  =  n  /  dq,.  exp[-ySy,ff(^,.)]  (4) 

i=\ 

where  the  effective  potential  VefKq)  is  given  by 

^  *  ffiP  1 

=  S  —Mi  -  ^i+if  +  -Viq.)  (5) 

.•=iL2fl"y3"  P  J 

In  the  limit  P  ^  oo,  one  obtains 

Z=  /•••  /  Dq(T)  exp{-S[q(r)]/h}  (6) 
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S[q(r)]  =  dr{|q(r)'  +  y[q(r)]}  (7) 

One  can  use  PIMD  generated  by  the  effective  potential  in  eq  5 
to  calculate  the  quantum  equilibrium  ensemble-averaged  proper¬ 
ties  of  the  system.** 

B.  Centroid  Molecular  Dynamics.  In  CMD,*^“*^  dynamical 
properties  are  calculated  by  classical-like  equations  of  motion 
for  the  system  path  centroids,  i.e. 

m-^=-VV^[qM  (8) 

dr 

where  qc(?)  is  centroid  coordinate  of  the  system.  The  effective 
centroid  potential  Vc(qc)  is  given  by 

pMc)' 

VMc)  =  -im  In  (9) 

.PcCQc). 

where  p°(qc)  is  free  particle  centroid  density,  and  Pc(qc)  is  the 
centroid  density  for  a  given  potential.  The  centroid  density 
Pc(qc)  is  given  by 

Pc(qc)  =  /”'/  i>qW<5(qc  -  qo)  exp{-5[q,(r)]/?t}  (10) 

where  qo  is  particle  centroid  variable,  defined  as 

Since  the  harmonic  spring  term  of  eq  5  gives  poor  sampling 
efficiency  (especially  if  the  number  of  discretization  P  is  large), 
one  can  use  the  normal-mode  transformation  to  diagonalize  this 
term.*^’*^  This  can  be  done  by  Fourier  expansion  of  the  path, 
which  is  given  by 


p 


qy  =  exTp[2m(j  -  l)(n  ■ 

n=l 

-  1)/P] 

(12) 

with  normal  mode  a„.*^  The  normal  modes  are  complex  with 
the  following  properties 

tti  =  ^(a,) 

(13) 

^W2+l  ~  ^(•^W2+l) 

(14) 

a„  =  a;+2_„  (n  =  2, 

.P/2) 

(15) 

where  ^here  stands  for  the  “real  part  of’  and  ^stands  for  the 
“imaginary  part  of’  below.  Redefining  the  normal-mode  coor¬ 
dinates  as  (with  P  even) 

=  aj 

(16) 

ap  =  cCp/2+i 

(17) 

^2n-2  -  (n  =  2, 

...,P/2) 

(18) 

^2n-i  =  (n  =  2, 

...,P/2) 

(19) 

The  final  expression  for  the  harmonic  spring  potential  in  terms 
of  the  normal-mode  coordinate  ay  is  given  by 


with 
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2npn=\ 

where  Ai  =  0,  A/>  =  4P  and 

K-i  =  K-2  =  2P[1  -  cos(2jr[n  -  l]/P)]  (21) 

It  should  also  be  noted  that  once  the  effective  centroid 
potential  in  eq  9  is  associated  with  a  reaction  coordinate  and 
all  other  centroids  of  the  system  are  integrated  over,  the  reaction 
rate  can  be  estimated  by  path  integral  quantum  transition  state 
theory  (PI-QTST)^®"^'^  which  is  based  on  the  centroid  potential 
of  mean  force  (CPMF)  for  the  reaction  coordinate.  The 
calculation  of  the  CPMF  as  a  function  of  the  reaction  coordinate 
involves  the  direct  calculation  of  its  derivative  and  then  the 
integration  of  this  quantity  over  the  reaction  coordinate  values 
of  interest.  Such  a  procedure  for  lithium  impurity  recombination 
is  described  in  a  previous  paper, ^  and  the  same  procedure  is 
used  here  for  boron  impurities. 

C.  Potential  Energy  Functions.  The  Silvera— Goldman 
potentiaF^  was  used  for  the  H2—H2  interaction  as  in  previous 
studies."^"”^  For  the  p-H2/Li  studies,  the  H2— Li  and  Li--Li 
interactions  were  represented  by  Cheng  and  Whaley’s^  and  Jang 
and  Voth’s^  potentials,  respectively.  For  the  P-H2/B  studies, 
Alexander  and  Wang^^  calculated  the  H2— B  potential  energies 
and  generated  an  analytical  expression  by  averaging  over  three 
different  orientations  of  the  2p  orbitals  of  the  boron  atom  with 
respect  to  the  p-H2  molecule.  The  resulting  potential  has  the 
fitted  form 

v{r)  —  Cj  exp(— Ajr)  +  (C2  +  c^r)  exp(~A2r)  — 

-^[tanh{1.2(r  -  A3)}  +  1]  (22) 
2r 

where  ci  =  —7.7200  x  10^  cm”^  C2  =  —5.0553  x  10^  cm”^ 
C3  =  2.4887  X  106  cm-VA-i,  C4  =  -5.5570  x  10=  cm-VA-®, 
and  Al  =  6.7219  x  lO-^  A2  =  1.7967  k-\  A3  =  7.3479 
A.  The  interactions  of  the  boron  impurities  with  the  hydrogen 
lattice  were  approximated  by  pairwise  summation  over  these 
isotropic  model  potentials. 

There  have  been  several  studies  on  the  B— B  potential  energy 
surfaces  by  both  experiment  and  theory. The  ground  state 
electronic  potential  is  and  the  next  high-lying  electronic 
state  is  The  potential  energy  difference  between  these 

two  states  is  several  orders  of  k^T  at  the  potential  minimum 
(1.590  16  A)  and  the  difference  increases  dramatically  as  the 
dimer  distance  is  increased.  There  is  curve  crossing  around  1 .46 
A,  but  once  the  boron  pair  undergoes  recombination  reactions, 
the  sampling  of  the  potential  energy  contribution  from  the 
boron— boron  distances  less  than  equilibrium  dimer  distance 
should  be  ignorable.  Recently,  there  has  been  new  ground  state 
ab  initio  calculations  by  Peterson  et  al.^^  at  the  val-CAS- 
ICMRCI  (complete  active  space— internally  contracted  multi¬ 
reference  configuration  interaction)/cc-pCV5Z  all-electron  cor¬ 
related  level,  which  are  the  most  recent  and  accurate  results. 
The  data  is  available  only  near  the  potential  minimum.  Their 
results  were  used  to  construct  an  analytical  boron— boron 
potential  using  a  Morse-like  potential  form,  the  Varshni  function. 
The  fitted  potential  is  given  by 

v(r)  =  Dq[\  -  (r^r)  exp{-a(r^  -  r^)}]^  -  Dq  (23) 

where  Dp  =  23  475.49  cm“’,  ro  =  1.590  16  A,  and  a  =  3.304 
X  10“^  A“^.  Another  ab  initio  calculation  by  Dupuis  and  Liu^’ 


Figure  1.  Various  potential  energy  functions.  The  analytical  boron- 
boron  interaction  potential  is  compared  with  ab  initio  data. 


shows  almost  the  same  behavior  as  our  fitted  potential.  Figure 
1  shows  the  fitted  analytical  potential  for  the  boron— boron 
interaction  against  the  ab  initio  data  of  both  Peterson  et  al.  and 
Dupuis  and  Liu.  The  Li— Li  and  H2— B  interaction  potentials 
are  also  shown  for  comparison. 

D.  Simulation  Details.  The  velocity  Verlet  (VV-I)^^  algo¬ 
rithm  was  used  as  an  integrator  of  the  thermostated  dynamical 
equations  of  motion.  The  number  of  quantum  discretizations  P 
(“pseudo  particles”)  was  set  at  48."^“^  Nose— Hoover  chain 
dynamics  were  used  to  keep  the  system  at  a  constant 

temperature.  Nose— Hoover  chains  of  length  4  were  attached 
to  each  normal  mode  in  each  Cartesian  direction  of  the 
pseudoparticles. The  simulation  temperature  was  4  K 
throughout  the  simulation. 

This  study  required  simulations  of  systems  of  large  size  with 
numerous  initial  trials  under  varying  conditions,  which  proved 
to  be  computationally  demanding.  Especially  the  calculation  of 
the  CPMF  and  the  CMD  simulations  required  large  amounts  of 
averaging.  To  help  overcome  these  difficulties,  extensive  parallel 
computations  were  used  in  all  the  calculations. 

1.  Global  Stability  Simulations  for  Lithium  and  Boron 
Impurities  in  Solid  Hydrogen.  To  perform  a  stability  analysis 
and  to  obtain  an  estimate  of  the  maximum  impurity  doping 
densities  for  lithium  and  boron  in  solid  hydrogen,  it  was 
necessary  that  the  system  be  large  enough  to  contain  a 
reasonable  number  of  impurities  in  the  solid  parahydrogen 
matrix.  Large  PIMD  simulations  with  1440  total  particles  were 
therefore  used  for  this  purpose. 

Since  solid  parahydrogen  has  a  large  compressibility,  there 
will  be  some  global  volume  change  after  the  dopants  are  trapped. 
Conventional  constant  pressure  was  employed  to  treat 

this  situation  properly.  Nose— Hoover  chains  were  implemented 
with  a  constant  pressure  simulation  box  wall.  Pure  solid 
parahydrogen  has  a  hexagonal  cubic  packing  structure  (hep). 
Independent  scaling  of  the  three  orthogonal  directions  was 
allowed  to  accommodate  the  anisotropic  nature  of  this  lattice 
structure.  The  external  pressure  was  then  set  to  zero.  The 
simulation  parameters  were  adjusted  to  maximize  the  speed  of 
convergence.  If  they  are  within  reasonable  range,  the  simulation 
parameters  do  not  affect  the  simulation  results.  Table  1  lists 
the  simulation  parameters  used. 

The  initial  equilibrium  configuration  of  the  pure  parahydrogen 
was  generated  starting  from  the  hep  lattice  structure  with 
simulation  box  lengths  of  38.20,  39.70,  and  37.43  A  in  the  three 
orthogonal  directions,  respectively.  This  corresponds  to  the 
experimental  density  of  pure  solid  parahydrogen  of  23.1  cmV 
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TABLE  1;  Simulation  Parameters 


time  step  Nose— Hoover  Nose— Hoover 


system 

ihY 

mass* 

wall  mass* 

mass  of  wall* 

H2/Li 

0.02 

5.0 

50.0  . 

50.0 

H2/B 

0.007 

20.0 

200.0 

200.0 

"  The  time  step  is  given  by  U  ~  hp/{4Py^^,  where  P  is  number  of 
PIMD  pseudoparticles.  ^  Masses  are  in  units  of  tyi(2jt^P)  (see  Ap¬ 
pendix). 

mol.  It  took  about  4.0  ps  of  PIMD  time,  which  is  about  5000 
iterations,  to  reach  equilibrium.  The  average  box  size  of  pure 
solid  parahydrogen  after  it  has  reached  equilibrium  was  37.94, 
39.45,  and  37.19  A.  The  configuration  of  the  impurity-doped 
parahydrogen  was  then  generated  by  replacing  selected  hydrogen 
molecules  in  the  equilibrated  pure  solid  hydrogen  with  the  same 
number  of  impurities.  Starting  from  this  configuration,  para¬ 
hydrogen  with  impurities  then  evolved  under  further  isothermal 
and  isobaric  PEMD  simulation  for  a  long  enough  time  to  reach 
“equilibrium”,  even  though  this  metastable  state  could  be  valid 
only  within  the  simulation  time.  A  series  of  different  impurity 
concentrations  was  then  studied  by  changing  the  amount  of 
trapped  impurities  systematically. 

2.  Intrinsic  Recombination  Rate  Calculations  for  Boron 
Impurities  in  Solid  Hydrogen.  It  is  possible  that  recombination 
reactions  might  occur  in  the  P-H2/B  system  on  a  time  scale  much 
longer  than  that  of  the  global  stability  simulations,  and  that  such 
recombinations  could  trigger  global  instabilities  in  the  lattice. 
Therefore,  two  B  impurities  were  forced  to  recombine  in  a  6.25 
mol  %  P-H2/B  system  to  study  this  possibility.  PI-QTST 
simulations  were^®"^"^  used  for  this  purpose. 

The  reaction  coordinate  for  the  recombination  of  boron 
impurities  in  solid  p-hydrogen  matrix  was  defined  as  the  boron- 
boron  separation,  and  the  CPMF  was  calculated  as  a  function 
of  this  distance.  The  same  method  was  followed  as  in  previous 
work^  on  lithium  impurity  recombination  except  that  the  normal¬ 
mode  transformation^^  was  used  to  speed  up  the  convergence 
of  the  path  integral  simulations. 

In  these  simulations,  the  system  consisted  of  1152  particles 
in  total.  Starting  from  a  perfect  hep  lattice  structure,  the  PIMD 
simulations  were  first  performed  under  constant  temperature  and 
pressure  as  described  above.  The  equilibrium  structure  of  the 
pure  solid  p-H2  was  generated  after  10  000  PIMD  iterations 
(about  9.7  ps  of  PIMD  time). 

Instead  of  placing  just  two  reacting  impurities  in  the  hydrogen 
simulation  cell  as  in  ref  8,  in  these  simulations  72  hydrogen 
molecules  were  replaced  with  the  same  number  of  boron 
impurity  atoms.  The  concentration  of  this  system  was  6.25  mol 
%  boron,  which  is  a  stable  concentration  according  to  a  large 
scale  PIMD  stability  study  similar  to  those  described  in  the 
previous  section.  The  box  length  after  reaching  equilibrium  with 
5000  PIMD  iteration  was  58.75,  75.40,  and  71.21  A.  A  pair  of 
boron  atoms  in  the  direction  of  the  longest  box  length  was  then 
chosen  for  the  PMF  calculation  at  this  equilibrium  configuration. 
Constant  temperature  and  constant  volume  normal  mode  PIMD 
(NMPIMD)^^’^^’^^40  ^^5  fQ^  calculations. 

The  equilibrium  configurations  of  the  system  at  different 
recombining  boron  pair  distances  (reaction  coordinate)  were 
quasistatically  generated  by  increasing/decreasing  the  pair 
distance  followed  by  2500  NMPIMD  iterations.  The  distance 
change  was  0.0529  A  and  the  NMPIMD  iterations  were 
performed  with  a  centroid  distance  constraint  between  the 
selected  boron  atoms  during  this  procedure.  All  other  boron 
atoms  were  free  to  move  during  the  simulations.  The  mean  force 
was  calculated  with  a  separation  interval  of  0.397  A  or  less  if 
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Figure  2,  Time-dependent  Li— Li  pair  distribution  functions  for  2.5 
mol  %  (upper  panel)  and  3.3  mol  %  (lower  panel)  impurity  concentra¬ 
tions. 

necessary.  A  total  of  25  000  normal-mode  PIMD  samplings  were 
performed  at  each  reaction  coordinate  for  the  PMF  calculation. 
The  number  of  sampling  steps  was  increased  to  up  to  75  000, 
depending  on  the  reaction  coordinate  value,  to  ensure  good 
convergence  of  the  calculated  PMF. 

3.  Energy  Disposal  Calculations  for  Boron  Impurities  in  Solid 
Hydrogen.  The  energy  disposal  dynamics  during  boron  recom¬ 
bination  was  studied  using  CMD  at  6.25  mol  %,  i.e.,  the  same 
concentration  as  in  the  PI-QTST  intrinsic  recombination  rate 
calculations.  Due  to  the  computational  cost,  the  system  was 
reduced  to  432  particles  in  total  of  which  27  were  boron 
impurities.  The  equilibrium  configuration  was  generated  by  the 
same  method  as  described  in  the  previous  section  except  for  a 
different  system  size.  The  simulation  box  size  after  equilibration 
was  22.92,  19.85,  and  37.43  A. 

The  initial  CMD  configuration  was  prepared  by  quasistatically 
reducing  the  distance  of  a  selected  boron  pair  until  it  reached 
5.39  A,  which  is  the  barrier  top  for  the  recombination  reaction 
as  determined  from  the  PI-QTST  study.  Then,  CMD  simulations 
were  performed  by  starting  the  boron  pair  slightly  to  the  product 
side  from  the  top  of  the  CPMF  barrier.  The  boron  pair  distance 
was  reduced  by  0.01  A  from  the  barrier  top  to  accomplish  this. 

The  PEMD  time  step  for  solid  hydrogen  with  boron  impurities 
is  about  0.25  fs.  The  CMD  time  step  was  correspondingly 
0.0125  fs  and  the  number  of  centroid  force  samplings  was  10 
at  every  CMD  time  step.  A  single  CMD  trajectory  was 
calculated  and  the  energies  and  structure  of  the  system  were 
monitored  as  a  function  of  the  CMD  simulation  time. 

III.  Results  and  Discussion 

A.  Global  Stability  Calculations  for  Lithium  and  Boron 
Impurities  in  Solid  Hydrogen.  In  the  simulations  of  the  P-H2/ 
Li  system,  it  was  found  that  36  Li  atoms  (2.5  mol  %)  with  1404 
hydrogen  molecules  remain  stable  on  the  time  scale  of  the 
simulation.  The  upper  panel  of  Figure  2  shows  the  Li— Li  pair 
distribution  function  sampled  at  different  PIMD  time  intervals. 
The  minimum  distance  that  has  a  nonzero  value  in  the  pair 
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TABLE  2:  Thermodynamic  Quantities  of  the  2.5  mol  % 
p-Hi/Li  System® 


simulation 


time  (ps) 

ThWh 

Tm 

VhhWh 

Vhi/iVi 

Em 

vol/volo 

43-107 

53 

31 

-124 

-413 

-12 

-394 

1.21 

107-192 

54 

31 

-125 

-428 

-12 

-410 

1.21 

107-320 

54 

31 

-125 

-436 

-13 

-419 

1.21 

®  Energies  are  in  K.  7h  is  the  average  kinetic  energy  of  H2;  T\  is 
average  kinetic  energy  of  Li;  Vhh,  Vhi,  and  Vn  are  the  average  interaction 
energies  of  H2— H2,  H2— Li,  and  Li— Li,  respectively;  A^h  and  N\  are 
number  of  H2  and  Li,  respectively;  E\IN\  gives  the  total  released  energy 
per  Li  atom;  vol/volo  is  the  ratio  of  the  final  system  volume  to  the 
pure  hydrogen  volume. 


Figure  3.  Snapshot  of  34  Li  atoms  (2.5  mol  %)  in  1406  hydrogen 
molecules  after  406  ps  PIMD  simulation  time. 

TABLE  3:  Thermodynamic  Quantities  for  the  3.3  mol  % 
p-H2/Li  System® 

simulation 

time(ps)  Th/iVh  TM  Vhh/A^h  VM  VnlN  Em'  voVvolo 

0-14  49  30  -116  -342  -35  -347  1.28 

14-71  53  39  -120  -374  -3249  -3584  1.25 

®  Definitions  are  the  same  as  in  Table  2. 

distribution  function  is  7.8  A.  Table  2  lists  various  thermo¬ 
dynamic  quantities  calculated  at  this  concentration.  Both  the 
upper  panel  of  Figure  2  and  Table  2  indicate  that  there  is  no 
Li— Li  recombination  reaction  and  it  has  reached  equilibrium; 
i.e.,  the  trapped  Li  atoms  remain  in  a  metastable  state  during 
the  tested  interval  of  time.  Figure  3  shows  a  configuration  of 
the  2.5  mol  %  system  from  near  the  end  of  the  simulation. 

The  same  calculation  with  48  Li  atoms  (3.3  mol  %)  showed 
that  the  system  is  not  stable  and  Li— Li  recombination  reactions 
begin  to  occur  on  a  short  time  scale.  The  lower  panel  of  Figure 
2  is  the  Li— Li  pair  distribution  function  at  different  times  of 
PMD  simulation.  As  the  recombination  reaction  progresses, 
energy  begins  to  be  released  mainly  due  to  the  strong  Li— Li 
interaction  potential.  The  amount  of  energy  released  during  the 
two  time  intervals  is  listed  in  Table  3  along  with  other 
thermodynamic  quantities.  The  large  peaks  in  the  pair  distribu¬ 
tion  function  at  distances  less  than  8.0  A  in  the  lower  panel  of 
Figure  2  clearly  show  the  degree  of  recombination  reactions  at 
this  concentration,  which  begins  a  cascade  process.  The  potential 
of  mean  force  calculation  by  Jang  and  Voth^  shows  that  the 
Li— Li  recombination  barrier  top  is  at  impurity  distances  of  about 
8.28  A.  Even  though  their  calculation  was  performed  at  a  much 
lower  concentration,  the  present  study  is  in  qualitative  agreement 


Figure  4.  Snapshot  of  48  Li  atoms  (3.3  mol  %)  in  1392  hydrogen 
molecules  after  242  ps  PIMD  simulation  time.  The  recombined  lithium 
atoms  are  shaded  in  gray. 


r(A) 


Figure  5.  Time-dependent  boron— boron  pair  distribution  functions 
for  15.0  mol  %  (upper  panel)  and  25,0  mol  %  (lower  panel)  impurity 
concentrations. 

with  their  results.  Figure  4  shows  a  configuration  of  the  3.3 
mol  %  system  near  the  end  of  the  simulation.  Note  the 
recombined  lithium  impurities. 

The  boron— boron  pair  potential  is  much  shorter  ranged  and 
more  attractive  than  die  Li— Li  interaction  potential,  while  the 
H2— B  interaction  is  shorter  ranged  and  deeper  than  that  of  H2” 
Li  (cf.  Figure  1).  As  a  result,  more  boron  atoms  are  expected 
to  be  metastably  trapped  than  Li  atoms.  The  simulations  indeed 
show  that  216  boron  atoms  (15.0  mol  %)  in  1224  p-H2 
molecules  remain  stable  on  the  time  scale  of  the  simulation, 
while  360  boron  atoms  (25.0  mol  %)  in  1080  p-H2  molecules 
do  not.  The  time-dependent  boron— boron  pair  distribution 
functions  at  these  concentrations  are  shown  in  Figure  5. 

The  long-range  region  of  the  model  boron— boron  potential 
might  influence  the  results  of  the  present  calculations,  but  the 
boron— boron  potential  is  a  fairly  short-ranged  interaction,  which 
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TABLE  4:  Thermodynamic  Quantities  for  the  15  mol  % 
p-Hi/B  System® 


simulation 
time  (ps) 

TM 

rb/iVb 

Vhh/iVh  VM 

VM 

vol/volo 

18.1-24.1 

64 

19 

-116  -480 

-0.12  -461 

1.10 

30.2-36.3 

64 

25 

-116  -480 

-0.16  -455 

1.10 

50.4-54.4 

64 

24 

-116  -480 

-0.16  -456 

1.09 

62.5-66.5 

64 

23 

-112  -45£ 

-0.20  -388 

1.09 

®  Definitions  are  the  same  as  in  Table  2. 

TABLE  5: 

Thermodynamic  Quantities  of  the  25  mol 

% 

P-H2/B  System® 

simulation 

time  (ps) 

Th/A^h 

TM 

Vhh/iVh  Vhb/iVb 

Vbb/A'b  £b/A^b 

vol/volo 

3.0-7.9 

64 

25 

-92  -416 

-0.60  -391 

1.19 

26.0-32.2 

64 

20 

-92  -420 

-544  -940 

1.17 

46.5-52.5 

64 

29 

-92  -420  - 

2360  -2743 

1.15 

^  Definitions  are  the  same  as  in  Table  2. 

is  well  characterized  by  our  fitted  potential.  It  is  therefore 
expected  that  there  would  be  no  qualitative  change  due  to  errors 
in  the  long-range  tail.  There  might  be  another  more  serious  error 
caused  by  using  a  model  H2~B  potential  which  is  isotropic  and 
does  not  have  the  dependence  on  the  orientation  of  the  2p  boron 
orbitals.  However,  considering  the  condensed  phase  environment 
and  dynamic  fluctuations  of  the  hydrogen  matrix  which  average 
the  interaction  around  each  boron,  the  use  of  the  isotropic 
potential  may  be  justified. 

It  should  also  be  pointed  out  that  the  present  simulations  do 
not  consider  vacancy  sites  which  might  play  an  additional  role 
in  the  stability  issue.  The  impurities  are  initially  arranged  such 
that  they  make  a  uniform  distribution  at  a  given  concentration.- 
During  the  actual  experimental  deposition  of  impurities,  there 
might  be  an  irregular  distribution  of  impurities  and  some  reacted 
species  which  may  induce  local  or  global  reactions.  It  is 
important  that  the  number  of  impurities  in  the  present  case  be 
understood  as  an  upper  bound  for  the  stability  of  the  system. 
The  216  boron  atoms  (15.0  mol  %)  case  is  certainly  only  a 
threshold  density.  For  more  highly  concentrated  systems,  the 
time-dependent  pair  distribution  function  shows  boron  pairs  with 
less  than  4.3  A  separation  readily  undergo  recombination 
reactions.  The  minimum  distance  between  boron  impurities  in 
the  15.0  mol  %  system  is  4.59  A.  Considering  the  lattice 
constant  of  pure  solid  p-H2  is  about  3.5  A,  this  is  a  rather  short 
distance.  The  thermodynamic  data  for  the  two  P-H2/B  calcula¬ 
tions  with  216  B  atoms  and  360  B  atoms  are  listed  in  Tables  4 
and  5,  respectively.  Also  shown  in  Figures  6  and  7  are  snapshots 
of  the  P-H2/B  simulations  at  the  final  states  showing  their 
stability  and/or  instability. 

The  P-H2/B  systems  have  a  considerably  higher  impurity 
concentration  than  p-H2/Li  in  its  metastable  state.  It  is  therefore 
likely  that  B  is  potentially  more  useful  than  Li  for  creating  high 
energy  density  matter.  The  small  size  of  the  B  atom  contributes 
to  this  extra  stability,  causing  less  distortion  of  the  solid  p-H2 
matrix  than  the  Li  atom.  This  can  be  seen  from  Tables  2  and  3. 
The  total  volume  of  the  system  changes  slightly  for  the  15  mol 
%  P-H2/B  system  even  though  its  impurity  concentration  was  6 
times  greater  than  that  for  the  2.6  mol  %  p-H2/Li  system.  The 
B— H2  interaction  potential  is  also  much  more  attractive  than 
the  Li— H2  potential  (cf.  inset  in  Figure  1)  and  not  much  different 
than  the  H2— H2  potential.  This  suggests  that  B  atoms  may  go 
into  substitutional  defects  in  the  P-H2  lattice  readily. 

In  the  present  work,  chemical  reactions  of  the  impurity  atoms 
with  the  hydrogen  molecules  were  not  considered.  Recent 
experimental  results  show  that  a  boron  atom  can  undergo  an 


Figure  6.  Snapshot  of  216  B  atoms  (15  mol  %)  in  1224  hydrogen 
molecules  after  78  ps  PIMD  simulation  time. 


Figure  7.  Snapshot  of  360  B  atoms  (25  mol  %)  in  1080  hydrogen 
molecules  after  59  ps  PIMD  simulation  time.  The  recombined  boron 
atoms  are  shaded  in  gray. 

insertion  reaction.  According  to  ab  initio  calculations  for 
cluster  systems,"^^’^^  the  activation  energy  barrier  for  such  a 
reaction  is  about  80  kJ/mol,  which  is  much  higher  than  the 
thermal  energy  at  4  K.  It  should  also  be  noted  that  only  single 
initial  configurations  of  the  impurity  systems  were  studied  due 
to  the  computationally  demanding  nature  of  the  simulations.  A 
more  systematic  study  will  be  the  subject  of  future  research. 

B.  Intrinsic  Recombination  Rate  Calculations  for  Boron 
Impurities  in  Solid  Hydrogen.  Figures  8  and  9  show  the 
computed  centroid  mean  force  and  centroid  potential  of  mean 
force,  respectively,  for  the  recombination  reaction  of  two  boron 
impurities.  The  overall  statistical  error  of  the  calculated  potential 
of  mean  force  is  about  10%.  The  transition  state  is  at  5.39  A 
and  there  is  an  abrupt  change  of  the  centroid  force  (and  thus 
the  CPMF)  toward  the  impurity  recombination  after  the  transi¬ 
tion  state.  This  is  because  there  is  a  significant  onset  of  quantum 
tunneling  of  the  borons  as  pointed  out  in  previous  work  on 
impurity  recombination.^  The  calculated  barrier  height  is  350 
±  35  K.  As  can  be  seen  in  Figure  1,  the  B— H2  well  depth  is  3 
times  deeper  than  the  Li— H2  potential,  and  the  latter  has  more 
repulsive  energy  within  the  H2  lattice  owing  to  its  large  size. 
Therefore,  it  may  not  be  surprising  that  the  barrier  for  intrinsic 
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Figure  8.  Centroid  mean  force  as  a  function  of  centroid  distance  Rc 
between  two  boron  impurities  at  6.25  mol  %.  Note  that  force  at  5.36 
A  is  not  shown  here  which  is  —1.09  x  10“^. 


Rc(A) 


Figure  9.  Centroid  potential  of  mean  force  (CPMF)  from  integration 
of  Figure  8. 

recombination  of  Li  in  solid  H2  is  4  times  less  (80  K)  than  that 
for  boron. ^  The  other  abrupt  changes  in  the  CPMF  away  from 
the  barrier  region  are  due  to  lattice  rearrangements  in  the  vicinity 
of  the  recombining  impurities. 

Using  the  same  analysis  as  in  a  previous  study, ^  the  quantum 
intrinsic  reaction  rate  is  estimated  to  be  8  x  10“^^  s“^ 
Considering  the  error  in  the  calculated  CPMF,  the  intrinsic  rate 
range  is  1  x  10“^®  to  7  x  s“^  The  rate  of  impurity 

recombination  can  then  be  described  in  terms  of  the  intrinsic 
recombination  rate  and  the  diffusion  rate."^^”"^^  Following  the 
same  analysis  as  for  the  Li  reaction  rate,^  the  intrinsic 
recombination  rate  is  estimated  from  the  intrinsic  reaction  rate 
to  be  2  X  cm^  s“^  This  extremely  slow  intrinsic  reaction 
rate  can  be  compared  with  the  estimated  self-diffusion  rate  which 
is  2  X  10“^®  cm^  s“^  if  boron  has  the  same  self-diffusion  rate 
as  pure  solid  hydrogen.  Based  on  the  above  qualitative  argu¬ 
ments,  it  can  be  suggested  that  in  a  perfect  solid  the  overall 
boron  recombination  reaction  rate  is  limited  by  the  intrinsic 
recombination  step  (unlike  lithium  which  was  estimated  to  be 
a  diffusion-limited  reaction^).  The  forced  recombination  of  two 
boron  impurities  at  the  6.25  mol  %  concentration  results  in  only 
local  recombination  of  three  boron  atoms,  not  global  instability, 
as  will  be  further  discussed  at  the  end  of  the  next  section. 

Of  course,  in  a  real  solid  there  will  be  defects,  grain 
boundaries,  etc.,  which  may  influence  the  intrinsic  recombination 
rates.  The  effects  of  these  will  be  the  subject  of  future  research. 


Figure  10.  Snapshot  of  405  hydrogen  molecules  and  27  boron  atoms 
(6.25  mol  %)  before  the  CMD  simulation. 


Figure  11.  Centroid  distance  of  the  selected  recombining  boron  pair 
as  a  function  of  time.  Plotted  is  the  distance  as  a  function  of  the 
equilibrium  B—B  distance  from  Figure  1. 

It  should  also  be  noted  that  the  current  calculation  was  at  only 
one  particular  boron  concentration.  Furthermore,  the  selected 
boron  pair  represents  only  one  possible  reacting  configuration 
in  the  ordered  solid  hydrogen  matrix  at  the  specified  concentra¬ 
tion. 

C.  Energy  Disposal  Calculations  for  Boron  Impurities  in 
Solid  Hydrogen.  As  can  be  seen  from  the  B—B  potential  energy 
function  in  Figure  1,  a  boron  pair  recombination  will  release  a 
significant  amount  of  energy  during  the  recombination  event. 
It  was  therefore  important  to  study  the  dynamical  effects  of  the 
boron  recombination  on  the  overall  system  stability  using  a 
CMD  simulation.  The  released  energy  may  trigger  other 
nonequilibrium  recombination  reactions  of  adjacent  boron  atoms 
which  could  produce  a  cascade  effect  of  recombination  reactions. 
This  is  certainly  true  at  higher  impurity  concentrations  as  seen 
from  the  global  stability  simulations  at  25  mol  %. 

Figure  10  shows  the  system  configuration  before  the  CMD 
simulation  was  started.  The  change  of  centroid  distance  between 
the  selected  recombination  pair  of  boron  atoms  (gray  atoms  in 
Figure  10)  is  shown  in  Figure  11  as  a  function  of  time.  Plotted 
is  the  interpair  B—B  distance.  The  distance  change  is  large  at 
the  early  stage  of  the  CMD  simulation  as  the  pair  rapidly 
releases  its  energy  to  the  environment  (hydrogen  and  other 
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Figure  12.  Released  energy  as  a  function  of  time  for  the  recombining 
B— B  pair.  Plotted  is  the  released  energy  as  a  function  of  the  B— B 
well  depth  from  Figure  1. 


Figure  13.  Snapshot  of  405  hydrogen  and  27  boron  atoms  (6.25  mol 
%)  after  1 .6  ps  of  CMD  simulation.  The  locally  recombined  boron  atoms 
are  shown. 

borons).  Figure  12  shows  the  total  energy  of  the  boron  impurities 
in  the  system  as  a  function  of  time  (as  a  fraction  of  a  single 
B— B  well  depth).  As  one  can  see  both  from  the  boron  pair 
distance  change  and  from  the  energy  release  plots,  the  time  scale 
by  which  the  boron  pair  releases  a  significant  amount  of  energy 
to  the  environment  is  around  0.25  ps  at  this  impurity  concentra¬ 
tion.  The  released  energy  from  the  first  recombination  helps  to 
trigger  further  local  recombination  reactions  with  other  nearby 
boron  impurities  within  the  simulation  time  scale  and  thereby 
changes  the  local  solid  structure.  The  “stair  step”  nature  of  the 
boron  impurity  energy  as  a  function  of  time  in  Figure  12  shows 
the  recombination  of  other  local  impurities  with  the  initially 
recombining  pair  to  form  a  more  stable  cluster  of  five  borons 
at  larger  time  scales  (greater  than  1  ps).  It  is  interesting  to  note 
the  very  short  time  scale  of  each  additional  recombination  event 
in  Figure  12.  Figure  13  shows  a  snapshot  of  the  system  after 
1.75  ps.  The  five  boron  impurities  shaded  in  gray  are  seen  to 
have  undergone  a  local  recombination  process,  but  the  global 
structure  of  the  system  is  unchanged  at  this  concentration.  These 
results  are  consistent  with  those  fi*om  the  PI-QTST  simulations 
described  in  the  last  section.  The  actual  number  of  borons 
included  in  the  local  cluster  may  differ  due  to  the  approximate 
nature  of  the  pair  potential  that  we  have  used  (i.e.,  we  have 
ignored  the  many-body  effects)  but  the  qualitative  picture  should 
remain  the  same. 


Finally,  it  should  be  mentioned  that  the  forced  recombination 
of  a  boron  pair  is  a  nonequilibrium  process  and  that  CMD  is 
clearly  approximate  in  this  situation. 

rV.  Concluding  Remarks 

In  this  paper,  solid  parahydrogen  systems  doped  with  lithium 
and  boron  impurities  have  been  studied.  Both  the  global  stability 
simulations  and  the  computed  thermodynamic  properties  show 
that  boron  is  a  more  effective  impurity  than  lithium  in  a  solid 
hydrogen  matrix  for  HEDM  purposes  since  the  concentration 
stability  threshold  for  boron  is  estimated  to  be  at  least  twice 
that  of  lithium.  These  results  also  suggest  that  a  realistic 
concentration  of  boron  impurities  cannot  likely  exceed  10  mol 
%.  It  was  found  that  the  boron  recombination  reaction  rate  may 
be  limited  by  the  intrinsic  recombination  reaction  rather  than 
the  impurity  self-diffusion  process.  The  dynamical  CMD 
simulations  and  PI-QTST  calculations  at  6.25  mol  %  show  that 
the  reaction  of  a  single  boron  pair  induces  only  local  boron 
recombinations  and  may  not  induce  a  global  instability.  The 
present  results  therefore  support  the  concept  that  the  P-H2/B 
system  may  eventually  represent  a  useful  form  of  HEDM. 
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a  Shared  University  Research  (SUR)  grant  from  IBM. 

Appendix:  Constant  Pressure  MD  with  a  Nos^— Hoover 
Chain  Thermostat 

In  Andersen’s  constant-pressure  MD  method,  the  volume  of 
the  simulation  box  is  allowed  to  fluctuate  by  introducing  an 
extended  Lagrangian.  In  this  view,  the  volume  of  the  system  is 
changed  by  a  piston  (wall)  with  a  fictitious  mass.  The  Nose- 
Hoover  chain  is  then  attached  both  to  the  atomic  particles  and 
to  the  fictitious  wall."^^ 

After  the  atomic  particle  coordinate  n  is  replaced  with  scaled 
coordinate  pi  =  where  Q  is  volume,  the  extended 

Lagrangian  of  the  system  is  given  by 

L  =  X  i  =  1, N)  + 

i==l 

K  K 

+ 

y=i  '  7=2 

N  K  K 

^■=1  j=\  7=2 

where  m,-  is  the  mass  of  the  atomic  particle,  N  is  total  number 
of  particles,  V  is  potential  of  the  system,  Mq  is  mass  of  the 
fictitious  wall,  Pext  is  the  external  pressure,  is  the  position  of 
the  7th  Nose— Hoover  chain  attached  to  wall,  M^j  is  the  mass  of 
the  7th  Nose— Hoover  chain  attached  to  wall,  K  is  the  number 
of  Nose— Hoover  chains,  g  is  the  degree  of  freedom  of  the 
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Nose-Hoover  chain  attached  to  a  given  object,  is  the 
position  of  the  yth  Nose— Hoover  chain  attached  to  the  ith  atomic 
particle,  and  is  the  mass  of  the  yth  Nose— Hoover  chain 
attached  to  the  ith  atomic  particle. 

One  can  then  derive  the  equations  of  motion  of  the  system. 
In  the  resulting  expression,  the  Nose— Hoover  chain  attached 
to  the  atomic  particles  is  different  from  the  Nose— Hoover  chain 
attached  to  the  fictitious  wall,  and  each  atomic  particle  has  its 
own  Nose— Hoover  chain. 
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In  the  present  paper  we  examine  the  role  of  dimensionality  in  the  minimization  problem.  Since  it  has  such  a 
powerful  influence  on  the  topology  of  the  associated  potential  energy  landscape,  we  argue  that  it  may  prove 
useful  to  alter  the  dimensionality  of  the  space  of  the  original  minimization  problem.  We  explore  this  general 
idea  in  the  context  of  finding  the  minimum  energy  geometries  of  Lennard- Jones  clusters.  We  show  that  it  is 
possible  to  locate  barrier-free,  high-dimensional  pathways  that  connect  local,  three-dimensional  cluster  minima. 
The  performance  of  the  resulting,  “barrier-avoiding  minimization”  algorithm  is  examined  for  clusters  containing 
as  many  as  55  atoms. 


I.  Introduction 

Perhaps  because  we  instinctively  sense  that  our  tools  at  any 
moment  are,  in  truth,  relatively  primitive,  we  tend  to  display  a 
reluctance  to  confront  certain  issues.  Random  processes  are  a 
case  in  point.  Historically,  our  view  of  “noise”  was  basically 
that  it  was  “bad”.  As  a  consequence,  in  the  past  we  sought  to 
eradicate,  avoid,  or  minimize  it  whenever  possible.  As  our 
abilities  to  deal  with  noise  have  advanced,  our  views  of  it  have 
also  fundamentally  changed.  Far  from  universally  avoiding 
stochastic  elements,  today  we  often  intentionally  introduce  them 
into  purely  deterministic  problems  for  reasons  of  “convenience”. 
Random  walk  treatments  of  electronic  structure"^  and  simulated 
annealing  strategies  for  minimization  are  important  examples 
of  this  changing  perspective. 

Years  of  low-dimensional  pedagogy  have  left  an  unfortunate 
legacy.  The  tendency  is  to  view  larger  dimensional  problems 
as  automatically  more  difficult  than  their  smaller  dimensional 
counterparts.  There  are  obvious  counter  examples.  Laplace’s 
“two-dimensional”  evaluation  of  the  one-dimensional  Gaussian 
integral  is  a  particularly  striking  one.^^  More  recently,  advances 
in  formal  and  computational  tools  for  higher-dimensional 
systems^  have  contributed  to  a  growing  awareness  that  dimen¬ 
sionality  can  be  transformed  from  “foe”  to  “friend”. 

Dimensionality  exerts  a  powerful  influence  on  phenomenol¬ 
ogy,  The  absence  of  phase  transitions  in  one-dimension^  and 
the  formal  divergence  of  diffusion  coefficients  for  two- 
dimensional  fluids are  familiar  examples.  Because  it  has  such 
a  fundamental  influence  on  the  topology  of  potential  energy 
“landscapes”,  it  is,  as  suggested  by  Purisima  and  Scheraga,^^’^^ 
useful  to  consider  dimensional  modification  as  a  tool  within 
the  context  of  the  minimization  problem. 

The  present  paper  examines  a  particular  class  of  dimensional 
modification  strategies.  As  a  prototype  application,  we  consider 
the  problem  of  finding  the  minimum  energy  geometry  of 
Lennard-Jones  clusters.  We  show  that  there  exist  barrierless. 


*  Corresponding  author:  (Tel.)  401-863-3443;  (fax)  401-863-2594; 
(e-mail)doll@ken.chem.brown.edu. 

t  Brown  University. 

^  Los  Alamos  National  Laboratory. 

§  University  of  Rhode  Island. 


higher  dimensional  pathways  that  connect  three-dimensional, 
local  cluster  minima.  On  the  basis  of  our  findings  we  suggest 
that  dimensional  modification  may  prove  to  be  a  useful  strategy 
for  certain  classes  of  minimization  problems. 

The  remainder  of  this  paper  is  organized  as  follows:  Section 
II  introduces  the  basic  idea  of  dimensional  expansion.  Results 
of  the  application  of  these  methods  to  Lennard-Jones  clusters 
are  presented  in  Section  III.  Section  IV  contains  a  discussion 
and  summary  of  the  results  as  well  as  a  comparison  with 
currently  available  methods. 

II.  Formal  Developments 

Minimization  problems  are  arguably  among  the  most  ubiq¬ 
uitous  in  science  and  engineering.  They  are  also  among  the  most 
frustrating.  What  appears  to  be  a  relatively  simple  task  for  a 
few  variables  rapidly  becomes  quite  challenging  as  the  number 
of  degrees  of  freedom  increases.  This  rise  in  complexity  mirrors 
the  rapid  increase  of  the  number  of  local  minima  in  the 
associated  potential  energy  landscape  with  increasing  numbers 
of  degrees  of  freedom.  For  example,  the  number  of  stable  local 
minima  increases  roughly  exponentially  with  the  number  of 
particles  for  relatively  simple  Lennard-Jones  cluster  systems.^^’^^ 
At  heart,  therefore,  the  minimization  problem  is  effectively  the 
local  minimum  problem. 

In  the  present  section  we  explore  the  potential  of  dimension¬ 
ality  for  use  as  a  tool  in  the  treatment  of  minimization  problems. 
We  examine  whether  the  increase  in  the  complexity  of  the 
minimization  problem  with  system  size  is  inevitable  or  whether 
it  an  example  of  allowing  the  potential  “solution”  to  become 
the  “problem”.  We  consider  conventional  minimization  tech¬ 
niques  only  briefly,  referring  the  reader  to  existing  reviews  of 
those  methods  for  more  detailed  treatments.  To  provide  an 
explicit  framework  for  our  discussion,  we  adopt  the  viewpoint 
throughout  the  following  that  the  objective  function  we  seek  to 
minimize  is  a  generalized  potential  energy  surface  for  a 
realizable  physical  system  whose  natural  coordinates  are 
continuously  variable  quantities. 

For  the  present  discussion,  it  is  convenient  to  divide 
minimization  techniques  into  two  broad  classes~those  that 
modify  the  underlying  potential  energy  surface  and  those  that 
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do  not.  Standard  conjugate  gradient  methods  as  well  as  various 
“annealing”  approaches'^  fall  into  the  latter  category.  On  the 
basis  of  a  variety  of  physically  motivated  analogies,  annealing 
methods  leave  the  underlying  potential  energy  surface  itself 
unchanged.  The  most  common  of  these  methods,  simulated 
annealing,^^’^^  adopts  a  classical  statistical— mechanical  point 
of  view.  Specifically,  the  strategy  is  to  locate  the  potential 
minimum  by  following  the  associated  classical  probability 
density  as  the  “temperature”  of  the  system  is  reduced.  If  the 
“cooling  schedule”  is  sufficiently  conservative  (i.e.,  if  care  is 
taken  to  ensure  that  the  thermal  fluctuations  are  sufficient  to 
defeat  the  local  minimum  problem),  the  density  will  ultimately 
condense  onto  the  global  potential  minimum  in  the  limit  of  zero 
temperature.  Unfortunately,  however,  this  procedure  can  fail  in 
practice.  Situations  in  which  differences  between  the  energies 
of  major  potential  basins  are  small  relative  to  the  barriers  that 
separate  them  can,  for  example,  prove  particularly  difficult.  By 
the  time  it  becomes  apparent  that  one  is  headed  toward  a  local 
minimum,  the  scale  of  the  relevant  thermal  fluctuations  can, 
for  computationally  feasible  cooling  schedules,  be  too  small  to 
have  any  practical  chance  of  overcoming  the  energy  barrier. 

Rather  than  viewing  the  original  objective  function  as  a 
potential  surface  for  a  finite  temperature  classical  system, 
“quantum  annealing”  methods^’^^  employ  a  finite  temperature, 
quantum-mechanical  model.  The  global  minimum  of  the  speci¬ 
fied  potential  is  again  located  by  following  the  density  (or 
ground  state  wave  function)  toward  the  zero-temperature, 
classical  limit.  If  we  perform  the  limits  by  first  turning  off  the 
quantum  mechanics  and  then  reducing  the  temperature,  we 
recover  conventional  simulated  annealing.  We  are  free,  however, 
to  reverse  the  order  of  the  limits,  first  taking  temperature  to 
zero  and  then  turning  down  the  quantum  mechanics.  There  is 
practical  merit  to  this  second  approach.  Specifically,  ground  state 
diffusion  Monte  Carlo  methods'^  provide  a  general  (stochastic!) 
means  for  performing  the  zero-temperature  limit  not  available 
in  purely  classical  approaches.  Once  the  ground  state  is  reached, 
the  quantum  mechanics  of  the  problem  can  be  turned  off  by, 
for  example,  gradually  increasing  the  masses  of  the  particles  of 
the  system.  In  quantum  annealing,  tunneling,  as  opposed  to 
thermal  fluctuations,  provides  the  mechanism  for  avoiding  local 
minima.  Quantum-mechanical  optimization  approaches  based 
on  a  dynamical  model  have  been  proposed  by  Straub  et  al.^"^ 

As  indicated  earlier,  annealing  methods  do  not  alter  the 
underlying  potential  energy  surface.  Quantum  annealing  does, 
however,  change  the  way  in  which  information  concerning  the 
potential  is  processed  during  intermediate  stages  of  the  mini¬ 
mization  process.  While  the  classical  density  at  a  point  depends 
on  the  potential  energy  at  that  specific  location,  the  quantum- 
mechanical  density  is  influenced  by  the  values  of  the  potential 
energy  throughout  a  surrounding  neighborhood. 

A  second  broad  strategy  for  the  design  of  minimization 
algorithms  involves  purposefully  modifying  the  original  potential 
energy  surface.  That  is,  rather  than  simply  modifying  the  way 
in  which  potential  energy  information  is  processed,  we  seek  to 
distort  the  potential  in  such  a  way  that  we  obtain  an  algorithmic 
advantage  while  leaving  the  global  minimum  essentially  intact. 
Early  work  by  Stillinger  and  Stillinger^^  is  an  example  of  this 
type  of  approach.  They  sought  to  reduce  the  number  of  local 
minima  by  altering  the  long-range  form  of  simple  pair  potentials. 
Strategies  based  on  “smoothing”  techniques  have  also  been 
proposed. More  recently,  Wales  et  al,^^’^*^  have  devised  an 
approach  based  on  a  “basin  hopping”  methodology  in  which 
the  original  potential  energy  at  each  point  is  replaced  by  the 
energy  of  its  corresponding  local  minimum  or  “inherent 


TABLE  1:  Number  of  Stable  Isomers  Found  for  a  13  Atom 
Lennard- Jones  Cluster  in  Various  Dimensions 

dimension  no.  of  isomers 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 


1 

345 

1505 

363 

88 

27 

16 

5 

4 

2 

1 

1 


structure”. By  construction,  the  basin  hopping  method, 
unlike  some  distortion  strategies,  is  guaranteed  to  leave  the 
energetics  of  the  various  potential  minima  unaltered.  By 
eliminating  or  lessening  barriers  between  neighboring  inherent 
structures,  however,  the  approach  promotes  transitions  between 
various  local  minima.  The  procedure  is  simple  to  implement 
and  has  proved  effective  in  a  variety  of  applications.^’^’^^’^^’^® 

The  present  work  explores  another  class  of  minimization 
strategies.  Broadly  speaking,  the  approach  is  a  potential 
modification  technique  that  combines  elements  of  both  basin¬ 
hopping  and  dimensional-relaxation  strategies.  A  simple  analogy 
will  suffice  to  convey  the  essential  idea.  As  anyone  who  has 
ever  hiked  in  the  mountains  knows,  it  is  often  easier  to  “contour” 
around  a  local  “barrier”  than  to  climb  over  it.  Rather  than  blindly 
restricting  ourselves  to  lower  dimensional  ridge  routes  that  go 
over  barriers,  we  seek  instead  higher  dimensional,  barrier-free 
routes  that  bypass  them.  In  a  similar  spirit,  the  present  method 
attempts  to  defeat  the  local  minimum  problem  by  constructing 
barrier-free,  high-dimensional  pathways  that  connect  the  various 
three-dimensional  inherent  structures. 

Why  do  we  have  any  hope  that  such  high-dimensional 
pathways  either  exist  or  that  they  will  be  helpful  for  the  general 
minimization  problem?  To  answer  this  basic  question,  it  is  useful 
to  first  pose  another:  How  many  three-dimensional  isomers  exist 
for  a  four-atom  Lennard-Jones  cluster?  A  bit  of  reflection  will 
reveal  that  the  answer  to  the  latter  question  is  one.  In  three 
dimensions  each  of  the  four  atoms  can  be  a  nearest  neighbor  of 
all  of  the  remaining  particles  by  forming  a  tetrahedron.  Using 
similar  arguments,  it  is  simple  to  see  that  an  A-particle  Lennard- 
Jones  cluster  will  have  a  single  isomer  in  A  —  1  dimensions. 
Because  all  atoms  can  be  nearest  neighbors  of  every  other  atom, 
it  is  also  simple  to  see  that  the  energy  of  this  N  —  1  dimensional, 
minimum  energy  structure  is  less  than  the  energy  of  any  other 
inherent  structure  in  any  number  of  dimensions. 

To  make  the  connection  between  dimensionality  and  the 
number  of  local  minima  more  explicit,  we  list  in  Table  1  the 
number  of  energetically  distinct  isomers  found  for  the  13  atom 
Lennard-Jones  cluster  as  a  function  of  the  number  of  spatial 
dimensions.  We  assume  the  potential  energy  of  these  clusters 
to  be  of  the  pairwise  form 


ViR)  =  X'ijd'-i  -  '•jl)  (2-1) 


where  ru  is  a  D-dimensional  vector  whose  components  (xij, 
Xi,2—Xi,D)  Specify  the  position  of  atom  “i”.  The  Lennard-Jones 
interaction,  Vlj(^),  specified  in  terms  of  the  usual  well-depth, 
and  length  scale,  a,  parameters  by 


Vu(r)  =  4e 


(2.2) 
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Figure  1.  The  number  of  stable  isomers  found  for  Lennard-Jones 
clusters  of  various  sizes  in  different  numbers  of  dimensions.  As 
discussed  in  the  text,  the  results  are  intended  to  convey  the  effects  of 
cluster  size  and  dimensionality  on  the  inherent  structure  topology.  Given 
the  uncertainty  inherent  in  attempts  to  locate  all  local  minima,  the 
numbers  shown  should  be  regarded  as  lower  bounds  to  the  exact  values. 
A  fit  to  the  number  of  stable  isomers  for  an  N-atom  cluster  in  three 
dimensions,  I(N)  =  l{No)r^~\  shows  essentially  exponential  growth 
relative  to  a  baseline  value  for  21  isomers  for  No  =  9.  The  fitted  value 
of  r  indicates  that  the  number  of  stable  isomers  grows  (on  average) 
by  roughly  a  factor  of  2.9  with  the  addition  of  each  new  particle.  The 
corresponding  two-dimensional  value  is  2.22. 

is  a  function  of  the  D-dimensional  interparticle  Euclidian 
distance,  [ri  “  rjl, 

=  (2.3) 

n=l 

These  results  in  Table  1  were  established  by  quenching  initial 
configurations  produced  by  a  D-dimensional,  basin-hopping 
random  walk  with  standard  gradient  methods.  The  resulting 
structures  were  tested  to  ensure  they  indeed  corresponded  to 
stable  minima.  The  number  of  quenches  used  is  sufficient  to 
identify  the  general  trend  with  respect  to  dimensionality  (i.e., 
that  the  number  of  stable  isomers  is  a  decreasing  function  of 
dimensionality  above  three  dimensions).  Although  we  do  find 
slightly  more  three-dimensional  isomers  for  the  13  atom  system 
than  were  reported  by  Tsai  and  Jordan^^  or  by  Doye,  Miller, 
and  Wales,^  the  results  of  Table  1  should  not  in  general  be  taken 
as  definitive  with  respect  to  the  exact  number  of  stable  isomers 
for  any  particular  cluster  and  dimension. 

Figure  1  charts  the  growth  of  the  number  of  isomers  of 
Lennard-Jones  clusters  from  9  to  15  atoms  for  various  numbers 
of  dimensions.  The  growth  appears  roughly  exponential  in  this 
cluster  size  range.  It  is  interesting  to  note  that  the  number  of 
stable  isomers  for  these  clusters  appears  to  be  a  maximum  for 
three-dimensions . 

How  can  we  exploit  the  apparent  “simplifying”  effect  of 
dimensionality  on  the  cluster’s  inherent  structure  topology?  One 
possibility,  suggested  by  Purisima  and  Scheraga,^^’^^  is  to  start 
with  what  we  know  a  priori  to  be  the  unique  global  minimum 
in  —  1  dimensions  and  attempt  to  compress  that  structure 
back  to  three  dimensions.  While  appealing,  we  have  not  found 
this  approach  to  be  a  generally  successful  one  for  our  applica¬ 
tions.  The  essential  difficulty  is  that  dimensional  quenches  do 
not  appear  to  link  high  and  low-dimensional  global  minima  in 
a  direct,  “adiabatic”  fashion. 

We  have,  however,  found  another,  and  apparently  more 
general,  way  to  exploit  dimensional  expansion.  From  Table  1 


and  Figure  1,  we  see  that  the  number  of  local  cluster  minima 
tends  to  decrease  as  the  dimensionality  of  the  system  is  increased 
above  three  dimensions.  In  fact,  as  discussed  previously,  when 
the  dimensionality  is  sufficiently  large,  we  know  that  the  number 
of  high-dimensional  minima  ultimately  shrinks  to  unity.  We 
further  know  that  the  energy  of  this  unique,  high-dimensional 
minimum  lies  below  that  of  any  other  minimum  (local  or  global) 
in  any  number  of  dimensions.  Although  these  results  do  not 
specify  how  to  find  it,  they  guarantee  the  existence  of  a  barrier- 
free,  —  1  dimensional  pathway  between  any  three-dimensional 
local  minimum  and  the  three-dimensional  global  minimum  for 
an  A^-particle  cluster.  To  see  this  result,  it  is  sufficient  to  note 
that  the  three-dimensional  local  and  global  minima  both  are 
points  on  a  single,  A^  —  1  dimensional  potential  basin.  By 
construction,  therefore,  there  is  an  A  —  1  dimensional,  barrier- 
free  pathway  that  connects  the  designated  local  and  global 
minima.  It  is  straightforward  to  generalize  this  argument  to  show 
that  any  two  local,  three-dimensional  minima  are  connected  by 
a  barrier-free,  N  ~  I  dimensional  pathway.  How  large  does  the 
dimensionality  have  to  be  in  practice  in  order  that  a  barrier- 
free  pathway  exist?  How  general  is  the  simplifying  effect  of 
dimensionality  on  the  topology  of  the  high-dimensional  inherent 
structure  surface?  The  answer  to  the  second  question  awaits 
further  study.  On  the  basis  of  results  presented  in  the  following 
section,  however,  it  appears  that  the  answer  to  the  first  question 
is,  for  Lennard-Jones  clusters,  only  slightly  greater  than  three. 

III.  Numerical  Method  and  Examples 

We  now  describe  our  implementation  of  barrier-avoiding 
minimization  and  examine  its  performance  for  small  (N  <  55 
atoms)  Lennard-Jones  clusters.  In  part,  we  have  chosen  this 
system  for  our  initial  applications  because  resources  like  the 
Cambridge  Cluster  Database  (http://brian.ch.cam.ac.uk)  greatly 
simplify  the  process  of  validating  the  cluster  structures  and 
energies  that  are  encountered. 

The  function  we  ^e  trying  to  minimize,  V(R),  is  assumed  to 
depend  only  on  the  distances  between  the  particles.  The  class 
of  such  functions  includes  the  pairwise  additive  potentials  of 
the  present  study,  as  well  as  other  forms  which  will  be  discussed 
below.  In  this  way,  the  function  is  defined  for  configurations 
in  any  dimension;  only  the  definition  of  the  distance  changes. 

Let  D  be  the  dimension  (usually  3)  in  which  the  original 
A^-particle  cluster  configuration  resides,  and  H  the  number  of 
“extra”  dimensions  to  be  used  in  the  search.  H  is  useful  from  1 
to  (A^  —  1  —  D).  Above  this  value  of  H,  the  (D  +  ii/)  dimensional 
atoms  only  see  an  (A  —  1)  dimensional  subspace.  Given  this 
configuration,  we  denote  the  new  {D  +  H)  dimensional 
coordinates  hy  R  =  (ry,  r2,...rN),  where  r\  =  {xij, 

Xi,(D  +  +  H))  and  where  xq  is  the  jth  component  of  the 

Cartesian  coordinates  of  particle  i.  We  call  R  D-dimensional 
(but  embedded  in  a  (D  +  D)  dimensional  space)  if  x^d  ^  i)  — 
Xi,(D  +  Xi,(D  +  =  0  for  all  i. 

In  the  algorithm  discussed  below  it  is  necessary  both  to 
expand  and  compress  the  cluster  between  D  and  D  +  D 
dimensions.  To  execute  such  expansions  and  compressions  it 
is  essential  that  we  have  available  a  suitable  “signature”  of  the 
dimensionality  of  the  space.  We  assume  in  the  following  that 
we  have  available  some  suitable  “width”  function,  Wd{R),  that 
is  continuous  in  R,  equal  to  zero  when  R  is  D-dimensional, 
and  otherwise  positive.  One  choice  for  the  width  function,  the 
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one  used  in  the  present  study,  is 

N  D-¥H 

=  S  X  ^In  (3-1) 

i=;n=D+  1 

The  basic  idea  behind  the  present  algorithm  is  that,  given  a 
local  minimum  in  three  dimensions,  we  can  find  another,  three- 
dimensional  structure  via  a  random  walk  at  constant  potential 
energy  in  a  higher  dimension.  That  is,  we  can  move  from  a 
three-dimensional  energy  minimum  to  another  energy  “basin” 
using  higher  dimensional  pathways.  The  new  structure  is  either 
another  local  minimum  at  the  same  energy  as  the  starting 
configuration,  or  it  is  a  new  structure  that  is  not  a  local 
minimum.  If  the  new  structure  is  energetically  degenerate  with 
the  starting  configuration,  we  simply  continue  the  search.  If,  as 
is  much  more  likely,  the  new  structure  is  not  a  local  minimum, 
then  we  are  assured  that  it  can  be  relaxed  to  a  new  local 
minimum  with  a  lower  energy.  In  this  way,  we  produce  a 
sequence  of  three-dimensional  inherent  structures  of  decreasing 
potential  energies  leading  to  the  lowest  energy  three-dimensional 
structure. 

The  steps  performed  by  the  algorithm  are  as  follows:  given 
an  arbitrary  starting  configuration,  R\ 

1.  Find  the  “inherent  structure”  for  R.  We  minimize  V{R) 
for  R  constrained  to  stay  in  D  dimensions  (i.e.,  the  H  higher 
components  are  zero).  Any  minimization  technique that 
decreases  V  is  acceptable  for  this  step  (e.g.,  steepest  descent, 
conjugate-gradient,  etc.).  More  formally,  given  an  initial  con¬ 
figuration  Ro,  we  find  R  such  that: 

dV(K) 

(a)  ^  =  0  for  all 

dV(K) 

(c)  V{R)  <  V(Ro) 

In  part  (b)  we  exclude  the  directions  equivalent  to  overall 
translation  and  rotation  of  the  system.  We  denote  the  energy  of 
the  (local)  minimum  produced  by  steps  (a~c)  Elm  and  the 
associated  configuration  Rlm> 

2.  Perform  a  constant-energy  random  walk.  This  walk  consists 
of  nsteps  constrained  random  displacements  of  in  (Z)  +  //) 
dimensions,  the  constraint  being  V(R)  =  Elm.  In  the  present 
paper,  we  generate  trial  displacements,  AR,  by  uniformly 
translating  all  particles  within  a  “box”  of  about  0.1  a.  The  value 
of  nsteps  was  100  for  the  smaller  clusters,  50  for  the  38  atom 
cluster,  and  30  for  the  55  atom  cluster..  The  constraint  was 
imposed  (to  first  order)  by  removing  the  component  of  AR 
parallel  to  the  gradient  of  V(R).  For  large  translations,  this  is 
not  sufficient,  and  one  must  either  use  a  higher  order  correction 
(involving  the  Hessian)  or,  as  was  done  in  the  present  paper, 
readjust  AR  by  moving  parallel  to  the  energy  gradient  until  the 
constraint  is  met  (rejecting  the  “trial”  A/f  if  the  constraint  cannot 
be  met  this  way). 

3.  Minimize  WD(/f)  while  keeping  V{R)  =  Eim^  Techniques 
for  such  minimizations  are  widely  available  in  the  “nonlinear 
programming”  literature.^’  Our  technique  is  to  use  the  strategy 
outlined  in  Step  (2),  but  setting  TsR  =  — c  V  W/)(/f),  where  c 
adjusts  the  step  size  at  each  step  so  that  the  gradient  is  followed 
downhill  (with  respect  to  WD(/f))  to  a  (constrained)  local 
minimum. 
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Figure  2.  Barrier-avoiding  minimization  histories  for  Lennard-Jones 
clusters  containing  from  16  to  33  atoms.  Starting  from  a  different, 
randomly  chosen  configuration  for  each  cluster  size,  the  minimization 
proceeds,  via  high-dimensional,  barrier-free  pathways,  through  a  series 
of  local  minima  (plateaus  in  the  figure)  to  the  minimum  energy 
configuration.  Traces  correspond,  in  order  from  top  to  bottom,  to  results 
for  16“33  atoms. 

4.  If  the  minimization  in  (3)  results  in  R  being  D-dimensional 
(i.e.,  Wd{R)  =  0),  and  R  ^  Rjm,  then  we  may  have  succeeded 
in  finding  a  configuration  that  will  quench  to  a  lower  energy. 
D-dimensional  inherent  structure.  In  this  instance,  we  start  again 
at  Step  (1)  with  the  new  configuration.  By  proceeding  through 
a  sequence  of  inherent  structures  of  successively  lower  energies, 
we  are  removing  large  numbers  of  local  minima  from  the  search 
as  it  proceeds. 

5.  On  the  other  hand,  the  constrained  minimization  in  (3) 
can  fail  in  its  attempt  to  “compress”  the  (D  +  D)  dimensional 
configuration  in  Step  (2)  completely  back  to  D-dimensions.  In 
such  cases,  we  resume  our  high-dimensional  search  by  resetting 
R  to  the  last,  high-dimensional  configuration  generated  by  the 
random  walk  in  Step  (2)  and  continuing  the  expanded  dimen¬ 
sional  walk  from  that  point  until  Step  (4)  is  satisfied. 

We  have  implemented  this  “barrier  avoiding  minimization” 
procedure  and  have  examined  its  efficacy  for  finding  the  global 
minima  of  clusters  whose  atoms  interact  via  the  Lennard-Jones 
pair-potential.  All  calculations  reported  here  were  done  with  H 
=  1 ;  that  is,  the  random  walk  was  performed  in  four  dimensions. 
Although  four  dimensions  proved  to  be  sufficient  to  produce 
barrier-free  minimization  pathways  for  all  examples  considered 
in  the  present  work,  it  may  be  necessary  to  revisit  this  issue  for 
other  applications.  We  first  discuss  the  cases  of  16—33  atoms 
and  then  do  a  more  detailed  examination  of  the  38  atom  case. 

Figure  2  shows  the  results  of  a  typical  set  of  applications  of 
the  barrier  avoiding  minimization  procedure  (Steps  (1—5)  above) 
for  clusters  ranging  from  16  to  33  atoms.  This  figure  is  presented 
both  to  convey  a  sense  of  the  sequence  of  inherent  structure 
energies  visited  by  the  clusters  enroute  to  their  global  potential 
energy  minima  and  to  illustrate  (crudely)  the  scaling  of  effort 
with  respect  to  cluster  size.  In  Figure  2,  the  minimizations  for 
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Figure  3.  Average  number  of  steps  required  to  reach  global  minimum 
for  Lennard-Jones  clusters  of  various  sizes.  The  solid  (dotted)  line 
represents  the  average  (average  plus  one  standard  deviation)  of  the 
number  of  steps  required  to  find  the  ground  state  structure  for  20 
randomly  chosen  initial  configurations  for  each  cluster  size. 

each  cluster  size  have  each  been  initiated  from  a  single, 
randomly  chosen  initial  configuration.  Figure  3  elaborates  upon 
the  issue  of  the  scaling  of  effort.  There  we  show  the  average 
number  of  steps  required  to  achieve  the  global  potential  minima 
for  20  randomly  generated  initial  configurations  for  each  cluster 
size.  It  is  first  important  to  note  that  the  present  procedure 
successfully  locates  the  global  minima  for  all  random  initial 
configurations  for  all  cluster  sizes.  It  is  also  important  to  note 
that  the  level  of  effort  required  to  find  the  global  minimum 
energy  structure  in  the  range  of  16—26  atoms  is  relatively 
constant.  In  particular,  over  the  size  range  shown  in  Figure  2, 
the  number  of  local  minima  grows  (based  on  exponential  fits 
to  the  results  of  Figure  1)  by  roughly  3  x  10^  (from  ap¬ 
proximately  3.6  X  10“^  (16  atoms)  to  1  x  10^^  (30  atoms)). 
Beyond  26  atoms,  the  effort  required  increases,  although  not 
prohibitively,  as  evidenced  by  our  success  (see  below)  with  both 
the  38  and  55  atom  clusters.  The  reasons  for  this  increase  in 
effort  are,  at  present,  unclear.  It  may,  however,  be  an  indication 
that  higher  dimensional  (/f  >  1)  minimization  pathways  could 
prove  useful  for  studies  of  larger  clusters. 

As  a  somewhat  more  demanding  test  of  the  procedure,  we 
examine  its  performance  for  the  38  atom  Lennard-Jones  cluster. 
As  discussed  by  Doye,  Miller,  and  Wales, ^  this  cluster  presents 
significant  challenges  in  optimization  and  simulation  studies. 
Its  fcc-like  global  minimum  is  separated  from  a  low-lying, 
icosohedral  local  minimum  by  an  appreciable  barrier.  Figure  4 
displays  the  results  of  applying  the  barrier-avoiding  minimiza¬ 
tion  method  to  this  system.  As  illustrated  in  Figure  4,  starting 
from  a  randomly  generated  configuration,  the  method  success¬ 
fully  locates  the  global  minima.  It  is  important  to  note  that  the 
minimization  trace  shown  in  Figure  4  actually  proceeds  through 
the  38  atom  icosohedral  local  minimum.  This  is  significant  in 
that  it  confirms  that  the  method  did,  in  fact,  locate  a  barrier- 
free,  four-dimensional  pathway  “around”  what  is  otherwise  a 
significant,  three-dimensional  barrier.  From  Figure  4  we  see  that 
in  this  case  roughly  400  000  high-dimensional  steps  (8000 
dimensional  quenches)  are  required  to  locate  the  global  mini¬ 
mum.  The  number  of  quenches  for  this  single  minimization  is 
not  wildly  out  of  line  with  the  mean  first-encounter  time  of 
2000  conjugate-gradient  quenches  reported  for  the  basin-hopping 
treatment  of  the  same  system.*^ 

Finally,  although  it  is  a  somewhat  less  challenging  example 
than  the  38  atom  case,  we  note  that  we  have  also  had  success 
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Figure  4.  A  barrier-avoiding  minimization  history  for  the  38  atom 
Lennard-Jones  cluster.  The  trace  shows  the  results  for  a  single,  randomly 
chosen  configuration.  It  is  important  to  note  that  the  global  minimum 
is  reached  by  way  of  the  icosohedral  local  minimum.  This  confirms 
that  the  minimization  strategy  successfully  located  a  barrier-free,  high¬ 
dimensional  pathway  from  the  fee  local  minimum  to  the  ground-state 
configuration. 

in  locating  the  minimum  energy  structure  for  the  55  atom  cluster. 
Systematic  studies  of  larger  clusters  are  planned. 

IV.  Discussion  &  Summary 

In  the  present  paper,  we  have  explored  the  use  of  dimensional 
strategies  for  minimization  problems.  We  have  presented  a 
particular  method  that  exploits  the  simplifying  influence  of 
dimensionality  on  inherent  structure  topology.  For  one  class  of 
systems,  Lennard-Jones  clusters,  we  have  shown  the  resulting 
approach  represents  a  practical  minimization  method.  Using  this 
method,  we  have  succeeded  in  locating  high-dimensional, 
barrier-free  pathways  between  three-dimensional  local  minima 
and  the  corresponding  global  minimum-energy  structures  for 
clusters  containing  up  to  55  atoms.  We  are  encouraged  by  the 
present  results,  particularly  by  the  method’s  performance  in 
locating  the  global  minimum  for  the  38  atom  cluster. 

In  order  for  the  current  approach  to  be  of  general  significance, 
it  will  be  necessary  to  establish  its  utility  for  a  broader  range  of 
applications.  Although  we  are  cautiously  optimistic,  the  final 
decision  concerning  the  ultimate  fate  of  the  present  method  must, 
therefore,  await  the  outcome  of  ongoing  studies. 

If  dimensional  approaches  are  to  be  of  general  merit,  two 
basic  conditions  must  be  satisfied.  First,  it  is  necessary  that 
dimensionality  exert  a  simplifying  effect  on  the  inherent 
structure  topology  for  the  problem  of  interest.  Second,  one  must 
find  a  way  to  translate  this  simplification  into  a  practical 
minimization  algorithm.  In  the  present  work,  both  conditions 
have  been  met.  As  discussed  in  Section  11,  increasing  cluster 
dimensionality  reduces  the  number  of  local  minima.  We  have 
shown,  using  the  barrier-avoiding  methods  discussed  in  Section 
m,  how  to  transform  this  dimensional  simplification  into  a  viable 
minimization  procedure.  Although  the  particular  strategy  de¬ 
scribed  by  Purisima  and  Scheraga^®’^^  for  exploiting  it  does  not 
appear  to  be  general,  their  work  illustrates  the  important  point 
that  the  simplifying  effects  of  dimensionality  on  the  minimiza¬ 
tion  problem  extend  to  classes  of  potentials  of  chemical  interest. 
Leaving  aside  the  particulars  for  the  moment,  the  “take-home” 
message  of  the  present  investigation  is  that  whether  it  is  the 
barrier-avoiding  methodology  of  Section  III  or  some  other,  yet 
to  be  discovered,  implementation,  dimensional  strategies  appear 
to  represent  a  potentially  valuable  tool  for  the  construction  of 
new  classes  of  minimization  algorithms. 
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Path  integral  quantum  transition  state  theory  (PI-QTST)  and  its  modified  versions  are  studied  for  an  asymmetric 
Eckart  barrier  and  a  metastable  potential.  For  low  temperatures,  it  is  confirmed  that  the  PI-QTST  overestimates 
the  reaction  rate,  as  do  other  quantum  activated  rate  theories.  A  simple  correction  method  which  modifies  the 
product  part  of  the  potential  such  that  it  is  bounded  by  the  potential  reactant  well  bottom  energy  is  then 
implemented.  The  resulting  tests  for  the  asynunetric  Eckart  barrier  and  a  cubic  metastable  potential  demonstrate 
that  this  method  gives  a  reliable  estimate  of  the  reaction  rate  for  the  model  systems  considered.  For  an 
understanding  of  the  source  of  the  error  in  the  usual  PI-QTST  method  and  of  the  underlying  mechanism  of 
the  correction,  a  detailed  semiclassical  analysis  is  then  performed.  This  analysis  demonstrates  that  the  modified 
PI-QTST  of  Cao  and  Voth  [Cao,  J.;  Voth,  G.  A.  J.  Chem,  Phys,  1996,  705,  6856]  becomes  equivalent  to  the 
semiclassical  bounce  theory  at  low  temperature  only  if  a  certain  subset  of  classical  paths  is  used.  It  is  therefore 
concluded  that  the  errors  originate  from  the  inappropriate  mixing-in  of  paths  associated  with  the  product 
bound  states  in  numerical  path  integral  evaluations.  These  product  paths  are  eliminated  by  the  suggested 
correction  method,  thus  rendering  PI-QTST  much  more  accurate  for  strongly  asymmetric  or  metastable  systems 
at  low  temperatures. 


1.  Introduction 

From  a  molecular  viewpoint,  activated  reaction  events  are 
rare  phenomena,  and  the  probability  that  the  system  will  visit 
the  reactive  zone,  as  determined  by  the  free  energy  barrier, 
accounts  for  the  dominant  contribution  to  the  reaction  rate. 
Transition  state  theory  (TST),^®  in  this  sense,  amounts  to  the 
simplest  approximation.  It  plays  an  important  practical  role  in 
estimating  the  reaction  rates  in  various  systems  and  is  indeed 
amenable  to  further  improvement.^’^  In  generalizing  TST  to  the 
quantum  case,^“^’^^"^^  however,  one  is  confronted  with  some 
conceptual  difficulties  due  to  quantum  dispersion  and  tunneling 
even  in  the  simplest  generic  case  of  a  single  adiabatic  barrier 
crossing. 

Only  in  the  two  limiting  cases  of  high  and  low  temperature 
does  the  quantum  description  become  simplified.  In  the  former 
case,  one  can  proceed  in  close  analogy  with  classical  picture 
by  including  a  small  amount  of  quantum  dispersion  and  barrier 
top  tunneling  only.^"^’^^  In  the  zero  temperature  limit,  within  the 
path  integral  formalism,  one  can  identify  with  the  reactant 
state  those  paths  localized  near  the  bottom  of  the  reactant 
potential  well.  Barrier-crossing  events  are  associated  with  paths 
which  traverse  from  the  reactant  region  to  the  product.  Within 
the  semiclassical  approximation,  the  resulting  rate  can  be 
expressed  in  terms  of  the  properties  of  one  (or  more)  periodic 
orbits  on  the  inverted  potential.^®"^^ 

The  approaches  used  in  the  two  limiting  situations  above  are 
rather  different,  though  the  two  results  can  be  formally  unified 
in  a  single  mathematical  expression.^^’^^  In  this  context,  Gillan’s 
observation^^  and  the  ensuing  work  of  Voth,  Chandler,  and 
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Miller  (VCM)^^  provided  an  important  contribution.  Gillan 
found  that  known  reaction  rate  expressions  for  a  symmetric 
double  well  potential  coupled  to  a  harmonic  bath  can  be  recast 
into  classical-like  forms  employing  the  path  centroid  defined 
within  the  imaginary  time  path  integral  formalism. Later, 
VCM  carried  out  a  more  rigorous  analysis,  the  outcomes  of 
which  are  the  path  integral  quantum  TST  (PI-QTST),  a  rigorous 
derivation  of  some  of  Gillan’ s  results,  and  the  idea  of  supple¬ 
menting  the  approximate  reaction  rate  with  additional  exact 
quantum  dynamics  calculations. 

Subsequent  tests  and  analyses^*^®"^^  have  shown  that  PI-QTST 
is  very  accurate  in  the  high  temperature  limit  and  near  the  so 
called  crossover  temperature  in  which  the  dynamics  begins  to 
be  dominated  by  tunneling.  Below  the  crossover,  it  reproduces 
the  dominant  exponential  term  for  symmetric  or  weakly 
asymmetric  potentials,  and  it  can  be  improved  with  a  modifica¬ 
tion  of  the  preexponential  factor.^^’^^  Recent  work  has  focused 
on  finding  a  more  universal  expression  for  this  factor  and  also 
on  the  extension  of  the  theory  to  nonadiabatic  cases.^^’^^""^^  On 
the  other  hand,  applications  of  the  PI-QTST  to  strongly 
exothermic  or  metastable  potentials  at  low  temperature  can  be 
problematic.  The  reaction  rate  appears  to  be  overestimated  by 
orders  of  magnitude  or,  in  fact,  may  not  be  defined  in  some 
cases.^^’'^^’^^  The  reason  for  this  has  been  explained  in  a  way 
analogous  to  classical  multidimensional  TST.  In  the  general 
function  space  of  cyclic  paths,  the  centroid  used  in  PI-QTST, 
the  zeroth  mode  of  the  path,  belongs  to  a  specific  class  of 
dividing  surfaces.  For  the  case  of  asymmetric  potentials,  the 
optimal  dividing  surface  seems  to  be  rotated"^^  in  a  direction 
different  from  any  of  the  surfaces  corresponding  to  a  fixed 
centroid  and  the  use  of  the  centroid  coordinate  results  in 
overestimation  of  the  reaction  rate.  On  the  basis  of  this  idea, 
Cao  and  Voth  (CV)^^  and  Mills  et  al."^^  independently  developed 
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schemes  for  identifying  the  optimum  surface  in  the  general 
function  space  of  paths,  one  of  which  has  been  applied  to  some 
systemsA^  However,  this  approach  may  limit  the  application  of 
the  theory  to  small  systems,  so  a  more  practical  solution  that 
does  not  abandon  the  practical  merits  of  PI-QTST  is  still 
desirable. 

Recently,  two  new  approaches  to  a  QTST  have  also 
appeared.^^"^^  These  start  from  an  expression  for  the  flux*side 
correlation  function"^^  and  then  invoke  mathematically  or  physi¬ 
cally  motivated  approximations.  These  new  QTSTs  produce 
results  comparable  to  those  of  PI-QTST  when  tested  for  the 
symmetric  Eckart  barrier.  For  the  case  of  asymmetric  Eckart 
barrier,  a  detailed  comparison  has  not  been  made,  although  the 
new  theories  have  also  been  reported  to  perform  unsatisfactorily. 

The  present  paper  was  thus  motivated  by  the  incomplete 
understanding  of  the  performance  of  PI-QTST  for  the  cases  of 
asymmetric  and  metastable  potentials  at  low  temperature.  The 
first  objective  is  to  calculate  the  reaction  rates  based  on  PI- 
QTST  for  the  asymmetric  Eckart  barrier  and  to  compare  these 
with  published  results  for  a  collection  of  different  QTSTs.  The 
results  presented  show  that,  although  the  PI-QTST  performs 
worse  than  the  semiclassical  bounce  theory^^"^^  below  the  cross¬ 
over  temperature,  it  is  somewhat  better  than  other  simple 
QTSTs.  However,  these  data  again  confirm  that  one  should  be 
cautious  in  applying  the  theory  to  asymmetric  or  metastable 
potentials  at  low  temperature.  The  second  objective  is  then  to 
provide  a  simple,  mathematically  motivated,  correction  proce¬ 
dure  to  PI-QTST  to  render  it  again  quantitatively  accurate  for 
such  systems. 

This  paper  is  organized  as  follows:  In  section  II,  the  PI- 
QTST  and  its  improved  versions  using  different  preexponential 
factors  are  summarized  and  the  results  of  their  application  to 
the  asymmetric  Eckart  barrier  are  presented.  In  section  III,  a 
practical  remedy  is  suggested  for  the  strongly  asymmetric  barrier 
problem  and  then  tested  for  the  asymmetric  Eckart  barrier  and 
for  a  cubic  metastable  potential.  In  section  IV,  a  semiclassical 
analysis  is  made  of  the  centroid  density,  which  illuminates  its 
relation  with  the  semiclassical  bounce  theory  and  the  sources 
of  the  errors  involved  in  PI-QTST  for  strongly  asymmetric 
system  at  low  temperature.  Section  V  provides  concluding 
remarks. 

IL  Path  Integral  Transition  State  Theory  Applied  to  An 
Asymmetric  Eckart  Barrier 

A.  Formal  Expressions.  The  quantum  partition  function  in 
the  path  integral  formalism  can  be  recast  into  the  following 
classical-like  form:’^’"^^’"^^ 


where  P  is  the  inverse  temperature  in  units  of  the  Boltzmann 
constant,  m  is  the  mass,  and  the  “excess”  centroid  density 
beyond  the  free  particle  limit  along  the  reaction  coordinate  is 
given  by  the  path  integration  over  all  constrained  cyclic  paths 
such  that 


PciXc)  =  e 


f  “  ^o)  {-Sixixyilh}  (2) 


with  a:o  =  /o'  dr  x(r)l(j3h).  In  eq  2,  Z)[x(r)]  is  the  usual  path 
measure^^"^^  and  5[x(r)]  is  the  Euclidean  action  functional, 


defined  as 


5[x(t)]  =  dr  {I  x(tf  +  I/(x(r))|  (3) 


where  x(r)  is  the  derivative  of  xij)  with  respect  to  r.  A  one¬ 
dimensional  notation  is  used  throughout  for  simplicity.  Note 
that,  as  opposed  to  some  of  our  earlier  papers,  the  centroid 
potential  of  mean  force  Vc(-^c)  is  defined  here  to  be  the  excess 
centroid  free  energy  over  the  free  particle  limit.  The  notation 
“pcfc)”  in  this  paper  will  also  refer  to  the  excess  centroid  density 
beyond  the  free  particle  limit,  which  is  the  important  contribution 
to  the  rate  constant. 

The  rate  expression  in  PI-QTST,^’^^  expressed  as  A:pi-qtst 
hereafter,  has  the  following  classical  form: 


^PI-QTST  ■ 


iTtph  Zr 


(Ijtmp) 


where  x*  corresponds  to  the  barrier  position  of  Vc  and  Zr  is  the 
reactant  state  partition  function.  This  rate  expression  is,  in  fact, 
the  variational  version  of  PI-QTST.  At  high  temperature  and 
for  the  inverted  harmonic  barrier,  this  expression  has  been  shown 
to  yield  the  exact  high  temperature  result.  Near  or  below  the 
crossover  temperature,  however,  eq  4  begins  to  underestimate 
the  reaction  rate  for  the  symmetric  Eckart  barrier.  Cao  and  Voth 
(CV)^^  have  provided  a  unified  expression  for  the  preexponential 
factor  which  improves  on  this  feature  of  the  theory.  They  used 
Affleck’s  well-known  correction  factor^"^  in  a  way  consistent 
with  the  known  high  temperature  result,  and  based  on  the 
assumption  that  the  free  energy  saddle  point  in  the  general  space 
of  paths  can  be  well  represented  by  the  centroid  coordinate 
alone.  The  resulting  expression  is  given  by 


~  min 


(5) 


where  cUb  is  the  frequency  of  the  inverted  harmonic  function 
fitting  the  barrier  top  of  V{x)  and  ajc,b  is  that  fitting  the  barrier 
top  of  Vcfe). 

More  recently,  Ramirez^^  suggested  a  different  uniform 
expression  for  the  preexponential  factor  based  on  an  empirical 
relation  which  seems  to  work  well  for  the  symmetric  Eckart 
barrier.  It  is  given  by 


_/Vc«)y\ 


(6) 


where  x*  is  again  understood  as  the  position  of  the  barrier  top 
of  Vc  and  Ec(xc)  corresponds  to  an  average  energy  for  a  fixed 
centroid  minus  1/(2^),  the  Virial  form"^^’^®  of  which  is  given  by 


=  (i  (x(r)  -  x,)V'(x(r))  +  y(x(r))j^  (7) 

where  means  average  over  the  centroid  constrained  path 
integral  of  eq  2. 

B.  Results.  The  reaction  rates  were  calculated  for  the 
following  asymmetric  Eckart  barrier: 


V(x)  = 


A 

1+e"^ 


+ 


B 

4  cosh^(ax/2) 


(8) 


with  V(— oo)  =  0,  V(oo)  =  A  —  —  18/jr,  B  =  54/jr,  and  a  — 


Asymmetric  and  Metastable  Potentials 

■s/3^/4.  Natural  units  have  been  chosen  such  that  h  =  Wb  =  m 
=  1.  These  choices  of  parameters  and  units  result  in  a  classical 
barner  height  of  V*  =  6/ Jt  and  a  classical  barrier  location  of 
q*  —  -  In  2/a.  The  quantity  to  be  compared  is  T,  the  ratio  of 
the  quantum  rate  to  the  classical  rate.  Thus,  calculation  of  the 
reaction  rates  requires  the  determination  of  VdXc)  defined  by 
eq  2,  and  the  average  centroid  energy  function  given  by  eq  7  if 
Ramirez’s  expression  for  the  rate  is  used.  These  calculations 
can  be  performed  using  any  path  integral  simulation  method, 
along  with  the  imposition  of  the  centroid  constraint. 

The  method  of  stagmg  path  integral  molecular  dynamics 
(SPIMD)  was  chosen  in  the  present  work.^'  The  number  of 
quasiparticles,  P  =  25/?,  gave  converged  thermodynamic  data 
or  ^1  the  values  of  tested.  The  number  of  primary  quasi¬ 
particles  used  was  10  for  all  temperatures,  and  each  intervening 
segment  consisting  of  P/10-1  quasiparticles  was  transformed 
into  staging  coordinate.  To  ensure  canonical  sampling,  a  Nosd- 
Hoover  chain®  of  length  4  was  attached  to  each  transformed 
degree  of  freedom.  The  use  of  this  thermostat  in  the  presence 
of  the  centroid  constraint  was  made  possible  using  modified 
NHC  equations  of  motion,^^  which  account  for  the  constrained 
degree  of  freedom  correctly,  and  by  employing  one  of  the 
corresponding  simple  reversible  velocity  Verlet  type  algorithms, 
y  V-3.  The  mass  of  the  primary  quasiparticle  was  chosen  to 
be  P/10,  the  mass  of  the  ^th  {k  =  1,  -,  P/10-1  )  staging 
transformed  coordinate  was  chosen  to  be  P\k  +  1)/(100/:),  and 
the  Nose  mass  was  set  to  0.012P.  A  time  step  of  6.32  x  lO'^p 
was  used  in  the  simulation. 

The  centroid  mean  force  was  calculated  using 

F.W)  =  {F{x{t))\  =  -  a  (9^ 


while  ^  7  was  used  for  the  average  centroid  energy.  These 
quantities  were  calculated  at  successive  centroid  positions  from 

12  to  12,  in  increments  of  0.2.  At  each  given  value  of  Xc,  the 
system  was  equilibrated  for  1(P  steps  and  then  sampled  for  2 
X  10  steps.  The  centroid  potential  of  mean  force  Kfe)  was 
then  calculated  by  the  integration  of  the  centroid  mean  force, 
using  cubic  interpolation  and  quadratic  extrapolation  where 
necessary. 

Figure  1  shows  the  calculated  centroid  potentials  of  mean 
force  and  the  average  centroid  energies  for  six  different  values 
of  p.  As  P  increases  (temperature  decreases),  the  maximum 
value  of  Vc  decreases  and  its  position  shifts  toward  the  reactant 
side.  Table  1  presents  the  ratio  T  for  various  versions  of  PI- 
QTST,  identified  by  subscript.  In  calculating  the  reaction  rate, 
significant  figures  were  kept  to  three  and  all  the  calculated  Vc’s 
were  rounded  off  up  to  the  second  decimal  point.  The  results 
of  other  QTSTs  are  also  shown,  along  with  the  results  due  to 
the  semiclassical  bounce  method  calculated  using  the  standard 
procedure.20, 24.54  this  table,  Tha  represents  the  QTST2  results 
by  Hansen  and  Andersen,^  Fpl  represents  the  QTST  results  by 
Poliak  and  Liao,"^^  and  Fspl  is  the  best  perturbation  expansion 
results  taken  from  Table  3  of  the  paper  by  Shao  et  al.^^  The 
table  shows  that  PI-QTST  gives  results  comparable  to  Fspl  a 
complicated  variational  perturbation  theory,  thus  implying  that 
the  PI-QTST  includes  a  substantial  part  of  the  nontrivial 
anharmonic  contributions.  The  expression  of  CV  improves  these 
results  further,  remaining  quite  close  to  the  exact  ones.  On  the 
other  hand,  the  expression  of  Ramirez  seems  to  worsen  the 
estimation  of  the  PI-QTST,  which  indicates  that  his  present 
empirical  relation  may  not  have  much  generality  beyond  the 
symmetric  limit. 
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Figure  1.  Centroid  potential  of  mean  force  (Vc)  and  average  energy 
function  (Fc)  as  a  function  of  the  centroid  Xc  compared  with  the  classical 
potential,  for  the  asymmetric  Eckart  barrier  given  by  eq  8  at  six 
different  values  of  p. 
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Path  integral  quantum  transition  state  theory  (PI-QTST).  *  Cao  and 

modification  of  PI-QTST 
QTST2  by  Hansen  and  Andersen.  ^  QTST  by  Poliak  and  Liao.  /The 
best  permrbation  expansion  result  calculated  by  Shao,  Liao,  and  Poliak. 
Semiclassical  bounce  theory.  ^  Exact  result. 


It  is  seen  that  PI-QTST  overestimates  the  rate  at  lower 
temperature,  while  the  CV  modification  is  most  successful. 
However,  it  is  still  in  error  by  almost  a  factor  of  two  at  ^  =  12. 
These  results  are  in  contrast  to  those  of  the  semiclassical  bounce 
theory  which  somewhat  underestimates  the  exact  rate  but 
achieves  a^eement  to  within  a  few  percent.  This  situation  seems 
to  contradict  the  analysis  by  VCM,^®  which  showed  that  the 
semiclassical  limit  of  PI-QTST  can  be  made  equivalent  to  the 
bounce  theory  by  a  modification  of  the  preexponential  factor 
only.  Indeed  PI-QTST  performs  quite  well  for  the  case  of  the 
symmetnc  Eckart  barrier,  but  not  as  well  for  the  asymmetric 
case. 


III.  Simple  Correction  Method 

The  data  calculated  in  section  II  are  consistent  with  the 
previous  findings  regarding  the  performance  of  PI-QTSTs  for 
asymmetric  or  metastable  potentials.'**-®  Makarov  and  TopaleP*' 
provided  an  insightful  analysis  and  suggested  a  simple  correction 
method  where  the  underlying  potential  energy  V(x)  in  the 
calculation  is  modified  to  be  max{V(x),Veut}  with  Kut  chosen 
to  be  an  arbitrary  number  smaller  than  the  potential  reactant 
well  bottom  energy.  They  tested  this  method  for  a  cubic 
metastable  potential.'**  Above  the  cross-over  temperature,  the 
results  were  in  close  agreement  with  the  exact  one  irrespective 
of  the  choice  of  Vcut-  However,  below  the  crossover,  they  found 
the  results  become  sensitive  to  the  value  of  Kut  and  are  not  as 
reliable  as  those  calculated  by  the  semiclassical  bounce  theory.^® 
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Figure  2.  Centroid  potential  of  mean  force  (Vc)  and  average  energy 
function  (£c)  as  a  function  of  the  centroid  Xc  compared  with  the  classical 
potential,  for  the  asymmetric  Eckart  barrier  given  by  eq  8  modified  in 
the  way  of  eq  10,  at  six  different  values  of  ^3. 


TABLE  2:  Ratio  of  PI-QTSTs  to  the  Classical  TST  for  the 
Asymmetric  Eckart  Barrier  of  Equation  8  Modified  by  the 
Way  of  Equation  10“ _ _ 


p _ rpi-QTST _ rev 

~2  n?  ^23 

4  1.97  2.19 

6  5.36  6.65 

8  26.5  30.7 

10  244  287 

12  3490  4140 


Tr 

Tsc 

r.. 

1.20 

1.2 

2.09 

2.0 

6.07 

5.3 

33.1 

28.1 

26 

346 

233 

‘250. 

5560 

3710 

4100 

“  The  symbols  are  as  described  in  Table  1.  The  semiclassical  bounce 
theory  and  the  exact  results  for  the  original  potential  are  provided  for 
reference. 


In  the  present  paper,  we  suggest  and  more  clearly  justify  the 
use  of  a  similar  correction  method,  but  with  the  value  of  Veut 
always  fixed  to  be  that  of  the  potential  reactant  well  bottom 
energy  That  is,  given  a  potential,  the  reaction  rates  are 
calculated  by  applying  PI-QTST  and  its  modifications  to  the 
following  potential; 


V{x)  = 


rV(x),  V{x)>  V, 

y(x)  <  y, 


(10) 


with  Vt  being  the  reactant  well  bottom  energy. 

First  the  asymmetric  Eckart  barrier  considered  in  the  previous 
section  was  tested,  where  y  =  0.  The  potential  used  m  ttie 
simulation  was  the  original  potential  for  x  <  0.9  and  a  Gaussian 
taU  joined  at  x  =  0.9  such  that  the  potential  and  the  first 
derivative  change  continuously.  Since  the  value  of  the  potential 
at  the  joining  point  is  very  small  (about  0.006 )  and  the  GaussiM 
tail  decays  to  zero  rapidly,  this  method  of  modification  is 
practically  the  same  as  the  one  suggested  by  eq  10.  Numerical 
calculation  of  the  centroid  potential  of  mean  force  yc  was  then 
performed  as  described  in  section  II.B.  Figure  2  shows  the 
potentials  for  six  different  values  of  p.  Table  2  shows  the 
calculated  values  of  f,  using  the  three  PI-QTST  based  ap¬ 
proaches  with  the  modified  potential.  The  semiclassical  and 
exact  results  given  in  Table  1  are  shown  again  for  reference. 
As  can  be  seen  in  Table  2,  the  modified  PI-QTST  results  all 
show  much  better  agreement  with  the  exact  ones. 


Figure  3.  Centroid  potential  of  mean  force  (Vc)  and  average  energy 
function  (£c)  as  a  function  of  the  centroid  Xc  compared  with  tlw  classical 
notential,  for  the  metastable  cubic  potential  of  eq  11  modified  in  the 
way  of  eq  10,  at  four  different  values  of  P  below  the  crossover 
temperature. 

In  this  case,  the  PI-QTST  underestimates  the  reaction  rate  a 

trend  similar  to  the  case  of  the  symmetric  Eckart  bamer.  ’  ’ 

The  CV  reaction  rate  expression  corrects  the  PI-QTST  results 
in  the  right  direction  and  provides  the  best  estimates  for  the 
reaction  rates  below  the  crossover  temperature.  The  rates 
calculated  by  Ramirez’s  expression  also  differ  from  the  PI-QTST 
results  in  the  proper  direction,  but  below  the  crossover  tem¬ 
perature,  it  results  in  a  much  larger  overestimation  of  the  rate 

than  the  CV  result.  ,  •  , 

As  an  additional  test  case,  the  same  approach  was  imple¬ 
mented  for  a  cubic  metastable  potential  that  was  previously 
treated  by  Makarov  and  Topaler.^^  The  explicit  form  of  the 
model  potential  is  given  by 


(11) 


with  the  same  natural  units  as  before.  For  this  potential,  Xb  —  3 
and  Fb  =  3.  Since  oib  =  1,  the  crossover  value  of  /?  is  equal 
to  Itc.  For  the  present  case  also,  y  =  0.  "nie  potential  was 
modified  in  a  similar  way  as  before  by  joining  the  onginal 
potential  with  a  Gaussian  tail  at  x  =  6.3.  Four  different  v^ues 
of  P  below  the  cross-over  temperature  were  considered.  For  a 
given  value  of  jS,  the  number  of  path  integral  quasiparticles  was 
chosen  to  be  impi(2jt),  and  the  number  of  primary  quasip^- 
ticles  was  set  to  10.  The  staging  transformation  was  made  for 
each  intervening  segment  as  before.  The  centroid  mean  force 
was  calculated  in  the  same  way  as  before  by  varying  the  centroid 
with  the  interval  of  0.2  in  the  range  from  -3  to  12.  Figure  3 
shows  the  centroid  potential  of  mean  force,  and  Table  3 
compares  the  calculated  reaction  rates  with  the  exact  ones. 
The  rates  based  on  the  semiclassical  bounce  theory  have  again 
been  calculated  according  to  the  standard  method.^’^'^  ’^  For  this 
case  also,  the  CV  theory  gives  quite  accurate  results  and 
becomes  comparable  to  the  semiclassical  approximations  in  the 
low  temperature  limit,  except  for  the  case  of  ^  =  2jr/0.5,  where 
the  deviation  seems  simply  originate  from  the  breakdown  of 
the  stationary  phase  integration  approximation  in  the  centroid 
variable  space.  As  can  be  seen  from  Figure  3,  the  centroid 
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TABLE  3:  Reaction  Rate  Calculated  by  PI-QTSTs  Modified 
in  the  Way  of  Equation  10  for  the  Cubic  Metastable 
Potential  of  Equation  IP 


p 

^PI-QTST 

kcv 

ksc 

kc\ 

2n/0.9 

1.90 

2.16 

2.45 

1.92  (X 10-*) 

Ijtio.l 

4.63 

6.47 

7.26 

6.77  (X 10-®) 

27110.6 

3.91 

6.24 

6.26 

5.83  (xlO-®) 

2jr/0.5 

3.97 

7.61 

6.02 

5.60  (X 10-®) 

"  The  reaction  rates  are  denoted  as  k  with  the  subscripts  having  tl 

same  meaning  as  in  Table  1.  The  semiclassical  bounce  theory  and  the 
exact  results  are  for  the  original  potential.  For  the  units,  refer  to  the 
main  text. 


implies  that  there  can  be  more  than  one  such  trajectory.  The 
quantity  /[jCc,  Cl(x)]  is  a  centroid-constrained  quadratic  path 
integral,  which  depends  on  Xc,  x,  and  on  the  specific  classical 
orbit  chosen.  This  quantity  is  defined  as 


/[x,,  Cl(x)]  =  aJ ^  /I  exp  0  ”  ^c)}  x 
/  •"  /o  D'[6x{r)]  exp  {-  g  dt  dr'  dx{r)  x 

L(r,  r')  dx{r')  +  ^  dr  dx(r)|  (15) 


potential  of  mean  force  cannot  be  well  approximated  by  a 
quadratic  function  down  to  the  energy  comparable  to  kBT. 
Therefore,  the  result  could  be  improved  by  using  an  effective 
curvature  rather  than  the  one  at  the  barrier  top. 

The  results  of  the  two  test  cases  show  that  the  CV  theory 
applied  to  the  modified  potential  of  eq  10  predicts  reaction  rates 
comparable  to  those  based  on  the  semiclassical  bounce  theory 
below  the  cross-over  temperature.  This  implies  that  when  the 
choice  of  Vcut  =  Vr  is  made,  the  centroid  coordinate  recovers 
its  role  as  the  proper  reaction  coordinate  and  the  action  for  this 
modified  potential  at  the  local  maximum  in  the  centroid  variable 
space  is  very  close  to  the  action  for  the  original  potential  at  the 
saddle  point  in  the  general  space  of  paths.  In  the  following 
section,  a  detailed  semiclassical  analysis  of  the  centroid  density 
is  provided,  which  illuminates  the  source  of  the  error  involved 
in  the  original  applications  of  PI-QTST  and  CV  theory  to 
strongly  asymmetric  and  metastable  potentials,  as  well  as  the 
mechanism  of  the  correction  made  by  the  simple  remedy 
suggested  here. 

rV.  Semiclassical  Centroid  Density 

A.  General  Expressions.  In  the  present  section,  a  semiclas¬ 
sical  expression  for  the  excess  centroid  density  is  provided.  For 
this  purpose,  eq  2  is  rewritten  as 

ftW = 7^  /■-  i  /■-  <^1-1,  X 

exp{-5[x(r)]/fi  +  /^(xo-x,)}  (12) 

where  the  delta  function  in  the  integrand  of  eq  2  has  been 
replaced  with  its  Fourier  integral  expression.  The  path  integra¬ 
tion  is  over  those  paths  with  x(0)  =  x{^h)  =  x  as  indicated  by 
the  subscript  of  the  path  integral,  and  the  prime  in  the  path 
measure  indicates  that  the  integration  over  x  has  been  singled 
out.  In  the  semiclassical  limit,  the  dominant  contribution  of  this 
integral  comes  from  paths  close  to  the  classical  paths  on  the 
inverted  potential.  These  paths  can  be  decomposed  into 

x(r)  =  x^j(r)  4-  dx(T)  (13) 

where  Xci(t)  is  a  classical  path  on  the  inverted  potential  satisfying 
the  boundary  condition  Xci(O)  =  Xdifih)  =  x,  and  (5x(r)  is  an 
arbitrary  fluctuation  away  from  the  classical  path  with  the 
restriction  (5x(0)  =  dx(fih)  =  0.  Including  up  to  the  second  order 
variation  of  the  action  with  respect  to  5x(r),  the  semiclassical 
approximation  for  the  centroid  density  of  eq  12  is  given  by 

p^(x,)  =  /  dx  X  I[x„  CKx)]  (14) 

CKx) 

where  C/(x)  is  a  classical  trajectory  starting  at  x  and  ending  at 
the  same  point  after  an  interval  r  =  and  the  summation 


with  Xci,o  =  fo^  Xci(r)/(fih)  and 

-  -  V"  (x,,(t))|  (5(t  -  f)  (16) 

dr^  J 

Note  that  these  latter  objects  also  implicitly  depend  on  the  value 
of  X  and  on  the  specific  classical  orbit  chosen.  The  subscript  of 
0  in  the  path  integral  of  eq  15  indicates  that  (5x(t)  starts  and 
ends  at  zero.  For  the  differential  operator  of  eq  16,  the  zero 
eigenvalue  Green  function^^’^^’^^  can  be  defined  by  the  following 
relation: 

/f'"  dr'  L(r,  r')  Gir',  r")  =  dr'  G(r,  r')  L{r',  r")  - 

d(r  -  r")  (17) 

which  satisfies  the  same  boundary  condition  as  dx(r)  stated 
above.  It  will  be  shown  later  that  the  explicit  expression  for 
the  semiclassical  centroid  density  involves  this  Green  function. 
For  the  time  being,  it  is  assumed  that  the  operator  of  eq  16 
does  not  have  a  zero  eigenvalue  so  that  the  Green  function 
defined  by  eq  17  is  not  singular.  Later,  it  will  be  shown  that 
the  case  with  zero  eigenvalue  can  be  included  as  a  limiting  case 
in  performing  the  final  integration. 

Equation  15  can  be  transformed  into  an  expression  involving 
a  solution  of  the  differential  equation  of  eq  16  and  an  integration 
over  the  Green  function  defined  by  eq  17.  The  detailed  method 
of  evaluation  and  the  final  expression  depend  on  whether  or 
not  the  differential  operator  of  eq  16  has  a  negative  eigenvalue. 
Appendix  A  starts  with  the  discretized  approximation  for  eq 
15  and  then  provides  a  general  expression  which  allows  explicit 
Gaussian  integrations.  For  the  case  where  all  the  eigenvalues 
are  positive,  the  Gaussian  integrations  over  all  the  fluctuation 
niodes  can  be  performed  without  any  ambiguity,  and  this  is 
described  in  Appendix  B.  The  case  where  there  is  a  single 
negative  eigenvalue  and  no  zero  eigenvalue  is  treated  in 
Appendix  C.  Here  greater  care  must  be  taken  with  the  order  of 
integration,  and  the  existence  of  the  result  is  seen  to  depend  on 
the  shape  of  the  potential. 

The  expression  in  eq  14  shows  that  a  given  semiclassical 
centroid  density,  whether  it  is  convergent  or  divergent,  can  be 
formally  decomposed  into  disjoint  components,  which  we 
characterize  by  the  specific  classical  orbits.  All  of  the  nonsta¬ 
tionary  classical  trajectories  must  have  at  least  one  turning  point 
because  of  the  boundary  condition  Xci(O)  =  Xc0fi).  Since  a  given 
classical  trajectory  spends  a  substantial  part  of  its  time  near  the 
turning  point(s),  the  characteristics  of  each  component  of  the 
semiclassical  centroid  density  given  by  eq  14  can  be  related  to 
the  nature  of  the  turning  points.  Thus  it  is  reasonable  to 
decompose  the  semiclassical  centroid  density  into  components 


L(r,  r') : 
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associated  with  the  location  of  the  turning  points  of  their  Then,  the  classical  trajectory  on  the  inverted  potential  satisfying 
underlying  classical  trajectories,  as  follows:  the  boundary  condition  is  given  by 


pr(^c) = p:mc) + &xc) + (18) 

where  the  subscripts  r,  b,  and  p  respectively  represent  the 
reactant,  the  barrier,  and  the  product  parts  of  the  centroid  density. 
For  more  quantitative  statement,  we  temporarily  introduce 
dividing  surfaces:  which  lies  between  the  reactant  bottom 

and  the  barrier  top,  and  Jbp?  which  lies  between  the  barrier  top 
and  the  product  bottom.  In  most  situations  where  the  reaction 
rate  can  be  defined,  although  somewhat  arbitrary,  these  dividing 
surfaces  can  always  be  found  such  that,  in  the  classical  limit, 
the  reactant  region  of  the  configuration  space  corresponds  to 
the  lefthand  side  of  drb  and  the  product  region  of  the  configu¬ 
ration  space  corresponds  to  the  righthand  side  of  dbp.  Within 
the  semiclassical  approximation,  the  turning  points  of  the 
underlying  classical  trajectories  can  play  such  roles.  That  is, 
the  reactant  centroid  density,  the  centroid  density 

around  the  classical  trajectories  with  all  of  their  turning  points 
at  the  left  hand  side  of  drb  ;  and  vice-versa  for  the  product 
centroid  density.  The  barrier  centroid  density  is  the  centroid 
density  around  those  classical  trajectories  with  the  turning  points 
in  between  drb  and  dbp,  and  around  those  classical  trajectories 
with  turning  points  on  both  the  lefthand  side  of  drb  and  the 
righthand  side  of  dbp.  In  the  high  temperature  limit,  only  the 
former  contributes  to  the  barrier  centroid  density,  and  the  latter 
appears  only  below  some  temperature  in  most  cases  and 
becomes  more  dominant  as  the  temperature  goes  down.  The 
details  of  the  decomposition  depend  on  the  topology  of  the 
potential  and  the  temperature.  In  the  following,  the  simple 
generic  case  is  considered  where  the  regions  near  the  reactant 
bottom  and  the  barrier  top  can  be  well  approximated  by 
quadratic  functions  and  where  the  potential  changes  in  a  smooth 
and  continuous  fashion  between  these  regions. 

B.  Reactant  Centroid  Density.  Due  to  the  generic  shape  of 
the  potential  assumed  in  the  analysis,  the  reactant  centroid 
density  consists  of  those  classical  trajectories  which  have  only 
one  turning  point  on  the  reactant  side  hill  of  the  inverted 
potential.  Such  trajectories,  denoted  as  Cl(x;  r),  start  at  ;c, 
approach  (from  either  side)  the  top  of  the  reactant  side  hill  of 
the  inverted  potential  without  crossing  it,  and  then  after  a  time 
ph,  return  to  their  original  position  jc,  with  momentum  at  r  = 
Ph  equal  in  magnitude  and  opposite  in  sign  to  that  at  r  =  0. 
Note  that  there  is  only  one  such  trajectory  for  given  x  and  ph. 
The  stationary  trajectory  sitting  at  the  top  of  the  hill  can  be 
included  as  a  limiting  situation  of  these  trajectories.  The  general 
expression  is  given  by 

/0c>c)  =  X  /[x„  Cl(x;  r)]  (19) 

where  I[xc,  Cl{x\  r)]  is  the  centroid  constrained  quadratic  path 
integration  defined  by  eq  15  around  the  classical  trajectory  of 
Cl(jr;  r).  The  subscript  of  r  denotes  that  the  integration  is 
performed  only  for  x  satisfying  the  condition  of  JCci08h/2)  < 
d^.  At  high  enough  temperature,  ph  is  small  and  the  starting 
point  X  should  be  close  to  the  turning  point.  Thus,  the  dominant 
contribution  to  eq  19  is  from  the  reactant  bottom  region  of  the 
original  potential,  which  can  be  approximated  by  the  following 
harmonic  potential: 

mccL  . 

V{x)^V,  +  ^{x-xf  (20) 


j:,,(t)  =  a:,  +  (x  -  X,) 


cosh((yj03h/2  —  r)) 
cosh(cyj  /3h/2) 


The  center  of  this  trajectory,  the  time  average,  is  given  by 

^d,o  =  +  (-^  “  ^r)  tanh(m^h/2)  (22) 

and  the  action  along  the  given  trajectory  is  given  by 

5ci  —  phV^  +  mcUj.(x  —  Xj.)^tanh(a>j^h/2)  (23) 

For  the  given  trajectory,  the  second  derivative  of  the  potential 
is  constant  and  the  differential  operator  defined  by  eq  16 
simplifies  to 


L{r,  r') : 


+  0)^  (5(r  —  r') 


which  is  independent  of  x.  This  operator  does  not  have  any 
negative  or  zero  eigenvalues  and  the  centroid-constrained  path 
integral  of  I[xc,  C\{x\  r)]  in  eq  19  can  be  calculated  as  described 
in  Appendix  B.  For  the  present  case,  the  explicit  expressions 
for  eqs  B3  and  B5  can  be  shown  to  be 

j{fih)  =  ^smh{(o,Ph)  (25) 


Inserting  eqs  22,  25,  and  26  into  eq  B6,  and  then  using  the 
resulting  expression  in  eq  19  along  with  eq  23  one  can  obtain 
an  expression  for  the  reactant  centroid  density  which  involves 
Gaussian  integration  over  x.  Performing  this  integration,  the 
following  high  temperature  expression  is  obtained: 


(m^.  phU) 
sinh(a;j.  phfl) 


(27) 


As  the  temperature  is  reduced,  the  imaginary  time  ph  becomes 
larger  and  the  important  classical  trajectories  sample  a  larger 
region  of  the  potential,  away  from  the  reactant  minimum. 
Eventually,  the  harmonic  approximation  for  the  potential  will 
break  down.  However,  as  long  as  the  curvature  of  the  original 
potential  increases  as  the  trajectories  approach  the  turning  point, 
all  the  eigenvalues  of  the  differential  operator  of  eq  16  remain 
positive  and  the  semiclassical  centroid  density  can  be  evaluated 
in  the  same  manner  of  Appendix  B.  Although  it  is  not  in  general 
possible  to  find  the  explicit  expressions  for  the  eigenvalue 
spectrum  and  the  Green  function,  one  can  usually  make  an 
effective  harmonic  approximation  and  the  final  expression  can 
be  brought  into  the  form  of  eq  27  with  the  frequency  (Or  replaced 
with  the  Xc  dependent  effective  frequency  Qr(xc).  Note  that  the 
value  of  pfj.(xc)  decreases  in  a  Gaussian  fashion  as  the  centroid 
Xc  is  moved  away  from  the  reactant  minimum  Xr  toward  the 
barrier  top.  This  feature  will  be  revisited  later  in  the  analysis  of 
the  simple  correction  scheme. 

C.  Barrier  Centroid  Density.  The  barrier  centroid  density 
consists  of  those  classical  trajectories  which  connect  the  reactant 
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and  the  product  sides  of  the  potential.  At  high  enough  temper¬ 
ature  (small  I3h),  the  only  possible  trajectories  of  this  kind  are 
those  concentrated  near  the  barrier  region.  On  the  other  hand, 
at  temperatures  low  enough  that  ph  is  larger  than  the  period  of 
the  small  harmonic  oscillation  near  the  barrier  region,  periodic 
orbits  with  much  lower  action  exist  and  the  paths  near  these 
orbits  represent  the  dominant  contribution  to  barrier  crossing. 

1.  High  Temperature  Limit.  In  this  case  there  is  no  periodic 
orbit  crossing  the  barrier  top  of  the  original  potential,  and  the 
only  possible  trajectories  are  those  which  start  near  the  local 
minimum  of  the  inverted  potential,  climb  up  toward  either  the 
reactant  or  the  product  side  slightly,  and  then  return  to  their 
original  position.  The  constant  trajectory  sitting  at  the  local 
minimum  of  the  inverted  potential  is  included  as  a  limiting  case 
of  these  trajectories.  The  expression  for  the  barrier  region 
centroid  density,  therefore,  can  be  written  as 

Pc>o)  =  /,cke-™’*/[x„Cl(jc;Z>)]  (28) 


Inserting  eqs  31,  34,  and  35  into  eq  B6,  and  then  using  the 
resulting  expression  in  eq  28  along  with  eq  32,  one  can  obtain 
the  following  expression  for  the  barrier  centroid  density: 


Since  y  is  positive,  the  Gaussian  integration  over  x  is  defined 
and  the  resulting  centroid  density  can  be  written  as 


Pc!b(^c)  = 


{co^h/2) 

sm(a)J3h/2) 


(37). 


where  the  subscript  b  implies  that  the  integration  is  done  only 
for  X  satisfying  drb  <  Xc\(Phl2)  <  and  l[xc,  C\{x\  b)]  is  the 
centroid  constrained  quadratic  path  integration  defined  by  eq 
15  around  the  barrier  region  classical  trajectory  of  Cl(;c;  b). 
Again,  it  is  assumed  that  the  potential  in  this  region  can  be 
well  approximated  by  the  inverted  parabolic  form 

mcol  „ 

y(x)«^yb--Y^(^-^b)  (29) 

Then,  for  a  given  x,  there  exists  a  unique  classical  trajectory  on 
the  inverted  potential  satisfying  the  boundary  condition  as 
follows: 


^cl(^)  =  ”  ^b) 


cos(cOj,(r  —  ph/2)) 

cos{o)^h/2) 


(30) 


This  expression  becomes  singular  when  fih  =  Jt/cob^  For  the 
moment,  it  is  assumed  that  ph  <  Tt/cob^  The  time  average  of 
this  trajectory,  its  centroid,  is  given  by 

tanico^m) 

=  +  (31) 

and  the  action  along  the  trajectory  is  given  by 

=  PhV^  -  mco^(x  -  ian{a)J3h/2)  (32) 

For  the  trajectory  of  eq  30,  the  differential  operator  defined  by 
eq  16  simplifies  to 


L(r,  XT')  =  |-  ^  -  ft>bl  -  O 


(33) 


The  eigenvalues  of  this  operator  are  all  positive  under  the 
limitation  of  ph  <  Tt/cob  as  stated  above,  and  the  centroid 
constrained  path  integration  l[Xc,  Cl(x)]  in  eq  28,  can  be 
calculated  in  the  manner  of  Appendix  B.  The  explicit  expres¬ 
sions  for  eqs  B3  and  B5  can  be  calculated  to  be 


JiPh)  =  —  sinico^h)  (34) 


This  is  equal  to  the  exact  centroid  density  for  the  inverted 
harmonic  oscillator  with  frequency  cob. 

As  has  been  stated,  the  derivation  of  eq  37  is  valid  only  when 
ph  <  Tticob.  For  the  case  where  Jt/cob  <  ph  <  2jil(Ob,  two 
difficulties  are  encountered  in  its  derivation  even  though  the 
final  expression  of  eq  37  can  still  be  used.  First,  the  classical 
equation  of  motion,  eq  30  becomes  singular  at  ph  =  Jt/cob.  The 
reason  is  that,  at  this  temperature,  the  classical  trajectory  starting 
at  X  always  ends  up  at  2xb  —  x  after  half  the  period  time,  within 
the  harmonic  approximation,  and  the  only  solutions  satisfying 
the  given  boundary  condition  are  those  trajectories  starting  atx 
=  Xb.  For  values  of  ph  slightly  larger  than  that  corresponding 
to  the  half-period,  the  classical  solution  of  eq  30  can  be  used 
again.  Second,  when  jt/cob  <  ph  <  27tlo)b,  there  appears  a 
negative  eigenvalue,  and  one  cannot  perform  the  path  integral 
as  described  in  Appendix  B;  nor  can  the  approach  of  Appendix 
C  be  used  because  ai  of  the  unstable  mode  appearing  in  eq  Cl 
vanishes,  making  the  resulting  centroid  density  undefined.  In 
fact,  there  exists  an  anharmonic  contribution  which  was  not 
considered  above  but  resolves  the  difficulties  stated  here.  That 
is,  a  small  participation  of  the  anharmonicity  removes  the 
singularity  at  ph  =  Jtlcob  and  allows  ai  of  the  unstable  mode  to 
survive.  Therefore,  the  centroid  density  changes  continuously 
at  the  singularity  and  the  method  of  Appendix  C  can  be  used 
in  the  range  of  Jt/o)b  <  Ph  <  27t/(Ob  as  long  as  other  criteria  are 
satisfied.  Thus,  while  anharmonic  contributions  from  a  realistic 
potential  become  crucial  to  the  definition  of  the  centroid  density 
in  this  parameter  regime,  the  qualitative  behavior  of  the  solution 
seems  to  remain  the  same  as  that  for  higher  temperatures.  That 
is,  the  final  expression  for  the  centroid  density  is  expected  to 
be  well  approximated  by  the  form  given  by  eq  37,  with  the 
barrier  frequency  cOb  replaced  with  an  A:c-dependent  effective 
harmonic  barrier  frequency,  Qb(.^c).^^ 

2.  Low  Temperature  Limit.  Below  the  temperature  defined 
by  ph  =  iTtlcOb,  there  appear  one  or  more  periodic  orbit(s)  which 
bridge  the  reactant  and  the  product  regions.  A  feature  of  these 
trajectories  is  that  the  action  along  the  trajectory  does  not  depend 
on  the  choice  of  the  initial  position.  The  dominant  contribution 
comes  from  the  periodic  orbit  with  period  ph,  and  the  semiclas- 
sical  barrier  centroid  density  is  approximated  to  be 

Pci(^c)  ^  /po  Cl(^;  po)]  (38) 

where  5po  is  the  action  along  the  periodic  orbit  and  /[xc,  Cl(x; 
po)]  is  the  centroid-constrained  path  integral  defined  by  eq  15 
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along  the  periodic  orbit.  The  integration  subscript  of  po  implies 
that  integration  over  x  are  performed  along  the  points  in  the 
given  periodic  orbit. 

For  the  special  case  where  x  corresponds  to  a  turning  point, 
^po(^),  becomes  the  zero  eigenvalue  solution  of  the  differential 
operator  of  eq  16  satisfying  the  given  boundary  condition  of 
^po(O)  =  Xpoifih)  =  0.  Otherwise,  i:po(r)  does  not  vanish  at  the 
boundary  and  the  true  solution  should  be  obtained  through  a 
perturbative  correction.  This  correction  forces  the  solution  to 
vanish  at  the  boundary  and  the  resulting  eigenvalue  becomes 
slightly  larger  than  zero  in  a  way  analogous  to  a  free  particle 
confined  to  a  one  dimensional  box  with  an  infinite  wall.^^  On 
the  other  hand,  this  (almost)  zero  eigenvalue  mode  has  one  node, 
which  implies  that  there  should  be  a  solution  without  any  node 
which  has  a  negative  eigenvalue. 

Given  the  qualitative  feature  above,  the  calculation  of  I[xc, 
Cl(x;  po)]  can  be  made  as  described  in  Appendix  C,  except  for 
the  case  where  Xpo(O)  =  Xpo(/3ft)  =  0,  which  will  be  included  as 
a  limiting  case  later.  Since  Xpo(O)  —  Xpo(bh)  and  the  period  of 
the  orbit  is  independent  of  the  initial  point  x,  eq  C8  simplifies 
to59 


=  (39) 

where  E  is  the  negative  of  the  energy  of  the  periodic  orbit  on 
the  inverted  potential.  In  the  present  case,  the  existence  of  a 
negative  eigenvalue  is  equivalent  to  the  condition  that  d0fi)/ 
dC  <  0.  Inserting  the  expression  of  eq  39  into  eq  C6  and  then 
using  the  resulting  expression  in  eq  37,  the  barrier  centroid 
density  can  be  written  as 


sc  /  \  , 

Pc.b(^c)  ^ 


-Spjh 


(0) — — 


exp 


dE  A 


d(J3h)  2jiy 


(40) 


with  y  defined  by  eq  C14  having  the  following  form  for  the 
present  case: 


_  m  dpgh)  f  d 

^  dE  \d(fih) 


drXpo(T;y3h) 


(41) 


Since  d(J3h)/dE  is  negative,  the  condition  of  y  <  0,  a  necessary 
condition  for  the  existence  of  the  semiclassical  barrier  centroid 
density,  is  equivalent  to  the  condition  that  the  quantity  within 
the  curly  bracket  of  eq  41  is  positive,  which  seems  to  be  satisfied 
in  most  cases. 

Equation  40  can  be  simplified  further.^^  The  differential  of 
dxpo(0)/|xpo(0)|  can  be  replaced  with  dr,  thereby  also  including 
the  limiting  case  of  Xpo(O)  0.  The  rest  of  the  integrand  is 
independent  of  r.  Therefore,  after  the  integration  over  r,  the 
final  expression  for  the  barrier  centroid  density  is  given  by 


Pc!b(^c)  ^ 


Vft  .  /  rfi 

d(fih)  2jty 


exp 


2y 


(42) 


D.  Product  Centroid  Density.  The  product  centroid  density 
consists  of  the  classical  trajectories  which  have  all  the  turning 
points  on  the  product  side  hill  of  the  inverted  potential. 
Representing  these  trajectories  as  Cl(x;  p),  the  centroid  density 
can  be  expressed  as 

=  X  e"'™’'^/[x„Cl(x;p)]  (43) 

Cl(x;p) 

where  all  the  symbols  have  meanings  analogous  to  those  in  the 
reactant  centroid  density  of  eq  19  and  a  general  situation  is 
considered  such  that  the  product  region  can  have  an  arbitrary 
shape  allowing  multiple  classical  trajectories  and  the  product 
side  of  the  original  potential  can  be  either  bounded  or 
unbounded.  While  a  formal  definition  of  this  product  centroid 
density  has  been  possible,  there  is  no  guarantee  that  it  can  always 
have  a  convergent  value  for  the  case  of  an  unbounded  product 
state.  If  the  potential  decrease  is  steep,  either  the  path  integration 
or  the  final  integration  over  x  in  eq  43  can  be  divergent.  On  the 
other  hand,  if  the  product  side  of  the  original  potential  is 
bounded  or  it  decreases  less  steeply  than  a  quadratic  function, 
it  always  has  a  convergent  value. 

For  the  purpose  of  the  analysis  to  be  made  in  the  following 
section,  an  approximate  explicit  form  for  the  product  centroid 
density  (when  it  converges)  is  useful.  Again  an  effective 
harmonic  expression  is  used  for  this  purpose.  In  analogy  with 
the  reactant  centroid  expression  of  eq  27,  the  final  result  is  given 
by 


(QJx,)Ph/2) 


°c,p(-^c)  smh(Q  Jx^)^h/2) 


exp 


^mQ(xy 


(Xc 


Xp) 


(44) 


If  the  value  of  Qpfxc)  is  real,  the  centroid  density  of  eq  44 
represents  a  bound  state  case.  An  imaginary  value  of  Qp(xc) 
with  its  absolute  value  being  smaller  than  can  represent 

the  moderately  steep  unbound  state  where  the  centroid  density 
is  still  defined.  On  the  basis  of  the  above  expression  and  the 
similar  expression  for  the  reactant  centroid  density  in  eq  27, 
the  primary  factor  determining  the  relative  values  of  these  two 
terms  is  the  difference  Vr  —  Vp.  If  this  is  much  different  than 
zero  and  positive,  the  product  centroid  density  will  be  signifi¬ 
cantly  larger  than  the  reactant  contribution  for  any  value  of  the 
centroid  constraint  Xc  near  the  location  of  the  barrier  top. 

E.  Analysis.  One  of  the  assumptions  involved  in  the  PI-QTST 
and  its  improved  versions  is  that  the  path  centroid  is  a  natural 
variable  that  can  differentiate  the  reactant,  the  barrier,  and  the 
product  parts  of  the  partition  function.  As  we  shall  see,  this 
assumption  is  at  the  heart  of  the  problem  when  applying  PI- 
QTST  to  strongly  asymmetric  or  metastable  potentials  at  low 
temperatures  using  numerical  path  integral  methods  to  compute 
the  centroid  density.  Indeed,  in  the  semiclassical  approximation, 
such  an  assumption  is  not  necessary  if  one  decomposes  the 
centroid  density  into  its  constituent  components  as  in  the 
preceding  sections.  One  can  then  apply  the  unified  theory  of 
CV  using  the  semiclassical  expressions  for  the  centroid  densities 
from  the  previous  subsections.  Defining  the  reactant  partition 
function  as 


/  m  rx, 

V  2nfih^ 


p“  (X,) 


(45) 


with  p“|.(xc)  the  reactant  centroid  density  defined  in  section 


where  both  dEldifih)  and  y  are  negative. 
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m.B,  the  rate  expression  is  given  by 


^cv  ~***  min 


/_^  lit  \ 


1 


(46) 


where  Pc!b(-^D  value  of  the  barrier  centroid  density 

defined  in  section  IILC  evaluated  at  its  minimum  value. 

At  high  temperatures,  the  barrier  centroid  density  can  be 
expressed  as  eq  37  or  its  variational  version  with  replaced 
with  Qh(xc)-  Therefore, 


rvcv 


1  {a)j3h/2) 

Inph  sin(Qb(x*)j8h/2)  / 


ph  <  (47) 


where  is  the  frequency  of  the  effective  inverted  har¬ 

monic  function  fitting  the  maximum  of  the  effective  barrier 
centroid  potential  Vc(^c)  and  is  seen  to  be  equal  to  G>c,b>  defined 
in  section  11.  In  the  low  temperature  limit  where  there  appears 
a  periodic  orbit,  the  barrier  centroid  density  of  eq  42  can  be 
used.  The  resulting  expression  is 


1  d£  1/2  6 
V^dOSh)'  ’ 


(48) 


This  is  of  the  same  form  as  the  Affleck’s  rate  expression  below 
the  crossover  temperature.^^’^^  That  is,  within  the  semiclassical 
approximation,  the  unified  theory  of  CV  is  equivalent  to  the 
bounce  theory  below  the  crossover  temperature,  as  long  as  the 
correct  barrier  part  of  the  centroid  density  is  used. 

In  actual  numerical  path  integral  simulations,  different  parts 
of  the  centroid  density  cannot  be  separated  and  the  calculated 
numerical  value  at  a  given  centroid  is  the  summation  from  all 
the  contributions.  To  better  understand  this  issue,  eq  18  can  be 
rewritten  as 


_SC  /  *\  A 

Pc,r(-^c^  Pc,p 


X<) 


^SC  ^SC 

,Pc,b('^c)  Pc,b(^c) 


(49) 


Note  that  this  expression  in  this  case  is  to  be  evaluated  at  or 
near  the  barrier  (Xc  =  jc*).  On  the  basis  of  the  analysis  of  this 
section,  one  would  clearly  wish  to  have  the  term  in  brackets  as 
close  to  unity  as  possible  in  order  for  any  centroid-based 
approach  such  as  PI-QTST  or  CV  theory  to  be  accurate  for  the 
rate  constant.  The  first  term  inside  of  the  bracket  should  always 
be  quite  small,  essentially  because  this  is  what  defines  an 
activated  rate  process.  Even  in  the  classical  limit,  the  intrinsic 
nonlinearity  of  the  potential  in  the  barrier  region  causes  Pc!p(^D 
to  be  much  larger  than  which,  according  to  eq  27, 

effectively  corresponds  to  the  density  from  a  cusped  barrier  at 
X  =  X*.  By  contrast,  the  second  term  in  the  bracket  in  eq  49  is 
larger  than  the  first  term  by  a  factor  of  e^(^r“  V,  though  it  will 
still  be  quite  small  in  the  classical,  or  nearly  classical,  limit. 
On  the  other  hand,  for  strongly  exothermic  systems  at  low 
temperature,  the  second  term  begins  to  be  much  larger  and 
creates  the  situation  pc^(jc*)  »  Pc^^D’  leading  to  the 
serious  overestimation  of  the  rate  when  PI-QTST  is  used  with 
a  numerically  determined  centroid  density.  A  similar  situation 
occurs  if  ^p(^c)^  44  becomes  effectively  negative,  as  can 

be  the  case  for  metastable  potentials. 

The  analysis  presented  above  is  only  valid  within  the 
semiclassical  approximation.  For  the  more  general  situation 
where  one  should  go  beyond  the  semiclassical  limit,  the 
separation  of  the  centroid  density  into  different  parts  is  not 


possible  and  the  analysis  becomes  unclear.  However,  such  a 
semiclassical  perspective  provides  a  framework  in  which  to 
understand  the  simple  correction  method  presented  in  section 
III.  That  is,  within  this  simple  scheme,  the  lower  bound  of  Vj 
in  eq  10  seems  to  be  an  optimal  choice  because  it  does  not 
change  the  barrier  contribution  to  the  centroid  density  but 
minimizes  the  spurious  product  contribution  to  this  quantity 
described  in  the  preceding  paragraph.  Thus  a  numerically 
determined  path  integral  centroid  density  for  the  modified 
potential  becomes  much  closer  to  the  barrier  part  of  this  quantity 
as  identified  semiclassically.  The  modification  procedure  there¬ 
fore  results  in  an  improvement  in  the  estimation  of  the  reaction 
rate  using  PI-QTST  or  CV  theory  in  conjunction  with  numerical 
path  integral  methods.  This  approach  also  allows  for  the 
computational  benefits  of  PI-QTST  to  be  preserved  in  a 
straightforward  manner.  It  should  be  noted  that  aU  of  the  analysis 
presented  until  now  assumed  that  the  product  state  potential 
bottom  lies  lower  than  that  of  the  reactant'  state,  which 
corresponds  to  an  exothermic  reaction.  In  the  opposite  situation 
of  an  endothermic  reaction,  similar  analysis  and  conclusion  are 
possible  by  reversing  the  role  of  the  reactant  and  the  product 
states.  This  is  discussed  in  Appendix  D. 

V.  Concluding  Remarks 

The  PI-QTST  and  its  variants^^*^^’^^  were  tested  in  this  paper 
for  an  as)mimetric  Eckart  barrier  and  compared  with  other  recent 
QTSTs.'^^”'^^’^^  The  results  show  that  all  the  theories  overestimate 
the  reaction  rate  as  has  been  reported  before.^^’^^  The  CV 
theory^^  is  shown  to  be  better  than  the  other  approaches  in  the 
low  temperature  hmit.  On  the  other  hand,  the  CV  theory  is  worse 
than  the  semiclassical  bounce  theory. This  is  in  contrast 
to  the  case  of  symmetric  Eckart  barrier,  where  the  CV  theory 
gives  results  comparable  to  the  bounce  theory When  a  simple 
correction  method  is  employed  which  modifies  the  potential  such 
that  the  product  part  of  the  potential  never  lies  lower  than  the 
reactant  well  bottom  potential  energy,  both  PI-QTST  and  CV 
theory  again  are  seen  to  give  results  comparable  to  those  based 
on  the  bounce  theory. 

The  present  semiclassical  analysis  of  the  centroid  density  has 
provided  two  important  findings.  First,  if  only  the  barrier  part 
of  the  centroid  density  is  used,  which  is  possible  within  the 
semiclassical  approximation,  the  CV  theory  becomes  equivalent 
to  the  bounce  theory  in  the  low  temperature  limit.  Second,  the 
effect  of  the  simple  correction  mechanism  to  PI-QTST  and  CV 
theory  presented  in  section  m  can  be  understood.  The  correction 
does  not  change  the  barrier  part  of  the  centroid  density,  but  it 
reduces  the  spurious  product  contribution  to  the  centroid  density 
which  arises  in  numerical  path  integral  calculations.  In  this 
regard,  the  choice  of  Vr  as  the  cutoff  value  seems  to  be  the 
optimal  choice  because  it  is  the  value  that  makes  the  contribution 
from  the  product  part  minimal  without  affecting  the  barrier  part 
[cf.  eq  49  and  the  subsequent  discussion]. 

For  multidimensional  cases,  the  correction  method  and  the 
semiclassical  analysis  can  be  generalized  in  a  straightforward 
way  as  long  as  the  additional  nonreactive  degrees  of  freedom 
are  coupled  linearly.  If  there  is  nonlinear  coupling,  the  seraiclas- 
sical  analysis  becomes  more  complicated.  Although  the  cor¬ 
rection  method  of  section  III  may  become  less  straightforward 
in  this  case,  the  reaction  rate  calculated  by  such  a  method  is 
stiU  expected  to  be  much  closer  to  the  exact  one.  Further  analysis 
is  needed  and  this  will  be  the  topic  of  future  research.  From 
the  practical  perspective,  the  correction  method  of  section  HI 
seems  not  to  have  any  difficulty  associated  with  multidimen¬ 
sional  situations.  However,  only  applications  of  this  approach 
to  realistic  situations  can  shed  the  appropriate  light  on  this  issue. 
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Appendix  A 

Centroid  Constrained  Quadratic  Path  Integration.  In  the 

discretized  path  approximation,  eq  15  can  be  written  as 

/[x,,  Cl(x)]  «  /I  exp{jt(x,io  -  X,)}  x 
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There  are  P  —  1  eigenvalues  and  eigenvectors  which  satisfy 


^  k=l,  — ,  P  -  1 


'p~l 

along  with  the  normalization  condition 
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Then,  introducing  the  following  unitary  matrix, 

and  the  relevant  coordinate  transformation 


z  =  U^y 


Equation  Al  can  be  simplified  to 
I[x„  Cl(x)] 


(A4) 
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In  this  expression,  each  Ajt  and  ajc  depends  on  x  and  the  classical 
trajectory  Cl(x). 

By  completing  the  square  with  respect  to  each  Zk  in  the 
exponent  of  eq  A8,  one  can  reduce  the  discretized  path  integral 
into  independent  Gaussian  integrations.  However,  if  there  is  a 
negative  eigenvalue,  the  integration  over  the  unstable  mode 
diverges  and  the  centroid  constrained  path  integration  may  not 
be  defined.  In  this  case,  in  fact,  the  centroid  constraint  should 
be  imposed  before  integrating  over  the  unstable  mode.  With 
some  restrictions,  this  makes  the  originally  unstable  mode  stable 
and  a  convergent  expression  for  the  centroid  density  can  be 
obtained.  The  case  where  all  the  eigenvalues  are  positive  is 
treated  in  Appendix  B,  and  the  case  where  there  is  one  negative 
eigenvalue  is  considered  in  Appendix  C. 

Appendix  B 

All  Positive  Eigenvalues.  In  this  case,  the  integrations  over 
each  Zk  in  eq  A8  can  be  made  by  completing  the  squares.  The 
resulting  expression  contains  an  exponential  of  a  quadratic 
expression  in  terms  of  which  can  again  be  integrated  over, 
leading  to 
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The  exact  value  of  /[Xc,  Cl(x)]  is  obtained  in  the  limit  P  — ►  oo. 
In  this  limit,  according  the  theorem  of  Gel’fand  and  Ya- 
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lim  e  jq  Aj  =f(j3h) 


(B3) 


where  /(r)  is  the  homogeneous  solution  of  the  differential 
operator  of  eq  16 

dr' L(t, /)/(/)  =  0  (B4) 


satisfying  the  boundary  condition  ofj(0)  =  0  and/(0)  =  1.  On 
the  other  hand,  in  the  same  continuum  limit,  the  quantity  of  eq 
B2  becomes  the  following  integration  of  the  Green  function^”^’^^ 
defined  by  eq  17: 

y  =  ^yp  =  ^j;^"drj;^"dr'G(T,r')  (B5) 

which  is  positive  for  the  present  case.  Then,  the  exact  expression 
of  the  centroid  constrained  path  integral  of  eq  B 1  is  given  by 
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Appendix  C: 

One  Negative  Eigenvalue.  The  case  where  there  is  one 
negative  eigenvalue  and  all  other  eigenvalues  are  positive  is 
considered  here.  Let  the  negative  eigenvalue  be  Ai.  The  Gaussian 
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integrations  over  other  modes  with  positive  eigenvalues  can  be 
made  first  in  eq  A8.  The  resulting  expression  is 


leh 


(Cl) 


where 


P 


(C2) 


0  and  that  (ii)  y  <  0.  Note  that  f{ph)  is  negative  due  to  the 
condition  that  there  is  only  one  negative  eigenvalue  and  no  zero 
eigenvalue.  The  condition  of  (i)  implies  that  motion  along  the 
unstable  mode  should  accompany  a  change  in  the  centroid 
position. 

The  quantities  of  f(fih)  and  y  appearing  in  eq  C6  can  be 
expressed  in  terms  of  the  underlying  classical  trajectory.  First, 
fifih)  is  considered.  One  can  show  that  the  differential  operator 
of  eq  16,  along  the  given  classical  trajectory  Xc\(r),  has  Xci(r)  as 
its  homogeneous  solution,  although  this  may  not  satisfy  the 
given  boundary  condition.  In  terms  of  the  linear  combination 
of  this  solution  and  the  second  independent  solution  generated 
from  this,  one  can  construct  the  following  homogeneous 
solution 


In  eq  Cl,  the  integration  over  £  should  be  performed  first,  which 
is  equivalent  to  imposing  the  centroid  constraint  first.  The 
resulting  expression  is 
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M  =  xJ0)Xa(t)  fj  (C7) 

One  can  show  that  this  is  the  solution  of  the  differential  operator 
of  eq  16  satisfying  the  boundary  condition^ of/(0)  =  0 
and  j^O)  =  1.  Special  care  should  be  taken  in  performing  the 
integration  over  r'  in  eq  C7.  When  r  =  To  with  ±ci('^'o)  =  0,  the 
quantity  of  eq  C7  can  be  defined  as  the  limiting  situation.  When 
T  >  To,  the  integration  can  be  defined  only  on  a  contour  which 
goes  around  the  singularity  at  To  by  gaining  a  small  imaginary 
term.  Due  to  this  nature  of  the  integration  contour,  the  integral 
in  eq  C7  can  have  a  negative  value.  With  this  point  being 
clarified, 


where  it  has  been  assumed  that  ai  is  nonzero  and  yp  =  y'p  + 
(jShyai/(PXi)  is  the  same  quantity  previously  defined  by  eq  B2. 
Since  Ai  is  negative  and  y'p  defined  by  eq  C2  is  positive,  the 
integration  over  zi  in  eq  C3  can  be  performed  only  when  the 
following  condition  is  satisfied: 

Yp^O  (C4) 

Performing  integration  over  zi  in  eq  C3  assuming  the 
condition  of  eq  C4, 
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where  the  second  equality  is  the  special  case  (k  —  0)  of  the 
following  general  identity: 
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with  Tc\{E,  x)  =  ph  and  E  being  the  negative  of  the  classical 
energy  for  the  motion  on  the  inverted  potential  satisfying  the 
following  relation: 

'^xJxf-V{xJx))  =  -E  (CIO) 


where  the  quantity  within  the  square  root  of  the  preexponential 
factor  is  positive.  In  the  limit  P  oo,  as  is  the  case  of  Appendix 
B,  this  becomes 


/[x„  Cl(x)]  - 
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which  has  the  same  form  as  eq  B6  with  the  same  definitions  of 
fifih)  and  y  given  by  eqs  B3  and  B5.  The  difference  here  is 
that  both  f(fih)  and  y  are  negative. 

It  is  important  to  clarify  the  conditions  of  existence  of  eq  C6 
again.  The  derivation  of  eq  C3  required  that  both  y'p  and  ai  are 
nonzero.  In  fact,  as  long  as  ai  is  nonzero,  the  integration  over 
Zi  can  be  made  even  if  y'p  is  zero,  which  has  the  same  form  as 
eq  C5.  Therefore,  the  only  required  conditions  are  that  (i)  ai  ^ 


The  verification  of  eq  C9  can  be  made  through  a  change  of 
integration  variable  from  r  into  x  and  then  performing  a  partial 
integration.  Care  should  be  taken  in  taking  the  limit  such  that 
the  divergent  quantities  cancel  out. 

Second,  the  quantity  of  y  can  be  expressed  in  a  similar  way. 
For  this  purpose,  the  Green  function  defined  by  eq  17  should 
be  obtained  first.  Through  the  Wronski  construction, one 
can  show  that 
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where  t<  ==  min(r,  r')  and  r>  =  max(r,  r').  The  integration  of 


9538  /.  Phys.  Chem.  4  VoL  103,  No,  47,  1999 

this  Green  function  given  by  eq  Cll  over  r  and  r'  leads  to 
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Using  eq  C9  with  k~  1,2,  one  can  show  that  eq  C12  can  be 
written  as 
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Therefore,  y  defined  by  eq  B5  is  given  by 
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Appendix  D 


Case  of  an  Endothermic  Reaction.  In  this  case,  a  similar 
analysis  can  be  made  by  reversing  the  roles  of  the  reactant  and 
the  product  states  in  the  semiclassical  analysis  of  section  IV. 
Then,  in  the  strongly  endothermic  case,  the  following  situation 
can  occur: 


pc:r(^:)»p::b(^:)  (dd 

so  that  pfixD  Pc!b(*^D  according  to  eq  49.  That  is,  the 
mixing-in  of  the  reactant  part  and  the  barrier  part  of  the  centroid 
density  can  lower  the  effective  barrier,  which  can  result  in  the 
overestimation  of  the  reaction  rate  when  using  numerical  path 
integral  methods  to  calculate  the  overall  centroid  density  in  the 
barrier  region.  This  error  can  be  corrected  in  the  following  way. 
For  the  calculation  of  the  reactant  partition  function,  the  centroid 
potential  of  mean  force  for  the  original  potential  would  be  used. 
For  the  calculation  of  the  centroid  density  in  the  barrier  region, 
however,  the  simulation  would  be  performed  for  the  following 
modified  potential; 


V(x)  = 


V(xl  V(x)  >  Vp 

Up,  VW  <  Up 


(D2) 


where  Up  is  the  bottom  value  of  the  product  part  of  the  potential. 
The  PI-QTST  or  CV  theory  given  by  eq  5  can  then  be  applied 
using  the  reactant  partition  function  calculated  from  the  original 
potential  with  the  centroid  potential  of  mean  force  for  the  barrier 
contribution  to  the  formula  calculated  with  the  modified  potential 
of  eq  D2.  This  procedure  will  result  in  a  reaction  rate  which 
satisfies  detailed  balance  and  becomes  comparable  to  the 
semiclassical  results  in  the  low  temperature  limit. 
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We  present  a  study  of  the  classical  limit  of  nonradiative  electronic  relaxation  in  condensed  phase  systems. 
The  discrete  Hamiltonian  representing  an  impurity  in  a  condensed  phase  environment  is  mapped  onto  a 
continuous  form  using  the  Meyer-Miller  approach.  The  classical  electronic  relaxation  rate  is  obtained  within 
the  framework  of  the  reactive  flux  formalism  and  is  compared  to  the  fully  quantum  mechanical  result,  and  to 
a  mixed  quantum-classical  approximation.  Similar  to  the  case  of  vibrational  relaxation,  we  find  that  the 
fully  classical  treatment  is  closer  to  the  fully  quantum  mechanical  rate  than  the  mixed  quantum— classical 
treatment.  We  provide  a  time  domain  analysis  of  the  results. 


I.  Introduction 

Nonradiative  relaxation  in  condensed  phases  plays  an  im¬ 
portant  role  in  many  processes  of  scientific  and  technological 
interest,  including  the  operation  of  lasers  and  chemical  reactions 
in  solutions. Radiationless  decay  is  most  conveniently 
introduced  by  contrasting  it  to  radiative  relaxation,  where  the 
system  goes  from  the  excited  state  to  the  ground  state  by 
emitting  a  photon  of  the  same  energy  as  the  gap  between  the 
two  states  involved  in  the  transition.  In  radiationless  relaxation, 
the  excitation  energy  of  the  system  is  not  transferred  to  the 
electromagnetic  field,  but  instead  is  dissipated  into  other  forms 
of  motion,  such  as  heat.  Particular  examples  of  nonradiative 
decay  include  electronic  relaxation  of  ionic  impurity  centers  in 
solids,  vibrational  relaxation  of  molecules  in  crystals  and  in 
solutions,  intramolecular  vibrational  energy  redistribution  in 
large  polyatomic  molecules,  energy  transfer  processes,  etc.  It 
is  often  the  case  that  the  amount  of  energy  transferred  from  the 
impurity  to  the  host  exceeds  by  many  times  the  typical  energy 
associated  with  the  thermal  motion  of  the  solvent.  Clearly,  in 
contrast  to  radiative  decay,  many  quanta  of  bath  excitations  need 
to  be  created  in  this  process,  which  is  generally  referred  to  as 
multiphonon  relaxation  (MPR). 

Most  theoretical  treatments  of  MPR  are  based  on  the  time- 
dependent  perturbation  theory,  where  the  relaxation  rate  is 
expressed  in  terms  of  the  appropriate  time  correlation  function. 
A  fully  quantum  mechanical  evaluation  of  this  time  correlation 
function  is  a  daunting  task  that  is  achievable  only  for  highly 
simplified  models,  such  as  the  harmonic  bath  model.  The  latter 
model  would  be  appropriate  for  treating  radiationless  decay  in 
a  low-temperature  solid,  but  is  inadequate  for  problems  involv¬ 
ing  liquid  hosts."^"*^  Given  the  extreme  difficulty  of  calculating 
quantum  time  correlation  functions  in  liquids,  a  common 
approach  is  to  obtain  the  relaxation  rates  from  mixed  quantum- 
classical  simulations,  where  the  two  discrete  states  of  the 
impurity  are  treated  quantum  mechanically,  while  the  solvent 
degrees  of  freedom  are  treated  classically.^’^  In  our  recent 
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work,^’^®  we  have  highlighted  the  problems  associated  with  such 
mixed  treatment  by  considering  an  exactly  solvable  model 
Hamiltonian.  It  was  shown  that  for  large  energy  gaps  of  the 
impurity,  that  are  typical  for  the  electronic  energy  relaxation, 
the  rates  obtained  wiAin  the  mixed  quantum— classical  treatment 
can  differ  by  several  orders  of  magnitude  from  the  exact 
quantum  results.^’^® 

The  mixed  quantum— classical  approximation  was  also  dis¬ 
cussed  in  the  context  of  vibrational  energy  relaxation,^ and 
vibronic  absorption  spectra.  For  the  vibrational  energy 
relaxation  it  was  found  that  in  certain  cases  the  mixed  quantum- 
classical  approximation  can  underestimate  the  vibrational 
relaxation  rate  by  several  orders  of  magnitude. One  impor¬ 
tant  difference  between  the  treatments  of  electronic  and 
vibrational  energy  relaxation  processes  concerns  the  model 
Hamiltonian  for  the  solute  itself.  In  the  former  case,  due  to  the 
large  electronic  energy  gaps,  it  is  usually  sufficient  to  consider 
only  two  states  of  the  impurity  (ground  and  excited),  while  in 
the  latter  case  the  whole  vibrational  manifold  can  be  involved 
in  the  process.  It  is  straightforward  to  formulate  the  problem  of 
vibrational  energy  relaxation  fully  classically,  provided  one 
calculates  the  overall  energy  relaxation  rate  for  the  whole 
vibrational  manifold  of  the  solute,  rather  than  state-to-state 
transition  rates.  In  fact,  it  has  been  found  that  such  a  fully 
classical  treatment  provides  consistently  more  accurate  results 
for  overall  vibrational  relaxation  rates  compared  to  the  mixed 
quantum— classical  approach. 

In  view  of  the  above  finding,  we  became  interested  in 
performing  a  fully  classical  treatment  of  the  electronic  relaxation 
problem.  Since  a  typical  model  for  the  electronic  relaxation 
involves  two  discrete  solute  electronic  states  (with  two  distinct 
solvent  PES  associated  with  them),  it  is  more  difficult  to 
formulate  a  fully  classical  treatment  of  this  model  than  in  the 
vibrational  relaxation  case.  One  possibility  is  to  employ  the 
method  of  Meyer  and  Miller, which  provides  a  classical 
analogue  for  a  system  involving  discrete  quantum  states.  To 
study  the  classical  limit  of  the  nonradiative  electronic  relaxation 
we  will  treat  the  electronic  degrees  of  freedom  and  the  bath 
degrees  of  freedom  in  the  Meyer-Miller  Hamiltonian  classi¬ 
cally. 

The  most  convenient  way  to  obtain  the  rate  in  this  approach 
is  to  use  the  reactive-flux  method,^^"^^  which  was  generalized 
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to  the  quantum  mechanical  case  by  Miller,  Schwartz,  and 
Tromp.^^  This  approach  has  recently  been  applied  to  the 
unbiased  spin-boson  problem  by  Miller  and  co workers. As 
will  become  clear  in  the  next  Section,  our  Hamiltonian  is  more 
general,  but  the  model  we  employ  is  still  exactly  solvable 
quantum  mechanically  (within  the  lowest  order  perturbation 
theory),  which  will  allow  us  to  compare  the  fully  quantum  and 
fully  classical  results  for  the  electronic  relaxation  rates.  Since 
the  quantum  mechanical  rates  are  obtained  within  the  lowest 
order  perturbation  theory  while  the  fully  classical  rates  are 
obtained  from  the  non-perturbative  reactive  flux  approach,  we 
limit  the  magnitude  of  the  nonadiabatic  coupling  terms  to  the 
range  where  the  Fermi  golden  rule  is  valid. 

We  consider  two  routes  for  computing  the  classical  limit  of 
the  electronic  relaxation  rates.  In  both  cases  the  propagation  of 
all  degrees  of  freedom  is  done  classically.  The  two  classical 
limits  differ  with  respect  to  choice  of  the  mapping  of  the 
quantum  mechanical  operators  that  appear  in  the  reactive  flux 
formalism.  In  the  fully  classical  approximation  we  follow  the 
quasi-classical  mapping  and  sampling  of  initial  conditions, 
while  in  the  other  approach  we  perform  a  Wigner— WeyF^’^^ 
transform  of  the  relevant  operators.  In  semiclassical  language, 
the  latter  approach  is  often  referred  to  as  the  Wigner  phase  space 
method,^^  or  the  linearized  semiclassical  initial  value  representa- 
tion  (linearized  SC-IVR  or  LSC-IVR).^^ 

The  organization  of  the  paper  is  as  follows:  in  Section  II  we 
introduce  our  model  Hamiltonian  and  provide  a  summary  of 
the  quantum  mechanical  reactive  flux  method. In  Section  III 
we  describe  the  mapping  of  the  discrete  model  Hamiltonian  onto 
the  continuous  Meyer-Miller  form.^^’^”^  We  also  outline  the 
details  of  the  implementation  of  the  LSC-IVR  and  the  fully 
classical  approximation  to  the  reactive  flux  formalism.  The 
results  of  our  calculations  using  this  formalism  are  given  in 
Section  IV,  where  the  classical  electronic  relaxation  rates  are 
compared  with  the  exact  quantum  rates.  In  Section  V  we 
conclude. 

IL  Model  Hamiltonian  and  Nonradiative  Relaxation  Rate 

The  model  Hamiltonian  used  in  this  work  is  identical  to  the 
one  we  used  in  our  previous  study  of  mixed  quantum-classical 
approximations  to  nonadiabatic  electronic  relaxation.^  We 
consider  an  impurity  embedded  in  a  condensed  phase  environ¬ 
ment,  which  we  model  as  a  harmonic  bath.  The  impurity  has 
two  relevant  quantum  levels  which  we  label  as  |0)  and  |1)  for 
the  ground  and  excited  states  with  energies  £"0  and  £1, 
respectively.  The  most  convenient,  yet  completely  general,  form 
of  the  Hamiltonian  is  given  by^ 

H=(H^  +  A  +  £o)|OXO|  +  (Hb  +  £i)|l)<l|  +  VoilOXll  + 

V,ollXO|  (1) 

where  Hb  is  the  bath  Hamiltonian  which  we  take  to  be  a  sum 
over  harmonic  mass-weighted  normal  modes  Qa  with  frequen¬ 
cies  (Oa  and  conjugate  momenta  Pa- 

H,  =  1'Z(pI  +  ojIqI)  (2) 

z  a 

The  diagonal  coupling  term.  A,  is  taken  to  be  a  quadratic 
function  of  the  bath  degrees  of  freedom^®“^^ 

A  =  X"X!2a  +  ;X«>a^a  +  S^aa'eaGa'  (3) 

a  a  aa' 


This  form  of  diagonal  coupling  would  arise  when  the  two 
potential  energy  surfaces  corresponding  to  the  two  electronic 
states  can  be  described  by  two  multidimensional  harmonic 
surfaces  with  different  equilibrium  positions  and  different 
frequencies  with  the  additional  possibility  of  mode  mixing 
between  the  two  states.  It  reduces  to  the  form  used  by  Miller 
and  coworkers^'^’^^  when  A  is  taken  to  be  a  linear  function  of 
the  bath  modes  and  £o  is  taken  to  be  equal  to  £i.  The  procedure 
of  obtaining  the  coupling  constant  da  and  gaa'  was  described 
in  our  recent  work.^ 

For  simplicity  we  limit  the  discussion  here  to  the  static¬ 
coupling  (crude  Bom— Oppenheimer)  approach  in  which  the  off- 
diagonal  coupling  matrix  elements,  Voi  and  Vio,  are  taken  to  be 
real  constants,  i.e.,  they  are  independent  of  the  bath  degrees  of 
freedom,^  Vbi  —  Vio  =  Vc-  In  our  previous  work  we  have  also 
considered  a  more  general  form  of  the  off-diagonal  coupling 
matrix  elements.^ 

As  mentioned  in  the  Introduction,  we  obtain  the  nonradiative 
relaxation  rate  using  the  reactive  flux  formalism.  The 

quantum  mechanical  rate  is  given  in  terms  of  the  time  integral 
over  the  symmetrized  flux— flux  correlation  function^^ 

Vi-J-/o”dfCf(0  (4) 

where  is  the  partition  function  of  the  reactants,  and  the  flux- 

flux  correlation  function  is  given  by 

C^t)  =  TvF^Fit)  (5) 

In  the  above,  F^  is  the  Boltzmannized  flux  operator  0  =  l/ksT 
is  the  inverse  temperature) 

and  the  symmetrized  flux  operator,  £,  can  be  expressed  in  terms 
of  a  commutator  between  the  Hamiltonian  (£)  and  a  projection 
operator  on  the  products  (£o  =  |0)(0|)^^ 

F  -  1X01  -  Vo,  10X1 1)  (7) 

The  fully  quantum  mechanical  calculation  of  the  flux— flux 
time  correlation  function  is  not  feasible  for  most  many-body 
systems.  Recently,  Miller  and  coworkers^’^^’^^’^^  have  introduced 
a  semiclassical  method  based  on  a  linear  approximation  to  the 
Van  Vleck  propagator. In  the  following  section  we  will 
provide  a  brief  description  of  their  semiclassical  method  and 
make  the  connection  to  our  model. 

III.  The  Classical  Approximation 

A.  Meyer— Miller  Hamiltonian.  To  obtain  a  consistent 
classical  description  of  the  nonradiative  relaxation  rate  we  need 
to  represent  the  Hamiltonian  in  eq  1  with  a  set  of  continuous 
degrees  of  freedom.  One  convenient  approach  to  reduce  the 
discrete  representation  of  the  Hamiltonian  to  a  continuous  one 
is  based  on  the  early  work  of  Meyer  and  Miller  (sometimes 
referred  to  as  the  Meyer— Miller  Hamiltonian).^^  Recently,  Stock 
and  Thoss^^  have  shown  that  the  Meyer— Miller  Hamiltonian 
can  be  obtained  by  extending  the  formulation  due  to  Schwinger. 
In  their  derivation,  the  mapping  relation  between  the  basis  set 
and  the  harmonic  oscillator  creation  and  annihilation  operators. 
On  and  al,  with  commutation  relations  [a„,  al]  =  (5nm,  is  given 
by 
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\n){m\  —  ala,„  (8) 

Using  the  identity  |0)(0|  +  =  1  along  with  the  above 

specified  map  (cf.  eq  8),  the  Hamiltonian  in  the  continuous 
representation  reads 

H  =  £'o«o^o  E^a\a^  Ao^Uq  +  VQ^ala^  +  Vio^i^o 

(9) 

with  Hb  and  A  given  by  eqs  2  and  3,  respectively.  Introducing 
the  position 

9n  =  ;^(«I  +  ««) 

and  momentum 

Pn  = 

operators,  the  corresponding  Hamiltonian  takes  the  form 

H  =  +  ?"-!)-  +  ?o  -  1)  +  + 

^A(pI  +  ql-l)  +  icVoi  +  V,,)iq,q,  +  p^,)  (10) 


where  hcuei  =  Ei  —  Eq,  and  we  have  set  the  zero  of  energy  to 
be  halfway  between  the  two  states.  The  fully  quantum  mechan¬ 
ical  dynamics  generated  by  the  Hamiltonian  in  eq  10  is  exactly 
the  same  as  those  generated  by  the  Hamiltonian  in  eq  1.  The 
advantage  of  eq  10  is  that  it  can  be  used  as  a  starting  point  for 
a  rigorous  classical  as  well  as  semiclassical  approximations. 

B.  Classical  Nonradiative  Relaxation  Rate.  We  discuss  two 
classical  approximations  to  the  electronic  relaxation  rates.  The 
first  is  based  on  a  linearized  approximation  to  the  SC-IVR 
propagator^^”'^^  introduced  by  Miller  and  co workers  which 
is  referred  to  as  the  linearized  SC-IVR  approach  (LSC-IVR). 
In  many  ways  this  approach  is  identical  to  the  Wigner  phase 
space  method  due  to  Heller. It  is  not  a  pure  classical  limit  in 
the  sense  that  the  relevant  operators  are  replaced  with  the 
corresponding  Wigner— Weyl  transforms. However,  both  the 
electronic  and  the  bath  degrees  of  freedom  are  propagated 
classically  in  this  approach,  i.e.,  qn(t)y  Qa(t),  and  Pa(0 
are  classical  dynamic  variables.  The  LSC-IVR  flux— flux 
correlation  function  is  given  by^^ 


cm- 


(IjthY" 


J dqdpdQdPF„^(q,p,Q,P)F„(q(0,p(?))  dD 


where  q  and  p  label  the  electronic  phase  space  variables,  Q 
and  P  label  the  bath  phase  space  variables,  and  /  is  the  total 
number  of  degrees  of  freedom.  We  approximate  in  eq  6  by 
=  Fe~^^b  which  is  equivalent  to  neglecting  the  diagonal 
coupling  term,  A,  for  the  initial  distribution,^^  an  approximation 
not  always  justified.  The  Wigner— Weyl  form  of  is  then  given 

by 


F;(q,p,Q,P)  =  nq,p)p^(Q,P)  (12) 

where 

nq,p)  =  16V,(p,q,  -  (13) 


pr(Q.p) = 


n 


1 

cosh(/3fta)^/2) 


2  tanh(fihcoJ2) 

ho)^ 


(14) 


In  the  other  classical  approach,  the  Wigner— Weyl  form  of 
the  operators  is  replaced  with  the  purely  classical  form,  and 
the  quantum  mechanical  partition  function,  Zr,  needed  to  obtain 
the  electronic  relaxation  rate  is  also  replaced  with  its  classical 
counterpart.  The  flux— flux  correlation  function  is  obtained  in 
a  similar  way  to  the  LSC-IVR  with 


nq,p)  =  VM%-PoOi)  (15) 


and  is  replaced  by  the  classical  distribution  function,  i.e.,  by 
taking  the  limit  h  — 0  in  eq  14. 

One  technical  point  we  would  like  to  make  before  we  discuss 
the  results  is  related  to  the  sampling  of  the  initial  distribution 
of  the  electronic  degrees  of  freedom.  In  the  LSC-IVR,  the 
Wigner  form  of  the  Boltzmannized  flux  operator  suggests  a 
Gaussian  sampling  of  the  electronic  phase  space  variables, 
according  to  eq  13,  and  each  trajectory  carries  a  weight  of  piqo 
—  poqi.  On  the  other  hand,  the  classical  form  of  the  flux  operator 
is  given  only  in  terms  of  the  weight  piqo  —  poqi.  Thus,  in  the 
fully  classical  approach  we  adopt  the  quasiclassical  prescrip¬ 
tion,^^  where  the  population  of  the  two  states  (V„  =  (q^  +  Pn  ” 
l)/2)  is  sampled  randomly  in  the  interval  0—1  such  that  the 
total  population  is  unity,  and  the  conjugate  angle,  (pn  —  tan“L 
(pjqn),  is  sampled  randomly  between  the  interval  0— 2jr.  As 
before,  each  trajectory  carries  a  weight  of  piqo  —  poqi. 

IV.  Results 

To  demonstrate  the  limitations  of  the  classical  approximations 
we  consider  a  simple  model  studied  by  Stock  and  Thoss,^’^  which 
is  the  well  known  spin— boson  model"^  with  only  one  vibrational 
mode.  Specifically,  the  model  consists  of  two  coupled  electronic 
states  with  a  Hamiltonian  Hsh  =  {Q^  +  P^)/20  +  {q^  +  p\)/2  + 
(popi  +  Wi)/5  +  Q(ql  +  pI-  q]  -  /’^/40.  In  Figure  1  we 
show  the  time  dependence  of  the  ground  state  population.  The 
full-blown  SC-IVR  for  this  model  is  in  very  good  agreement 
with  the  fully  quantum  mechanical  result  (not  shown). It 
captures  both  the  period  of  the  oscillations  as  well  as  the 
dephasing  and  rephasing  of  the  ground  state  population.  The 
LSC-IVR  and  the  classical  approximation  are  in  good  agreement 
with  the  SC-IVR  for  short  times;  however,  they  fail  to  capture 
the  rephasing  of  the  ground  state  population.  The  LSC-IVR 
does  a  somewhat  better  job  compared  to  the  classical  ap¬ 
proximation.  We  note  that  in  the  classical  approximation  shown, 
we  have  used  a  Wigner  form  for  the  initial  distribution,  i.e., 
the  electronic  and  nuclear  degrees  of  freedom  were  sampled 
from  a  Wigner  distribution.  However,  the  Wigner— Weyl 
transform  of  the  population  operator  was  employed  only  for 
the  LSC-IVR  approach  and  not  for  the  classical  approximation. 
To  be  more  specific,  the  classical  ground  state  population  was 
given  by 


^classical  ~  Po  (^6) 

and  in  the  LSC-IVR  the  ground  state  population  was  given  by 


P 


LSC-IVR 


=  S{q\+pl-l/2)c 


and 


(17) 


9542  J.  Phys.  Chem.  A,  Vol  103,  No.  47,  1999 


Rabani  et  al. 


Figure  1.  Plot  of  the  time  dependence  of  the  ground  state  population 
for  a  spin— boson  model  with  only  one  vibrational  mode.  The  solid, 
dashed,  and  dashed-dotted  lines  are  the  SC-IVR,  LSC-IVR,  and  classical 
approximations,  respectively.  The  SC-IVR  is  in  very  good  agreement 
with  the  fully  quantum  mechanical  result  (not  shown). 

The  lesson  to  be  learned  from  the  above  model  is  that  the 
LSC-IVR  and  the  classical  approximation  are  reliable  only  for 
relatively  short  times,  and  they  fail  to  capture  the  rephasing 
phenomena.^^  Moreover,  the  Wigner— Weyl  transform  of  the 
relevant  operators  improves  the  agreement  at  long  times,  but  is 
still  not  sufficient  to  capture  the  full  SC-IVR  rephasing.  Thus, 
the  success  of  these  classical  approximations  in  condensed  phase 
systems  depends  mainly  on  the  time  scale  of  the  decay  of  the 
correlation  function  associated  with  the  relevant  observable.  In 
the  case  that  the  correlation  function  decays  on  a  short  time 
scale,  and  rephasing  is  not  important,  they  are  expected  to 
provide  reasonable  results  Such  a  situation  is  likely  to  occur 
in  condensed  phase  problems. 

In  view  of  the  above,  we  have  performed  a  test  of  the  classical 
and  LSC-IVR  approaches  for  a  non-trivial  many-body  problem 
defined  by  the  Hamiltonian  given  in  eq  10.  The  above  model 
is  completely  specified  by  the  two  spectral  densities— yo(ct>)  and 
corresponding  to  the  ground  and  excited  states  of  the 
impurity,  respectively.  The  procedure  for  obtaining  the  co¬ 
efficients  da  and  gaa'  in  eq  3  from  these  spectral  densities  is 
outlined  in  ref  9.  Since  we  are  primarily  interested  in  the 
electronic  nonradiative  relaxation  processes  characterized  by 
large  energy  gaps,  we  assume  that  the  dominant  contribution 
to  the  relaxation  rate  comes  from  the  high-frequency  optical 
phonons.  In  order  to  model  the  corresponding  spectral  density, 
we  have  chosen  a  Gaussian  form  centered  at  cOop  with  the  width 
parameter  a  and  the  normalization  constant 

X 

exp[-(ft>-<)W]  (18) 

where  the  labels  0  and  1  refer  to  the  ground  and  excited  state 
of  the  impurity,  respectively.  Since  optical  phonons  are  char¬ 
acterized  by  a  narrow  dispersion,  we  have  limited  ourselves  to 
the  case  1  (from  now  on  we  employ  atomic  units), 

which,  in  addition,  allows  us  to  avoid  the  nonphysical  contribu¬ 
tions  arising  from  the  tail  of  the  Gaussian  function  extending 
to  negative  frequencies.  Specifically,  we  have  chosen  the 
following  values  of  the  parameters:  a  =  0.1,  cu^p  =  1.1,  col^  = 
1.0,  Ao  =  0.05,  and  Ai  =  0.125.  With  the  above  spectral  densities, 


Figure  2.  Plots  of  the  flux— flux  correlation  function  for  the  LSC- 
IVR  (lower  panel)  and  the  classical  approximation  (upper  panel)  versus 
time.  Note  that  as  the  electronic  gap  increases,  the  flux— flux  correlation 
function  become  oscillatory,  reflecting  the  recrossing  of  the  dividing 
surface. 


Figure  3.  Semilog  plot  of  the  electronic  relaxation  rate  as  a  function 
of  the  reduced  electronic  gap.  The  fully  quantum  mechanical  (solid 
line)  and  the  mixed  quantum— classical  (dashed  line)  results  were 
obtained  using  the  Fermi  golden  rule.  The  LSC-IVR  (•)  and  the  fully 
classical  (*)  results  were  obtained  using  the  reactive  flux  formalism. 
The  LSC-IVR  provides  the  best  overall  agreement,  but  fails  to  reproduce 
the  oscillation  (see  the  inset). 

we  have  calculated  the  flux— flux  correlation  function  using  the 
LSC-IVR  method  and  the  classical  approach,  as  discussed  in 
the  previous  section.  The  results  of  our  calculations  are  shown 
in  Figure  2  for  three  values  of  the  dimensionless  electronic 
energy  gap  =  o}Q\/o)op.  One  sees  that  with  increasing  energy 
gap  the  flux— flux  correlation  function  in  both  methods  becomes 
more  oscillatory  and  is  therefore  likely  to  become  less  accurate. 
Note  also  that  for  a  given  energy  gap  the  oscillations  are  less 
pronounced  in  the  LSC-IVR  result  compared  to  the  fully 
classical  method. 

The  results  for  the  electronic  relaxation  rates  are  shown  in 
Figure  3  on  a  semilog  plot  versus  the  dimensionless  electronic 
energy  gap.  Also  shown  are  the  fully  quantum  mechanical  and 
mixed  quantum— classical  (the  so  called  dynamic  classical  limit 
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Figure  4.  Semilog  plot  of  the  time  dependence  of  the  excited  state 
population  iP\(t)  =  ^/2{q\  +  “  1))  for  the  classical  approximation. 

The  LSC-IVR  is  identical  to  the  classical  result  within  the  noise  level 
of  the  computation,  and  thus  is  not  shown. 

(DCL)  which  was  described  in  detail  in  ref  9)  results,  both 
obtained  within  the  low  order  perturbation  theory.^  One  sees 
that  for  small  electronic  energy  gaps  the  LSC-IVR  approach 
does  not  capture  the  oscillations  present  in  the  quantum  result, 
which  is  reminiscent  of  the  static  classical  method."^^  These 
oscillations  are  absent  even  when  the  Wigner— Weyl  transform 
of  the  flux  operator  is  used  (LSC-IVR).  Thus,  it  is  the  classical 
treatment  of  the  dynamics  of  the  electronic  degrees  of  freedom 
which  fails  to  reproduce  the  resonances. 

For  large  energy  gaps,  the  performance  of  the  classical 
methods  is  better  compared  to  the  mixed  quantum— classical 
approximation,  similar  to  the  situation  for  vibrational  energy 
relaxation. The  LSC-IVR  provides  the  best  overall  agreement 
among  the  approximations  considered  in  this  work.  We  would 
like  to  emphasize  that  going  from  the  classical  to  LSC-IVR 
treatment  involves  the  Wigner— Weyl  transform  not  only  of  the 
initial  distribution,  but  also  of  the  flux  operators,  and  the 
transformation  of  the  flux  operator  turns  out  to  be  important 
for  the  calculation  of  the  electronic  relaxation  rate. 

An  alternative  approach  to  obtain  the  electronic  relaxation 
rates  is  based  on  a  nonequilibrium  approach,  where  the  system 
is  initiated  in  the  excited  state,  and  the  rate  is  obtained  from 
the  long  time  decay  of  the  excited  state  population.  The  fully 
quantum  mechanical  rate  obtained  using  this  approach  should 
be  in  agreement  with  the  rate  obtained  via  the  fully  quantum 
mechanical  reactive  flux  formalism.  The  strength  of  the  reactive 
flux  approach  is  that  the  rate  is  obtained  from  relatively  short 
time  information,  while  the  approach  based  on  the  time 
dependent  population  requires  a  consideration  of  much  longer 
times.  As  we  have  shown,  the  classical  limit  of  the  reactive 
flux  approach  is  a  good  approximation  of  the  quantum  result. 
It  might  be  thought  that  one  could  equally  well  determine  the 
rate  by  using  the  Meyer— Miller  dynamics  to  generate  the  long 
time  decay  of  the  population.  Unfortunately,  this  is  not  the  case, 
as  is  illustrated  in  Figure  4,  where  we  show  a  semilog  plot  of 
the  classical  excited  state  population  for  an  inverse  temperature 
From  the  long  decay  of  the  excited  state  population  one 
would  determine  a  rate  constant  much  smaller  than  that  found 
from  the  reactive  flux  approach.  The  reason  for  this  is  that  the 
classical  approach  presented  in  this  work  was  derived  from  a 
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semiclassical  approximation,  which  is  known  to  deviate  from 
the  exact  quantum  dynamics  at  long  times. 

V.  Conclusions 

Motivated  by  recent  work  on  vibrational  energy  relaxation 
in  condensed  phases,  which  has  shown  that  a  fully  classical 
treatment  of  the  problem  is  superior  to  the  mixed  quantum- 
classical  approach,^ we  have  performed  a  fully  classical 
calculation  of  the  electronic  energy  relaxation  rates.  We  have 
employed  the  reactive  flux  formalism  combined  with  the  method 
of  mapping  of  discrete  quantum  degrees  of  freedom  onto  the 
classical  ones  proposed  two  decades  ago  by  Meyer  and  Miller^^ 
and  recently  modified  by  Stock  and  Thoss.^^  We  have  consid¬ 
ered  two  implementations  of  the  method:  a  fully  classical 
approximation  and  a  linearized  semiclassical  initial  value 
representation,  that  involves  a  Wigner— Weyl  transform  of  the 
initial  distribution  and  the  flux  operator. 

In  calculating  the  electronic  relaxation  rates  for  an  impurity 
coupled  to  a  condensed  phase  environment,  we  have  employed 
a  model  studied  previously  by  us,^  where  an  impurity  is 
represented  by  a  two-level  system,  and  all  the  nuclear  (bath) 
degrees  of  freedom  are  treated  in  the  harmonic  approximation. 
In  the  earlier  study  of  this  model,  we  have  treated  it  both 
quantum  mechanically  and  in  the  mixed  quantum— classical 
approximation.  The  results  of  the  present  work  have  demon¬ 
strated  that,  similarly  to  the  case  of  vibrational  relaxation,  a 
fully  classical  treatment  produces  better  agreement  with  the  fully 
quantum  mechanical  rates  than  the  mixed  quantum— classical 
approach.  Furthermore,  the  rates  obtained  within  LSC-IVR 
method  are  closer  to  the  exact  quantum  rates  than  the  fully 
classical  results.  However,  the  LSC-IVR  approach  requires 
performing  Wigner— Weyl  transformations  which  are  difficult 
to  obtain  for  a  general  system,  and  even  for  the  present 
application  several  approximation  were  introduced.  In  addition, 
both  classical  methods  performed  rather  poorly  for  small 
electronic  energy  gaps,  where  they  failed  to  reproduce  the 
resonances  present  in  the  exact  quantum  rates. 

In  more  general  terms,  one  can  mention  the  following  feature 
that  makes  a  fully  classical  approach  more  robust  compared  to 
the  mixed  quantum— classical  approximation.  Namely,  the  time 
propagation  of  the  classical  degrees  of  freedom  in  the  fully 
classical  approach  is  unique,  while  the  mixed  quantum— classical 
propagation  approach  suffers  from  nonuniqueness,^’^®  i.e.,  there 
is  freedom  in  the  choice  of  the  Hamiltonian  used  to  propagate 
the  classical  degrees  of  freedom  in  the  mixed  quantum  classical 
approach.  This  nonuniqueness  can  be  actually  turned  into  an 
advantage:  one  can  improve  the  results  of  mixed  quantum- 
classical  treatment  by  choosing  the  optimal  propagation  scheme. 
However,  the  criteria  for  choosing  the  optimal  propagation 
scheme  must  be  established  for  a  general  system  where  the  bath 
is  not  taken  in  the  harmonic  approximation. 

Both  the  classical  treatment  and  the  mixed  quantum  classical 
approximation  lend  themselves  to  a  systematic  improvement, 
that  would  involve  going  from  classical  to  a  full-blown 
semiclassical  approximation  for  the  degrees  of  freedom  that  were 
treated  classically.  It  seems  to  be  imperative  to  use  the  fully 
SC-IVR  in  order  to  reproduce  the  resonances  mentioned  earlier. 
However,  the  latter  approach  is  not  yet  practical  for  the  many- 
body  system,"^^’"^^ 

Finally,  we  can  draw  one  more  conclusion  from  the  present 
study,  namely,  that  it  is  always  advantageous  to  employ  the 
framework  where  the  required  time-correlation  functions  are 
characterized  by  a  fast  decay.  We  have  illustrated  this  point  by 
showing  that  the  classical  results  obtained  from  the  flux— flux 
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correlation  function  were  far  superior  to  those  obtained  from 
the  analysis  of  the  population  decay. 

Acknowledgment.  This  work  was  supported  by  a  grant  to 
BJ.B.  from  the  National  Science  Foundation. 

References  and  Notes 

(1)  Englman,  R.  Non-Radiative  Decay  of  Ions  and  Molecules  in  Solids; 
North  Holland:  Amsterdam,  The  Netherlands,  1979. 

(2)  Fong,  F.  K.,  Ed.  Radiationless  Processes  in  Molecules  and 
Condensed  Phases;  Springer:  Berlin,  1976. 

(3)  Lin,  S.  H.,  Ed.;  Radiationless  Transitions;  Academic:  New  York, 
1980. 

(4)  Neria,  E.;  Nitzan,  A.  J.  Chem.  Phys.  1993,  99,  1109. 

(5)  Staib,  A.;  Borgis,  D.  J.  Chem.  Phys.  1995,  103,  2642. 

(6)  Prezhdo,  O.  V.;  Rossky,  P.  J.  J.  Phys.  Chem.  1996,  100,  17094. 

(7)  Tully,  J.  C.  J.  Chem.  Phys.  1990,  9J,  1061. 

(8)  Webster,  F.  J.;  Schnitker,  J.;  Friedrichs,  M.  S.;  Friesner,  R.  A.; 
Rossky,  P.  J.  Phys.  Rev.  Lett.  1991,  66,  3172. 

(9)  Egorov,  S.  A.;  Rabani,  E.;  Berne,  B.  J.  /  Chem.  Phys.  1999,  110, 
5238. 

(10)  Egorov,  S.  A.;  Rabani,  E.;  Berne,  B.  J.  Submitted  to  J.  Phys.  Chem., 
1999. 

(11)  Bader,  J.  S.;  Berne,  B.  J.  J.  Chem.  Phys.  1994,  100,  8359. 

(12)  Egorov,  S.  A.;  Berne,  B.  J.  J.  Chem.  Phys.  1997,  107,  6050. 

(13)  Egorov,  S.  A.;  Rabani,  E.;  Berne,  B.  J.  J.  Chem.  Phys.  1998, 108, 
1407. 

(14)  Rabani,  E.;  Egorov,  S.  A.;  Berne,  B.  J.  /.  Chem.  Phys.  1998, 109, 
6376. 

(15)  Meyer,  H.  D.;  Miller,  W.  H.  J.  Chem.  Phys.  1979,  70,  3214. 

(16)  Sun,  X.;  Miller,  W.  H.  J.  Chem.  Phys.  1997,  106,  6346. 

(17)  Stock,  G.;  Thoss,  M.  Phys.  Rev.  Lett.  1997,  78,  578. 

(18)  Anderson,  J.  B.  J.  Chem.  Phys.  1973,  58,  4684. 

(19)  Bennett,  C.  H.  Molecular  Dynamics  and  Transition  State  Theory: 
The  Simulation  of  Infrequent  Events.  In  Algorithms  for  Chemical  Computa¬ 
tions;  Christofferson,  R.  E.,  Ed.;  American  Chemical  Society:  Washington, 
DC,  1977. 


(20)  Chandler,  D.  J.  Chem.  Phys.  1978,  68,  2959. 

(21)  Montgomery,  J.  A.,  Jr.;  Chandler,  D.;  Berne,  B.J.J.  Chem.  Phys. 
1979,  70,  4056. 

(22)  Berne,  B.  J.  Molecular  Dynamics  and  Monte  Carlo  Simulation  of 
Rare  Events.  In  Multiple  Time  Scales;  Brackbill,  J.  U.,  Cohen,  B.  L,  Eds.; 
Academic  Press:  New  York,  1985. 

(23)  Miller,  W.  H.;  Schwartz,  S.  D.;  Tromp,  J.  W.  J.  Chem.  Phys.  1983, 
79,  4889. 

(24)  Sun,  X.;  Wang,  H.  B.;  Miller,  W.  H.  J.  Chem.  Phys.  1998,  109, 
7064. 

(25)  Wang,  H.;  Song,  X.  Y.;  Chandler,  D.;  Miller,  W.  H.  J.  Chem.  Phys. 
1999,  no,  4828. 

(26)  Weyl,  H.  Z.  Phys.  1927,  46,  1. 

(27)  Wigner,  E.  Phys.  Rev.  1932,  40,  749. 

(28)  Heller,  E.  J.  J.  Chem.  Phys.  1976,  65,  1289. 

(29)  Wang,  H.;  Sun,  X.;  Miller,  W.  H.  J.  Chem.  Phys.  1998, 108,  9726. 

(30)  Weissman,  Y.;  Nitzan,  A.;  Jortner,  J.  Chem.  Phys.  1977,  26,  413. 

(31)  Tang,  J.  Chem.  Phys.  1994,  188,  143. 

(32)  Tang,  J.  Chem.  Phys.  Lett.  1994,  227,  170. 

(33)  Sun,  X.;  Wang,  H.  B.;  Miller,  W.  H.  J.  Chem.  Phys.  1998,  109, 
4190. 

(34)  Van  Vleck,  J.  H.  Proc.  Natl.  Acad.  Sci.  U.S.A.  1928,  14,  178. 

(35)  Gutzwiller,  M.  C.  J.  Math.  Phys.  1967,  8,  1979. 

(36)  Miller,  W.  H.  J.  Chem.  Phys.  1970,  53,  3578. 

(37)  Miller,  W.  H.  J.  Chem.  Phys.  1991,  95,  9428. 

(38)  Herman,  M.  F.;  Kluk,  E.  Chem.  Phys.  1984,  91,  27. 

(39)  Heller,  E.  J.  Phys.  Rev.  Lett.  1991,  67,  664. 

(40)  Heller,  E.  J.  J.  Chem.  Phys.  1991,  94,  2723. 

(41)  Kay,  K.  G.  J.  Chem.  Phys.  1994,  100,  4377. 

(42)  Kay,  K.  G.  J.  Chem.  Phys.  1994,  100,  4432. 

(43)  Provost,  D.;  Brumer,  P.  Phys.  Rev.  Lett,  1995,  74,  250. 

(44)  Leggett,  A.  J.;  Chakravarty,  S.;  Dorsey,  A.  T.;  Fisher,  M.;  Garg, 
A.;  Zwerger,  W.  Rev.  Mod.  Phys,  1987,  59,  1. 

(45)  Lax,  M.  J.  Chem.  Phys.  1952,  20,  1752. 

(46)  Makri,  N.;  Thompson,  K.  Chem.  Phys.  Lett.  1998,  291,  101. 

(47)  Thompson,  K.;  Makri,  N.  J.  Chem.  Phys.  1999,  110,  1343. 


J.  Phys.  Chem.  A  1999, 103,  9545-9551 


9545 


Toward  an  ab  Initio  Treatment  of  the  Time-Dependent  Schrddinger  Equation  of  Molecular 
Systems 


Yngve  Ohrn*  and  Erik  Deumens 

Quantum  Theory  Project,  Departments  of  Chemistry  and  Physics,  University  of  Florida, 
Gainesville,  Florida  3261F8435 

Received:  July  15,  1999;  In  Final  Form:  August  27,  1999 


The  time-dependent  variational  principle  (TDVP)  is  employed  to  produce  equations  of  motion  that  approximate 
the  time-dependent  Schrodinger  equation.  Choices  of  wave  function  and  basis  sets  are  discussed.  The  use  of 
electron  translation  factors  and  the  electronic  and  nuclear  parts  of  the  molecular  wavefunction  are  put  in  the 
context  of  the  electron  nuclear  dynamics  (END)  theory.  The  role  of  wave  function  parameters  as  dynamical 
variables  is  discussed,  and  the  use  of  coherent  state  parametrization  is  explored. 


1.  Introduction 

Application  of  the  time-dependent  Schrodinger  equation  as 
is  done  for  instance  in  the  theory  of  molecular  reaction  dynamics 
has  traditionally  sought  a  description  of  molecular  events  in 
terms  of  a  basis  of  stationary  molecular  electronic  states  and 
their  associated  potential  energy  surfaces.  This  approach  often 
leads  to  attractive  pictures  and  seeks  an  understanding  of 
microscopic  processes  in  terms  of  the  properties  of  potential 
energy  surfaces.  Such  descriptions  of  e.g.  elementary  chemical 
reactions  in  terms  of  preconstructed  potential  energy  surfaces 
are  omnipresent  in  molecular  reaction  dynamics.  An  example 
is  the  popular  and  widely  applied  transition  state  theory.  In 
general,  when  one  or  more  potential  energy  surfaces  of 
acceptable  accuracy  together  with  the  nonadiabatic  coupling 
terms  are  known,  the  nuclear  dynamics  can  be  done  classically, 
semiclassically,  or  quantum  mechanically. 

In  spite  of  the  many  successes,  this  approach  is  undoubtedly 
being  hindered  by  the  lack  of  generally  available  accurate 
potential  energy  surfaces  and  the  associated  nonadiabatic 
coupling  terms.  Ab  initio  electronic  structure  theory,  which 
generates  the  “best”  potential  energy  surfaces,  solves  the 
electronic  Schrodinger  equation  for  stationary  nuclei  in  a  large 
number  of  discrete  points  and  can  similarly  generate  nonadia¬ 
batic  coupling  terms.  Application  of  this  data  in  molecular 
reaction  dynamics  requires  some  interpolation  (often  in  many 
dimensions),  a  far  from  trivial  task,  when  accurate  energy  values 
and  gradients  are  required.  The  difficulties  in  generating  full, 
accurate,  ab  initio,  potential  energy  surfaces  for  general  poly¬ 
atomic  systems  have  caused  many  dynamics  treatments  to  rely 
on  semiempirical  surfaces,  such  as  those  obtained  via  the  method 
of  diatomics  in  molecules  (DIM). 

In  recent  years,  a  new  set  of  dynamics  methods  have  appeared 
that  proceed  without  precalculated  potential  energy  surfaces. 
These  methods  use  one  of  three  approaches:  (1)  the  potential 
energy  surface  and  its  gradient  is  calculated  on  demand  using 
conventional  electronic  structure  methods  such  as  self-consistent 
field  (SCF)  or  Kohn— Sham  density  functional  theory  (DFT); 
or  (2)  a  dynamical  system  in  parallel  with  the  nuclear  dynamics 
is  set  up  for  artificial  electronic  degrees  of  freedom  such  that 
the  parallel  dynamics  produces  the  state  and  gradient  that  is 
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the  same  as  or  close  to  what  the  electronic  structure  methods 
would  produce  for  the  same  geometry;  or  (3)  a  coupled 
dynamical  system  involving  both  the  nuclear  and  the  physical 
electronic  degrees  of  freedom  is  constructed  and  solved.  The 
first  approach  is  now  available  in  almost  all  electronic  structure 
software.  The  method  of  Car  and  Parinello^  is  an  implementation 
of  the  second  approach  and  has  received  some  notoriety  in  the 
current  literature.  The  electron— nuclear  dynamics  (END)  theory, 
which  is  discussed  here,  follows  the  third  approach.  END  uses 
a  basis  different  from  that  of  stationary  electronic  states  for 
solution  of  the  dynamical  equations  but  routinely  employs 
stationary  electronic  states  in  the  analysis  of  the  evolving  state. 
Even  the  END  dynamics  often  follows  closely  one  potential 
energy  surface.  This  is  particularly  true  at  very  low  collision 
energies  and  for  part  of  the  dynamics  where  the  stationary 
electronic  states  are  well  separated.  In  this  way,  END  provides 
support  for  using  the  Bom— Oppenheimer  approximation  in  such 
processes.  When  admixtures  of  other  states  are  required,  the 
END  automatically  provides  the  correct  couplings  through  the 
dynamical  equations. 

END  is  a  general  approach  to  find  approximate  solutions  to 
the  time-dependent  Schrodinger  equation.  It  has  been  described 
in  the  literature  in  considerable  detail.^’^  The  END  theory  offers 
a  hierarchy  or  natural  progression  of  approximations  from  the 
simplest  model  of  classical  nuclei  and  a  single  determinantal 
representation  of  the  electrons  all  the  way  to  a  full  multicon- 
figurational  quantum  description  of  both  electrons  and  nuclei. 

Applications  of  the  basic  END  approach  have  been  made  to 
a  number  of  ion— atom  and  ion— molecule  reactive  collisions 
of  small  species  in  order  to  test  the  sensitivity  to  the  choice  of 
basis  set  and  the  overall  performance  in  order  to  reach  predictive 
accuracy.  Proton  collisions  with  atoms  of  hydrogen,  helium, 
and  oxygen, and  a  particles  with  Ne  atoms, ^  at  energies 
ranging  from  a  fraction  of  an  eV  to  tens  of  keV  (depending  on 
the  system)  have  been  studied  with  calculated  transition 
probabilities  and  cross  sections  for  electron  transfer  and  excita¬ 
tion  in  agreement  with  experimental  results. 

Ion— molecule  reactive  collisions  have  been  studied  with 
equally  promising  results.  This  includes  proton  collisions  with 
H2  molecules"^’^  at  energies  that  involve  product  channels  of 
electron  transfer  and  vibrational  excitation,  as  well  as  total 
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breakup,  with  water  molecules^  and  with  methane  molecules.^® 
Also,  H2'*'  collisions  with  hydrogen  molecules  have  been 
studied. 

Model  systems  exhibiting  intramolecular  electron  transfer 
have  been  treated  within  the  simplest  END  approach with 
promising  results.  Also,  the  relationship  between  vibrational 
modes  of  positively  charged  polyacetylene  oligomers  and  soliton 
dynamics  of  poly  acetylene  chains  has  been  studied. 

2.  Electron— Nuclear  Dynamics  Theory 

The  ideas  behind  electron— nuclear  dynamics  (END)  are 
straightforward.  The  theory  is  discussed  in  great  detail  else¬ 
where.^^  However,  the  details  of  the  discussion  so  far  have  been 
limited  to  the  simplest  model,  which  describes  the  electrons  by 
a  coherent  state  family  of  determinantal  wave  functions  and 
uses  classical  nuclei.  Therefore,  there  is  room  for  an  explanation 
of  the  generality  of  the  END  theory  attempted  here. 

Both  the  power  and  the  limitation  of  END  lie  in  the  choice 
of  the  family  of  wave  functions  employed  in  the  time-dependent 
variational  principle  (TDVP).^"^  The  correct  choice  permits  the 
selection  and  emphasis  of  the  important  degrees  of  freedom  for 
a  given  process,  but  any  choice,  of  course,  limits  what  can  be 
achieved  to  that  space  of  wave  functions.  Too  much  detail,  e.g. 
a  full  representation  on  a  grid,  may  lead  to  intractable  computa¬ 
tions,  while  too  restrictive  a  choice,  say  classical  nuclei,  prohibits 
the  description  of  some  important  aspects  of  the  dynamics,  such 
as  multichannel  dynamical  branching.  The  flexibility  of  the  END 
theory  permits  a  balanced  choice  to  be  made  for  each  problem 
studied. 

The  END  for  general  reactions  using  a  full  quantum  descrip¬ 
tion  is  given  in  this  section  in  a  form  that  permits  the 
identification  of  the  more  approximate  implementation  presented 
before  as  a  special  case. 

Two  rather  basic  observations  for  the  choice  of  families  of 
variational  wave  functions  can  be  made  based  on  experience: 
(1)  The  electronic  wave  function  of  a  molecular  system  is 
approximated  remarkably  well  by  a  single  determinantal  wave 
function,  but  the  flexibility  to  use  multiple  configurations  is 
essential.  (2)  The  nuclei  behave  quite  classically  in  many 
respects;  however,  for  multichannel  processes  the  molecular 
wave  function  must  be  capable  of  splitting  into  multiple  packets 
in  accordance  with  the  superposition  principle. 

Our  experience  has  shown  that  nonlinear  families  of  wave 
functions,  rather  than  those  formed  by  linear  superposition,  often 
provide  accurate  results  with  greater  efficiency  versus  effort. 
Although  identical  nuclei  should  be  given  wave  functions  of 
correct  permutational  symmetry,  the  discussion  below  will  not 
treat  the  symmetry  of  the  nuclei.  Our  own  experience  is  that 
the  numerical  effects  of  nuclear  permutation  symmetry  are  often 
negligible  and  the  notation  becomes  unduly  cluttered.  The 
expressions  are  easily  adapted  for  such  symmetry,  when  needed. 

For  a  didactic  presentation  of  a  general  framework  for 
simultaneous  dynamics  of  electrons  and  nuclei,  the  coordinates 
and  the  basis  functions  of  choice  could  be  different  from  those 
commonly  used  in  other  approaches.  This  does  not  mean  that 
the  particular  choice  used  here  is  believed  to  perform  better  or 
worse  in  numerical  computations,  but  rather  that  it  clarifies  the 
similarity  and  differences  between  nuclear  and  electronic  degrees 
of  freedom. 

The  symbol  W  is  used  for  molecular  wave  functions,  ^  for. 
electronic  wave  functions,  S  for  nuclear  wave  functions.  A 


molecular  wave  function  is  given  in  terms  of  the  Bom— Huang^^ 
expansion 

^fiX,x,cld,e,z,R,P)  =  Y,c^SMd,R,P)  (1) 

n 

where  the  various  parameters  are  time-dependent  and  explained 
below. 

Nuclear  Wave  Function.  Each  nuclear  wave  function  in  the 
above  expansion  represents  all  nuclei  in  the  system  and  is  a 
sum 

A^at 

E„iXMR,P)  =  llxm(^,d,\p,)  (2) 

(Jt)  l=l 

of  products  of  orbitals 

Xi(Xd,R,P)  =  exp[-a,.(Z  -  Rf  -  iP-X]  (3) 

j 

centered  on  average  locations  R  with  average  momenta  P.  The 
index  (jt)  stands  for  the  set  of  indices  Jti,  I  =  1, N^t  with  Aat 
the  number  of  atomic  nuclei.  This  sum  describes  the  correlation 
between  the  nuclei. 

It  is  well-known  that  the  major  part  of  this  correlation  for 
any  bound  subsystem  is  described  by  vibrational  eigenstates  of 
normal-mode  coordinates.  For  example,  for  a  diatomic  molecule 
in  the  vibrational  groundstate  with  a  sharp  localization  in 
orientation  (0,  q)),  the  wave  function  has  the  form 

exp[-a(X,„  -  -  DfW,  <P)  = 

exp[-a(X,„  -  O"  -  -  5)^]  =  exp[-y(Xi  -  R.f  - 

y(%  -  ly  -  d{X,  -  \y(X^  -  \)]  = 

exp[-y(li  -  :Ri)"]  exp[-7(Z2  -  -  R^)' 

n 

i%-\)r/nl  (4) 

where  in  the  second  step  the  angular  localization  is  given  a 
Gaussian  form,  and  where 

y  =  a/4  +  )S,  d  =  aJ2-/3 

C  =  (^1  +  \)/2,  (5) 

This  shows  the  sum  in  terms  of  products  of  orbitals  for  nuclei. 
The  correlation  can  be  seen  to  need  basis  functions  with  high 
angular  momentum  components  k,  m,  and  n  for  eq  3  to  converge. 

Quantum  mechanical  treatments  of  nuclear  dynamics  on 
molecular  potential  energy  surfaces  often  employ  basis  functions 
in  internal  coordinates  that  are  carefully  chosen  to  be  close, 
but  not  identical,  to  normal  modes  so  as  to  accelerate  conver¬ 
gence.  For  example,  the  discrete  variable  representation  (DVR) 
method  typically  selects  from  6  to  12  discretization  points  in 
angular  variables,  which  corresponds  to  a  polynomial  fit  of  the 
same  order.  This  would  in  the  above  expansion  correspond  to 
basis  functions  with  k  m  n  ranging  from  6  to  12  or  more, 
because  the  generic  basis  functions  (eq  3)  are  not  as  optimal  as 
is  customary  with  internal  variables  for  quantum  molecular 
dynamics. 

Electronic  Wave  Function.  Each  electronic  wave  function 
in  the  expansion  (1)  may  be  represented  as  a  sum  of  determi¬ 
nants 

^„{x,e,z,R,P)  =  det[(p„(^)(x^,z,«,P)]  (6) 

w 
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built  of  orbitals 

cp^{x,zM  =  cxp[-a(x  -  Rf]  (7) 

P 

centered  on  average  nuclear  positions  R  moving  with  the  same 
average  velocity  P/M  as  the  nuclei.  The  symbol  {jt)  is  a 
configuration  label  and  runs  over  the  list  of  configurations.  The 
sum  describes  the  correlation  between  electrons. 

It  is  well-known  that  the  best  single  determinant,  constructed 
with  the  self-consistent  field  (SCF)  method,  provides  a  reason¬ 
able  description  for  most  systems.  For  computational  efficiency 
we  choose  Gaussian  type  orbitals,  but  obviously  it  is  possible 
to  use  other  types  of  orbitals,  even  numerical  representations 
on  a  grid,  if  that  is  needed  and  judged  to  be  computationally 
feasible  for  the  problem  under  consideration.  It  is  not  unusual 
in  correlated  electronic  structure  theory  to  use  angular  momen¬ 
tum  basis  functions  through  f  and  g  types  or  higher  and  to  use 
basis  sets  of  so-called  double-zeta,  triple-zeta,  or  even  better 
quality.  The  questions  of  the  quality  of  basis  set  needed  for 
END  applications  to  reach  converged  results  are  largely  still 
unanswered,  but  initial  studies  on  systems  with  first-row 
elements  seem  to  indicate  that  converged  results  are  obtained 
with  quite  limited  basis  sets.  Further  studies  are  needed  of  the 
behavior  of  the  calculated  results  as  functions  of  increasing 
electronic  basis. 

Molecular  Wave  Function,  In  some  general  approach  to 
determine  a  total  molecular  wave  function,  the  coefficients  d 
and  c  of  the  nuclear  wave  function  could  be  determined  to  a 
good  approximation,  for  instance,  by  finding  the  eigenstates  in 
nuclear  normal  coordinates,  while  the  coefficients  e  and  z  of 
the  electronic  wave  function  could  be  obtained  by  SCF  plus 
any  one  of  a  number  of  well-proven  correlated  electronic 
structure  methods.  It  must  be  emphasized  that  this  is  not  what 
END  does,  as  elaborated  below. 

The  sum  in  the  wave  function  equation  (1)  describes  the 
correlation  between  the  electrons  and  the  nuclei.  It  is  well-known 
that  the  Bom-Oppenheimer  (BO)  approximation  provides  an 
excellent  first  term  in  the  sum.  In  that  case  the  electronic  wave 
function  is  the  eigenfunction  with  eigenvalue  F(X)  of  the 
electronic  problem  with  the  nuclei  frozen  at  the  geometry  X. 
And  the  nuclear  wave  function  is  the  vibrational— rotational 
eigenfunction  of  the  nuclei  moving  on  the  molecular  potential 
surface  V(X).  Because  of  the  overwhelming  success  of  the  BO 
approximation,  most  approaches  to  molecular  dynamics  include 
the  construction  of  the  potential  energy  surface  to  some 
acceptable  level  of  accuracy. 

Because  it  is  technically  not  (yet)  feasible  to  express  the 
matrix  elements  of  the  nuclear  Hamiltonian  in  the  BO  ap¬ 
proximation  directly  in  terms  of  the  nuclear  basis  functions  (eq 
3)  and  the  electronic  basis  functions  (eq  7),  all  molecular 
dynamics  methods  proceed  through  fitting  some  analytic  func¬ 
tion  to  the  potential  energy  surface.  This  is  already  starting  to 
change,  as  shown  by  the  popularity  of  gradient-driven  molecular 
dynamics  and  Car— Parinello-like  methods.  These  methods 
employ  classical  (Newtonian)  dynamics  of  the  nuclei  but  use 
gradients  supplied  directly  by  electronic  structure  methods  rather 
than  from  analytic  fitted  forms  as  was  still  the  norm  only  a 
decade  ago. 

Instead  of  the  classical  Bom— Oppenheimer  or  adiabatic  form 
of  the  wave  function 

WiX,xld,e,z,R,P)  =  EiXld,R,  P)  ^(x,e,z,X)  (8) 

where  the  electronic  wave  function  depends  parametrically  on 


the  nuclear  dynamical  variables  X,  END  considers  a  sum  (eq 
1)  of  less  tightly  coupled  products  of  nuclear  and  electronic 
wave  functions  where  the  BO  approximation  and  potential 
energy  surface  are  only  defined  for  the  average  nuclear  positions 
R  and  momenta  P.  This  series  bears  some  resemblance  to  the 
diabatic  form  of  the  Bom— Huang  expansion,  which  is  known 
to  be  formally  equivalent  to  the  adiabatic  or  BO  form  and  to 
be  more  rapidly  converging  near  avoided  crossings  of  surfaces. 

Electron-Nuclear  Dynamics.  Because  the  goal  is  to  study 
dynamics  in  a  time-dependent  method,  it  is  not  necessary  to 
require  the  convergence  of  both  the  electronic  and  the  nuclear 
wave  functions  in  each  molecular  term  separately.  Rather,  it  is 
sufficient  to  consider  convergence  for  the  electron  nuclear 
dynamics  of  the  molecular  system  with  a  wave  function 
expressed  directly  as  a  sum  of  basic  configurations 

W(X,z,c,d,z,R,P)  =  X 

(;r)  1=1  ^ 

det[(p^^f,^(Xg,z,R,h]  (9) 

where  the  symbol  (pt)  now  mns  over  all  combined  electron- 
nuclear  configurations. 

The  coefficients  c  now  describe  the  correlation  among 
electrons  (MCSCF),  among  the  nuclei  (normal-mode  states), 
and  between  electrons  and  nuclei  (Bom-Oppenheimer  states) 
and  become  (time-dependent)  dynamical  variables.  Note  that 
the  entire  wave  function  depends  parametrically  on  the  average 
nuclear  positions  R  and  momenta  P.  When  the  basis  is  complete, 
this  is  largely  irrelevant  as  the  average  values  can  be  computed 
from  the  wave  function.  It  is  a  well-known  technique  for 
accelerating  convergence  of  numerical  solutions  of  differential 
equations,  to  make  the  basis-function  placement  part  of  the 
solution  method.  Examples  are  found  in  the  placing  of  the 
electronic  basis  functions  on  the  nuclear  centers  in  electronic 
stmcture,  or  using  carefully  chosen  internal  coordinates  in 
quantum  molecular  dynamics,  or  employing  adaptive  grid 
methods  in  fluid  dynamics.  By  making  the  parameters  R  and  P 
dynamical  variables,  the  basis  functions  are  made  to  follow  the 
flow  of  the  dynamics  such  that  accurate  solutions  can  be 
constructed  with  a  more  limited  basis  set. 

Analogous  to  the  classical  mechanics,  there  is  a  quantum 
mechanical  “Hamilton’s  principle”  or  time-dependent  variational 
principle  (TDVP).  The  quantum  mechanical  action^"^  is  defined 
to  be 


A=  f'"LC¥*,W)dt  (10) 


where  the  quantum  mechanical  Lagrangian  is 


L('P*,'P)  =  W 


h 

\ 

St 

(11) 


and  H  is  the  quantum  mechanical  Hamiltonian  of  the  system. 
The  many-body  wave  function  W  is  subject  to  the  boundary 
conditions 


(5|>F)  =  (5(W|  =0  (12) 

ait  ~  h  and  t2.  TDVP  yields  the  time-dependent  Schrodinger 
equation  if  W  is  varied  in  the  full  Hilbert  space.  If,  however, 
the  variations  are  restricted  to  a  predetermined  region  of  Hilbert 
space,  as  it  would  be  for  a  W  chosen  to  be  of  a  specific  form, 
then  the  Lagrangian  will  generate  an  approximate  time  evolution. 
The  notation  W  =  ^(f)  =  |t)  is  introduced,  with  ^  =  {^i,  ^2, 
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Ohm  and  Deumens 


5m}  being  a  (column)  array  of  complex  parameters  5a  = 
5a(0  depending  on  the  time  parameter  t. 

The  variation  principle  states  that 

dA  =  df‘^Ldt  =  0  (13) 


and  using  integration  by  parts  and  the  boundary  conditions  (12), 
the  surviving  terms  of  6L  can  be  written  as 


(m 


—  i- 


m) 


<m+ 


mo+ 


complex  conjugate  (14) 


where  the  notation  d5/dr  =  5  is  used. 

In  order  to  obtain  the  dynamical  equations,  the  notations  5(5*, 
D  =  (SIC)  and  £(5*,  5)  =  (SI^S)/(S/S)  are  introduced,  which 
lead  to 


with  some  appropriate  positive  measure  d5  defined  on  the 
parameter  space. 

The  importance  of  this  type  of  parametrization  and  an 
important  consequence  of  the  completeness  is  that  during  the 
evolution  the  dynamics  should,  if  required,  be  able  to  pass 
through  any  one  of  the  members  of  the  family  |5).  In  order  to 
accomplish  this  in  practice  one  needs  the  capability  to  switch 
from  a  current  local  parametrization  or  chart  that  for  some  reason 
has  led  to,  say,  too  large  parameter  values  and  therefore 
numerically  unstable  dynamical  equations,  to  another  chart  that 
is  more  suitable  for  that  part  of  the  dynamics.  Such  switching 
of  charts  must  be  done  without  any  artificial  discontinuities  in 
trajectories  and  various  properties,  a  behavior  that  can  be 
guaranteed  with  appropriate  parametrization.  An  example  of  this 
is  a  Thouless  parametrization  of  a  determinantal  electronic  wave 
function  |z)  =  dci{Xi{xj)},  with  the  spin  orbitals  expressed  in 
terms  of  atomic  spin  orbitals  {uk{xi)}  centered  on  the  various 
nuclei,  as 


(z 

/ 

-I 

I' 

M 

'  8*  In  S  .  dE\ 


•1\ 


aMnS.  dE\ 


m 


.df  =  0  (15) 


and  since  (55^3  and  (35^  are  independent  variations  one  can  write 


=  —  (16) 
P  dC 


where  the  complex  Hermitian  matrix  C  =  {Ctx^}  with  elements 
Cogs  =  In  S/d^d^js. 

For  two  differentiable  functions  /(5,  5*)  and  g(5,  5*)  Ibe 
generalized  Poisson  bracket 


9/  1  .  9/' 

a^a  9^  a^„ 


(17) 


is  defined.  It  follows  that  5  =  and  5*  “  {t*»  i-e., 

the  time  evolution  of  wave  function  parameters  is  governed  by 
Hamilton-like  equations. 

The  generalized  phase  space  and  the  associated  Poisson 
bracket  (eq  17)  permit  the  relations 


{e„,5^}  =  {C^}=o;  = -i(c-')^  (18) 

which  show  that  5*  and  5  behave  as  “classical”  coordinates 
and  momenta.  If  the  matrix  C  was  the  unit  matrix  the 
corresponding  phase  space  would  be  canonical  or  “flat”. 
However,  in  general  this  generalized  phase  space  is  curved. 

Dynamical  Variables  and  Wave  Function  Parameters.  The 
wave  function  parameters  are  the  dynamical  variables,  the 
evolution  of  which  is  governed  by  the  dynamical  equations. 
Because  of  this  it  is  essential  that  the  parametrization  is 
nonredundant,  that  the  parameter  manifold  is  continuous,  and 
that  it  is  complete.  Such  requirements  lead  to  the  consideration 
of  coherent  states^^  or  at  least  to  families  of  state  vectors  whose 
parameters  have  these  properties.  The  completeness  of  a  family 
of  state  vectors  |5)  can  be  expressed  through  the  resolution  of 
the  identity  / 


(19) 


Xi  =  M,  +  (2(^) 

j 

with  time-dependent  complex  coefficients  zji  being  the  dynami¬ 
cal  variables.  This  parametrization  guarantees  that  all  possible 
determinants  in  terms  of  the  atomic  orbitals  is  accessible  during 
a  dynamical  evolution. 

As  an  example  of  how  this  works  we  consider  a  particular 
trajectory  of  the  H  +  H2  (0, 0)  H2(^',7)  +  H  exchange  reaction 

at  an  energy  of  1.2  eV  in  the  center  of  mass  frame.  Using  an 
atomic  orbital  basis  and  a  representation  of  the  electronic  state 
in  terms  of  a  Thouless  determinant  and  a  classical  description 
of  the  protons,  the  leading  term  of  the  electronic  state  of  the 
reactants  is 


KlSj  +  lS2)a(lSi  +  lS2)^yS-^OL\  (21) 

where  1  and  2  label  the  protons  of  the  reactant  molecule,  3 
denotes  that  of  the  projectile  atom,  and  Is/  is  an  atomic  orbital 
centered  on  proton  i. 

The  reactive  trajectory  proceeds  by  exchange  of  protons  2 
and  3,  making  the  leading  term  of  the  product  electronic  state 

|(lsi  +  ls3)a(lsi  +  Is^)l3ls2a\  (22) 

The  original  chart  or  Thouless  parametrization 

Isjtt  +  ls2(XZi  +  2sjaz^i  +  ... 

lS2^  +  lSi/?Z2  lS3/?z'2  +  •••  (23) 

IsgOt  +  18201^3  4"  2s^(iz'‘^  +  ... 

will  then  become  unsuitable  since,  say,  the  absolute  value  of 
the  z-coefficients  of  the  ls2a  spin  orbital  become  large  in 
comparison  to  unity,  making  the  integration  of  the  dynamical 
equations  less  accurate.  The  ENDyne  code  which  implements 
the  END  theory  automatically  switches  to  a  new  chart  with  the 
new  coefficients  suitable  for  the  product  side.  Although  the 
leading  determinant  in  the  basis  thus  has  changed,  the  total  END 
wave  function  is  the  same  and  the  resulting  trajectory  shows 
no  discontinuous  behavior. 

3.  Implementation  of  the  Electron- Nuclear  Dynamics 
Theory 

The  integration  of  the  END  equations  from  a  given  set  of 
initial  conditions,  the  projection  of  the  evolved  state  vector  on 
a  given  (final)  state  to  obtain  state  to  state  transition  probabilities. 
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the  calculation  of  cross  sections  (differential  and  integrated) 
including  the  semiclassical  corrections  to  classical  results,  and 
the  necessary  interface  to  provide  graphic  representations  of  the 
evolution  of  various  properties  are  all  accomplished  within  the 
ENDyne  code.^'^ 

As  seen  in  the  previous  section,  the  TDVP  produces  an 
approximation  to  the  time-dependent  Schrodinger  equation  in 
the  form  of  a  system  of  coupled  first-order  ordinary  differential 
equations.  Methods  for  integrating  such  systems  are  available 
in  the  literature^®  and  the  modification  and  implementation  of 
such  techniques  in  the  ENDyne  code  has  been  discussed  in  some 
detail  elsewhere. 

An  initial  molecular  state  is  usually  determined  by  an 
optimization  algorithm  to  determine  the  initial  values  of  the 
electronic  and  nuclear  parameters.  For  instance,  the  optimal 
Thouless  parametrization  of  an  electronic  state  is  one  for  which 
the  z-parameters  are  as  small  as  possible.  Here  one  should  note 
that  the  initial  state  of  the  total  system  can  contain  a  projectile 
moiety  with  both  nuclei  and  electrons  being  translated  toward 
a  target  molecule.  This  requires  some  care  in  specifying  the 
initial  conditions  in  order  to  obtain  a  proper  dynamics. 

When  electrons  are  also  allowed  to  evolve  dynamically,  i.e., 
without  the  use  of  a  precalculated  or  fitted  potential  energy 
surface,  then  a  basis  set,  much  like  in  electronic  structure  theory, 
is  used.  It  was  shown  some  time  ago^^  how  to  account  for  the 
electron  dynamics  when  an  atom  or  molecule  is  in  motion.  The 
idea  is  to  use  an  exponential  factor  in  the  atomic  or  molecular 
orbital  basis  to  account  for  the  momentum  of  the  electrons 
explicitly.  The  exponential  factors  are  called  electron  translation 
factors  (ETF).  A  simple  example  is  that  of  the  ground  state  of 
a  moving  H  atom  (using  atomic  units) 

xp(r)  =  expC/y-T  -  iCvVl  -  -  R)  (24) 

which  satisfies  the  time-dependent  Schrodinger  equation.  In 
order  to  use  ETF’s  for  computations  in  the  dynamics  studies  of 
molecular  systems,  a  general,  high-quality  integral  package  must 
be  written  which  includes  basis  orbitals  with  ETF’s  such  as  the 
following  Gaussian  basis  set 

(P^{X,Z,R,P)  =  exp[-a(x  -  Rf  - 

P 

im/MP-x]  (25) 

Such  a  tool  does  not  yet  exist,  although  some  attempts  have 
been  made  to  produce  a  general  integral  package.^^  Much  work 
continues  to  be  done  on  the  topic  of  ETF’s  in  the  area  of  atomic 
and  molecular  collisions.  It  is  not  the  purpose  of  this  paper  to 
review  the  important  advances  made  in  this  area,  but  to  explain 
the  different  approach  to  the  challange  of  ETF’s  adopted  in  the 
current  implementation  of  the  END  theory  using  standard 
integral  packages  such  as  HERMIT.^ 

We  review  the  END  equations  for  the  simplest  model  of 
classical  nuclei  and  a  single  complex  determinantal  wave 
function  for  the  electrons,  and  we  identify  the  electron— nuclear 
couplings  which  are  responsible  for  the  need  to  introduce  ETF’s. 
The  modified  Fock  operator  with  these  couplings  included  yields 
an  equation  that  determines  atomic  or  molecular  orbitals  with 
the  correct  translational  properties  within  the  given  basis.  This 
equation  is  the  “boosted  SCF”  equation.  The  solutions  are 
complex,  linear  combinations  of  atomic  basis  functions,  which 
constitute  the  best  approximation  to  the  ETF’s  within  the  basis 
and  have  the  property  of  not  changing  in  time  as  long  as  they 
are  in  inertial  motion. 


ETF’s  are  always  needed,  even  for  low  energies,  to  obtain 
correct  dynamics.  However,  they  can  be  introduced  as  a  complex 
expansion  in  terms  of  real  orbitals  or  as  explicit  exponential 
factors  multiplying  the  atomic  or  molecular  orbitals.  When  the 
original  (real)  orbitals  basis  is  small,  the  explicit  factor  provides 
more  accurate  results  and  the  complex  expansion  needs  a  larger 
basis  to  get  to  the  same  level  of  accuracy.  This  becomes 
increasingly  relevant  for  high  kinetic  energies,  say  above  a  few 
keV.  For  most  processes  at  kinetic  energies  in  the  range  up  to 
few  hundred  eV’s,  the  complex  expansion  approach  within  a 
modest  basis  set  provides  an  excellent  dynamical  description. 

END  uses  the  time-dependent  variational  principle  as  a 
unifying  principle  to  derive  the  dynamic  equations  for  the  wave 
function  parameters,  which  as  shown  above  constitute  the 
dynamical  variables  of  the  system.  The  use  of  the  TDVP  allows 
the  equations  of  motion  to  apply  not  only  for  a  fully  quantal  or 
completely  classical  treatment  but  also  for  a  mixed  quantum- 
classical  description.  For  basis  functions  which  depend,  in  some 
form,  on  the  classical  dynamical  variables  (e.g.  basis  functions 
centered  on  classical  nuclei  and  thus  depend  on  their  positions 
and  momenta),  this  approach  explicitly  introduces  all  nonadia- 
batic  couplings  between  the  classical  and  quantum  degrees  of 
freedom.  These  couplings  are  essential  for  satisfying  conserva¬ 
tion  theorems  and  for  correct  behavior  of  many  observable 
quantities.^’2^ 

Approximate  dynamical  equations  are  obtained  by  making 
specific  choices  of  the  form  of  wave  function  to  use  and  which 
degrees  of  freedom  to  treat  classically.  For  this  argument  we 
choose  classical  atomic  nuclei  and  position  electronic  basis 
functions  on  the  dynamically  moving  nuclei.  A  single  Thouless 
determinant^"^  is  used  to  describe  the  electrons. 

The  Lagrangian  that  encompasses  these  approximations  is 


<z|z)  (26) 


where  the  symmetric  form  of  the  time  derivative  includes  the 
operator  d/dr  acting  on  the  bra  and  where  the  electronic 
Hamiltonian  He\  containsjhe  nuclear— nuclear  repulsion  potential 
energy.  The  symbols  Rk,  Ph  and  Mk  denote  the  position, 
momentum,  and  mass,  respectively,  of  nucleus  k,  while  R  and 
P  are  the  time  derivatives  of  said  quantities.  The  electronic 
wave  function  \z)  depends  on  a  number  of  complex  parameters, 
such  as  molecular  orbital  coefficients,  collectively  denoted  by 
z.  The  TDVP  means  that  the  action  must  be  stationary  as 
expressed  by  eq  13. 

In  order  for  the  phase  space  of  the  electrons  to  be  well-defined 
and  so  the  electron  can  carry  momentum  the  wave  function  must 
be  complex.  Standard  normalized  molecular  orbital  (MO) 
coefficients  are  redundant,  which  can  be  seen  from  the  fact  that 
rotations  separately  among  occupied  and  unoccupied  states  do 
not  change  the  state.  Such  a  choice  of  MO  coefficients  as 
dynamical  parameters  makes  the  equations  singular.  Thouless^"^ 
developed  a  set  of  nonredundant  parameters  z  for  a  single 
determinant.  They  turn  out  to  be  the  coset  representatives  of 
the  unitary  group  U(K)  and  belong  to  the  coset  space  U(K)/ 
U{N)  X  U(K  —  N),  where  N  is  the  number  of  electrons  and  K 
is  the  rank  of  the  basis.  Single  determinants  parametrized  this 
way  are  coherent  states.^^*^"^’^^  The  important  features  of  these 
parameters  from  the  point  of  view  of  dynamics  is  that  they 
provide  a  complex,  continuous,  nonredundant  wave  function 
parametrization.  The  complex  parameters  are  actually  dynamical 
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variables  and  form  a  (generalized)  phase  space  with  a  nonunit 
metric  and  a  generalized  Poisson  bracket. 

In  terms  of  a  given  spin  orbital  basis  set  {0/;  r  =  1,  K} 
centered  on  the  nuclei,  the  occupied  orbitals  of  the  determinant 
are 

K 

Xh  =  <Ph+  S  Zph<t>p  (27) 

p=N+\ 

The  first  N  orbitals  (ph  form  the  reference  determinant.  If  the 
basis  is  orthogonal,  the  virtual  dynamical  orbitals  are  written 
in  terms  of  the  same  coefficients  as 

N 

Xp  =  <t>p-  (28) 

h=\ 

In  terms  of  a  nonorthogonal  basis  the  virtual  dynamical  orbitals 
are 

N 

Xp  =  <Pp-^  YjVlp<i>h  (29) 

h=\ 


used,  they  will  change  in  time  because  of  the  electron— nuclear 
coupling  Cr.  When  ETF’s  are  explicit  factors  built  into  the  basis, 
extra  terms  appear  on  the  right  side  of  the  electronic  equations 
which  cancel  these  coupling  terms. In  most  current  approaches 
the  ETF’s  are  dropped  in  the  evaluation  of  the  two-electron 
Coulomb  repulsion  integrals,  a  procedure  that  can  often  be 
justified  as  long  as  the  electron  deBroglie  wavelength  is  long 
compared  to  the  orbital  size.  Alternatively,  by  allowing  for 
complex  orbital  coefficients,  as  is  done  in  the  END  theory,  one 
relies  on  the  basis  to  approximate  the  ETF’s  and  then  the  ETF 
is  included  in  all  integrals. 

A  straightforward  way  to  see  how  the  coupling  terms  generate 
the  ETF  is  in  the  SCF  approach  that  includes  the  coupling  terms. 
Phrasing  the  problem  in  this  way  means  that  a  set  of  z’s  are 
sought  that  for  given  velocities  ~  14  satisfy  Zph  ~  0. 
Imposing  this  condition  means  that  the  equations  to  be  solved 
are 

=  dE/dz*  (34) 

k 

which  can  be  written  in  matrix  form  as^^ 


where  the  v  coefficients  are  functions  of  the  complex,  time- 
dependent  z-coefficients.^’^^  The  orbitals  Xh  are  mutually  non¬ 
orthogonal  as  are  the  Xp^  but  they  satisfy  (XplXh)  —  0. 

In  terms  of  these  dynamical  parameters  for  electrons  and 
nuclei,  the  TDVP  yields  the  dynamical  equations  in  matrix  form 


'/c 

0 

iCr 

0  ^ 

1 

dE/dz*^ 

0 

-iC* 

-K 

0 

z* 

dE/dz 

ici 

-iC^ 

^RR 

-I 

R 

dE/dR 

0 

I 

0  / 

\pI 

dE/dP 

/ 

where  the  total  energy  is 


+ 


{z\HJz) 

{z\z) 


(31) 


The  coupling  elements  in  eq  30  are 

In  S{z*,R\z,R), 


c= 


9z*  3z 


\r==r' 


3^  In  S{z^,R\z,R) 
az*  3R 


Crr  =  —2  Im- 


a"  In  S(z^X,z.R) 
3R'  3R 


(32) 


They  are  derived  from  the  overlap 

S(z^R',z:R)  =  {vXW:R)  (33) 

formed  between  Thouless  determinants  at  two  different  geom¬ 
etries  R'  and  R. 

It  is  noteworthy  that  using  the  TDVP  ensures  the  conservation 
of  important  physical  quantities  such  as  total  energy,  total 
momentum,  and  total  angular  momentum. The  coupling  terms 
in  the  dynamical  metric  play  a  cruicial  role  in  this  connection. 
An  SCF  approach  that  includes  the  coupling  terms  Cr  can  be 
introduced.  For  a  molecule  or  atom  in  inertial  motion,  the 
nuclear  acceleration  will  be  zero,  but  R  will  not  be.  Thus,  if 
initial  z  coefficients  corresponding  to  some  stationary  state  are 


0  =  (-z  r){<0,|^-iXn*V«J0^.)}|^‘J  (35) 

where  F  is  the  ordinary  Fock  operator,  are  the  basis  functions, 
assumed  for  present  purposes  with  no  loss  of  generality  to  be 
orthonormal,  the  columns  of  the  partitioned  matrix 


are  the  occupied  molecular  orbital  coefficients,  and  the  columns 


(-Z  !“)'  =  (/) 

are  the  virtual  molecular  orbital  coefficients.  The  symbols  P 
and  1°  denote  the  unit  matrices  of  dimension  N  and  K  —  N, 
respectively. 

Without  the  nuclear  gradient  term,  this  is  precisely  the  SCF 
equation  of  electronic  structure  theory.  The  added  term  produces 
an  SCF  scheme  in  a  Galilei  boosted  frame  when  all  velocities 
Vk  are  equal.  Obviously,  the  extra  terms  will  make  the  molecular 
coefficients  complex.  If  the  velocities  of  all  the  atoms  are  the 
same,  then  the  new  operator,  F  —  iV*^k^R^  is  Hermitian.  If  for 
some  reason  one  wanted  to  find  a  state  in  initial  electronic 
equilibrium  (i.e.  Zph  =  0)  but  with  atoms  with  different  velocities, 
then  the  new  operator  would  not  be  Hermitian,  unless  the 
overlap  vanishes  between  orbitals  belonging  to  nuclei  with 
different  velocities.  Equation  35  with  this  modified  Fock 
operator  is  called  the  boosted  SCF  equation. 

Solution  procedures  for  the  boosted  SCF  equations  have  been 
added  to  the  ENDyne  code.^*^  This  provides  the  facility  to  obtain 
properly  boosted  starting  z-coefficients.  Analogous  treatment 
can  be  adopted  for  more  general  wave  functions. 
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The  semiempirical  diatomics  in  molecules  (DIM)  approach  is  used  to  model  the  potential  surface  for  ground- 
state  vibration  of  a  linear  I3  molecule.  We  use  this  system  to  explore  semiclassical  methods  for  treating 
quantal  nuclear  vibrations  by  computing  the  photoelectron  spectrum  of  Is"  which  produces  vibrationally  excited 
I3 .  We  compare  semiclassical  results  with  full  quantum  calculations  and  experimental  results  recently  reported 
by  Neumark  and  co-workers.  (Taylor,  T.  R.;  Asmis,  K.R.;  Zanni,  M.  T.;  Neumark,  D.  M,  J,  Chem,  Phys, 
1999,  110,  7607.) 


1.  Introduction 

Since  the  1950s  the  existence  of  the  triiodide  radical  has  been 
proposed  as  an  intermediate  species  to  explain  how  iodine  atoms, 
produced  by  photodissociating  I2,  can  recombine  in  the  gas  phase 
to  reproduce  the  diatomic  species.  The  accepted  mechanism 
involves  an  ?  radical  first  colliding  I2  to  form  stable  I3  which 
subsequently  undergoes  collision  with  another  I*  radical,  then 
this  collision  complex  breaks  apart  to  give  two  I2  molecules. 
Despite  its  proposed  importance  in  this  most  fundamental 
reaction  of  gas-phase  chemical  kinetics,  direct  experimental 
observation  of  the  I3  molecule  has  only  very  recently  been 
accomplished  in  the  high-resolution  photoelectron  spectroscopy 
studies  of  Neumark  and  co-workers.^ 

The  first  goal  of  this  paper  is  to  demonstrate  that  a  very  simple 
description  of  the  I3  molecule  offered  by  the  semiempirical 
diatomics-in-molecules  (DIM)  approach  is  actually  capable  of 
providing  a  very  reliable  representation  of  this  molecule, 
reproducing  the  recently  measured  binding  energies,  and 
vibrational  frequencies  with  surprising  accuracy. 

Next  we  summarize  how  time  dependent  perturbation  theory 
can  be  used  to  compute  the  distribution  of  ejected  photoelectron 
kinetic  energy  in  the  thermal  equilibrium  photoelectron 
spectrum  of  I3”  in  which  vibrationally  hot  I3  is  produced 
according  to  the  following  process: 

l3~(therm)  +  ihv  — ^  l3(vib)  +  e“(e)  (1) 

Finally  we  will  compare  the  results  of  fully  quantum  dynamical 
calculations  of  this  photoelectron  spectrum,  with  classical  and 
semiclassical  calculations  of  the  I3  vibrational  dynamics  probed 
by  these  measurements,  and  we  compare  our  theoretical  results 
with  the  experimental  photoelectron  spectrum  of  Neumark  and 
co-workers.^ 

2.  Methods 

2.1.  A  DIM  Potential  Model  for  Ground  Electronic  State 
Intramolecular  Vibrations  of  I3.  The  model  assumes  that  the 
I3  molecule  is  linear,  hence  the  projection  of  the  total  angular 
momentum  of  the  system  into  the  molecular  axis  is  a  good 
quantum  number.  Following  the  same  scheme  used  in  previous 
work^  we  write  the  basis  set  as  Hund’s  case  C  kets 

-  \J\mji,  J2mj2, 


where  Jk  and  mjk  are  the  total  angular  momentum  and  if  s 
projection  on  the  molecular  axis  for  each  of  the  iodine  atoms. 
Our  purpose  in  this  paper  is  to  focus  on  the  properties  of  the 
ground  electronic  state  of  I3,  hence  we  will  reduce  our  basis 
set  to  a  minimum  subspace  that  will  include  only  the  necessary 
kets  mixing  to  form  this  lowest  energy  eigenstate.  Thus  the 
approach  we  present  here  will  not  produce  all  the  subsequent 
excited  states,  but  only  some  of  them. 

We  suppose  that  the  ground-state  eigenket  has  total  angular 
momentum  projection 

3 

^=1 

so  only  kets  satisfying  this  condition  will  combine  to  generate 
this  assumed  lowest  energy  eigenstate.^  Our  knowledge  of  the 
ground-state  dissociation  limits  of  the  I3  radical  can  be  used  to 
further  limit  the  basis  set.  Thus  if  one  of  the  bonds  is  stretched, 
the  molecule  should  dissociate  to  ground-state  I2  and  an  I*  radical 
species.  The  ground  state  of  I2  in  our  representation  is 

1/V2(|%,V2)|%  -V2)  -  1% -V2)|%,V2» 
and  the  T  radical  ground  state  is 

1%  ±  'll) 

These  considerations  thus  enable  us  to  limit  the  basis  kets  to 
only  those  having  all  the  and  the  mjk  =  ±V2.  This 

procedure  is  only  valid  in  the  gas  phase,  in  solution  other  states 
that  we  are  not  including  in  the  calculations  described  here  will 
be  coupled  by  anisotropic  interactions  with  the  solvent  and  thus 
make  contributions  to  the  lowest  energy  solution  phase  eigenket, 
but  this  is  beyond  the  scope  of  the  current  paper. 

The  DIM  Hamiltonian  operator  has  the  form"^’^ 

(2) 

i<i  i 

and  we  choose  the  zero  in  energy  to  be  that  of  the  isolated  I* 
radicals;  therefore,  the  second  sum  in  the  above  expression  can 
be  disregarded.  For  convenience  in  the  notation  we  will  drop 
the  J  index  in  the  angular  momentum  expression  since  it  is  the 
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same  for  all  iodine  atoms  and  we  will  only  label  them  by  their 
values  of  mjk. 

In  the  gas  phase  the  I3  ground  state  can  have  total  Mj  = 
±V2,  both  angular  momentum  orientation  states  are  degenerate 
and  uncoupled,  thus  we  need  only  consider  the  one  with  total 
Mj  =  V2.  The  only  basis  kets  to  consider  now  are  the  following: 

{l“  4’  4’  ^2)’  I  4’  4)’  I  4’  4)} 

Any  matrix  element  between  them  will  be  of  the  form 


TABLE  1:  Comparison  of  Properties  of  Calculated  DIM 
Surface  for  I3  with  Experimental  Results® 


parameters  and  results 


item 

this  paper 

Neumark’s  results 

symmetric  frequency 

126.1  cm"^ 

115  ±  5  cm”* 

antisymmetric  frequency 

163.7  cm-i 

dissociation  energy  I3  I2  +  I* 

0.19157  eV 

0.143  ±  0.06  eV 

dissociation  energy  I3  — ^  3  I* 

1.74723  eV 

I3  equilibrium  bond  length 

2.762  A 

I3  adiabatic  EA 

4.226  eV 

4.226  eV 

13“  symmetric  frequency* 

106.7  cm”* 

112  cm”* 

13“  antisymmetric  frequency 

122.2  cm”* 

-13“  bond  length 

2.85  A 

r 

100  fs 

ho) 

4.657  eV 

4.657  eV 

i.e.,  an  I2  matrix  element  times  a  d{mpm'j). 

The  full  electronic  Hamiltonian  matrix  thus  becomes 

‘4, '4)  + 

(  4.  4I^R2l  4)  ^2’  ^l-^RsI  ~  ^2>  4) 

( 4’”  4’  41^1  4’~  4’  4)  ( 4>  ~  41'^riI  4’~  4) 

(—  4;  4I^R2l  ~  4’  4)  ( 4>  4I^R3l  4’  4) 


<‘4,*4 -'4lffl'4,'4  ,-'4)  =  + 

<‘4  - '41421 '4 -'4)  +  ('4 -’4i43i'4  ,-’4) 


(-*4/4/41^1 ‘4-‘4,‘4)  =  (-  4>  4I^^riI  4  -  4) 


(-’4,‘4,‘4l^r4,V2 -’4)  =  (-‘4,'4l43l'4 -’4) 

('4-*4,‘4i^r4,'4-'4)='<-‘4,V2i42i'4-'4) 


Where  R1  is  the  distance  from  the  I  atom  at  one  end  of  the 
molecule  to  the  central  one,  R2  is.  the  distance  from  the  I  atom 
at  the  other  end  to  the  central  atom,  and  R3  is  the  distance 
between  the  two  I  atoms  at  opposite  ends  of  the  molecule.  Using 
Table  1  in  ref  2  and  performing  some  simple  algebra  we  find 
the  matrix  elements  to  be 

(-V2,'4|H|  -‘4, '4)  -  ‘4(£(i'2+)  +  EiX)) 

for  which  experimental  values  are  available  in  Batista  and 
Coker’s^  pQp&T  and  the  references  therein. 

The  electronic  ground-state  surface  of  I3  is  thus  obtained  by 
simply  diagonalizing  the  3  x  3  matrix  whose  elements  are 
summarized  above  and  selecting  the  lowest  energy  eigenvalue. 
In  Figure  1  we  display  the  elements  of  our  reduced  DIM 
Hamiltonian  matrix  as  functions  of  R1  and  R2  while  Figure  2 
shows  the  electronic  ground  state  of  I3  calculated  from  these 
matrix  elements  as  described  above.  Table  1  summarizes  various 
properties  of  this  ground-state  I3  potential  and  compares  these 
results  with  the  experimental  values.^  This  table  also  summarizes 
various  properties  of  the  13“  potential  which  we  need  to  prepare 
the  initial  state  for  our  photoelectron  spectrum  studies. 

The  symmetric  stretch  frequency  of  I3  obtained  from  these 
calculations  is  about  10%  too  high,  and  the  dissociation  energy 
to  I2  and  an  I*  radical  is  also  a  little  high  but  with  in  the  reported 
experimental  uncertainty.  Given  the  shapes  of  the  various  diabats 
and  coupling  matrix  elements  presented  in  Figure  1,  the  accuracy 


®  The  13“  potential  is  assumed  to  be  quadratic  in  both  symmetric 
and  antisymmetric  coordinates  to  simplify  the  calculations.  *  Different 
values  for  the  symmetric  and  antisymmetric  frequencies  can  be  found 
in  the  literature.  See  refs  6  and  7  and  references  therein. 

with  which  our  DIM  ground-state  surface  reproduces  experi¬ 
mental  values  is  quite  remarkable. 

Our  calculations  assume  that  the  I3  molecule  is  linear  and 
symmetric  just  like  13“.  Thus  the  fact  that  the  equilibrium 
bond  length  we  find  for  our  model  I3  molecule  is  about  0.1  A 
shorter  than  that  of  the  parent  Is”  means  that  when  we 
photoionize  the  anion  via  a  vertical  Franck— Condon  excitation 
we  will  extend  the  symmetric  stretch  mode  of  the  resulting  I3. 
As  we  shall  see  in  the  detailed  analysis  of  our  calculated  signals 
we  present  in  section  3,  antisymmetric  stretch  components  can 
enter  our  signals  through  thermal  populations  of  ground 
electronic  state  antisymmetric  stretch  motions  or  through 
nonlinear  couplings  between  the  symmetric  and  antisymmetric 
modes  as  a  result  of  motion  over  our  fully  nonlinearly  coupled 
I3  potential  surface. 

2.2,  Semiclassical  Computation  of  the  Photoelectron  Spec¬ 
trum.  For  our  purposes  we  view  the  photoionization  reaction 


A~ir)-\-hco^A{F)  +  e  (e)  (3) 

as  a  process  which  takes  the  molecular  ion  system  A”  from  a 
discrete  electronic  state  4>/  to  a  continuum  molecular  ion 
electronic  state  by  absorption  of  a  photon.  The  final 
continuum  state  is  really  a  neutral  molecule  A  in  one  of  its 
discrete  states  Of  and  an  ejected  free  electron  with  continuous 
kinetic  energy  €.  In  the  appendix  we  outline  the  time  dependent 
perturbation  theory  approach  to  computing  the  probability  of 
observing  ejected  photoelectrons  with  kinetic  energy  €  obtained 
by  ionizing  molecules  prepared  in  a  thermal  distribution  of 
vibrational  states  moving  on  the  ground  electronic  surface  of 
Is”  (state  1)  and  producing  ground-state  neutrals  (state  F).  There 
we  show  that  if  we  assume  that  the  dipole  matrix  elements 
connecting  states  I  and  F  depend  weakly  on  nuclear  coordinates 
and  vary  slowly  with  electronic  kinetic  energy,  6,  (see  appendix 
for  details),  this  probability  is  obtained  as 


Rej exp  ~  ^  exp  -  ^ 


.2' 

4?. 


(4) 


where  the  thermally  averaged  dynamical  correlation  function 
appearing  in  this  expression  is  given  by 


0/F(f;/3)  =  X  exp[-i3£/^]  exp 


fFJyit)  (5) 
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Figure  1.  Elements  of  the  DIM  Hamiltonian  used  in  our  calculation  of  the  collinear  ground  state  electronic  surface  of  I3  as  a  function  of  bond 
lengths  in  Angstroms. 


Energy  /  eV 


Figure  2.  DIM  Ground-state  electronic  surface  of  I3  as  a  function  of 
bond  lengths  in  Angstroms. 

Here  Ejy  is  the  energy  of  the  vth  vibrational  eigenstate  on  the 
initial  electronic  surface  /,  %/v(Q)  is  the  corresponding  nuclear 


vibrational  eigenstate  on  this  surface,  and  the  individual 
vibrational  component,  excited  electronic  state  propagated 
correlation  functions  are 

/f,/v(0  =  |x/v  exp  -  ^pt  (6) 

where  Hf  is  the  Hamiltonian  governing  nuclear  dynamics  over 
the  excited  electronic  state  potential  F.  This  correlation  function 
thus  involves  propagating  the  nuclear  vibrational  eigenstates  of 
the  initial  electronic  surface  over  the  final  excited-state  surface 
and  measuring  the  overlap  of  these  propagated  function  at  time 
t  with  the  initial  wave  function. 

In  our  studies  we  will  assume  that  the  initial  electronic  surface 
of  the  13“  can  be  approximated  harmonically  around  its 
equilibrium  geometry  and  that  this  approximation  will  be  reliable 
for  all  the  thermally  accessible  initial  vibrational  states  at  the 
temperatures  of  interest.  This  approximation  is  expected  to  be 
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reasonable  for  the  deep  13“  ground-state  surface.  However, 
vibrations  on  the  I3  excited  state  surface  are  expected  to  be 
highly  anharmonic  as  motion  on  this  surface  is  only  very  weakly 
bound  along  certain  directions  as  seen  in  Figure  2. 

To  simplify  our  calculations,  we  further  assume  that  the 
bending  of  the  I3  molecule  is  not  excited  in  these  experiments 
and  that  rotation— vibration  coupling  can  be  ignored.  Thus  we 
need  only  the  synunetric  and  antisynunetric  stretch  coordinates 
to  describe  the  anharmonic  intramolecular  vibrational  dynamics 
on  the  I3  potential  surface.  This  reduces  our  intramolecular 
vibrational  problem  to  just  two  dimensions.  We  thus  employ 
the  initial  ground  state  normal  mode  coordinates  of  the  system 
in  our  quantum  and  semiclassical  propagation  calculations 
detailed  below. 

The  individual  vibrational  correlation  functions  given  in  eq 
6  can  be  computed  exactly  using  standard  FFT  grid  propagation 
methods^’^  and  the  results  added  according  to  eq  5  to  give  the 
required  thermal  average  correlation  function.  Such  methods 
are,  however,  generally  only  viable  for  systems  of  few  dimen¬ 
sions.  Semiclassical  methods  based  on  propagating  swarms  of 
classical  trajectories  and  carefully  adding  up  the  semiclassical 
phases  associated  with  these  trajectories  to  compute  the  ap¬ 
proximate  semiclassical  dynamical  wave  function  are  in  prin¬ 
ciple  applicable  to  systems  with  many  more  dimensions. 

We  now  consider  the  implementation  of  the  Herman— Kluk, 
coherent  state  semiclassical  propagator^®"  to  compute  the  cor¬ 
relation  functions  given  above.  With  this  approach  the  propaga¬ 
tor  describing  nuclear  vibrations  on  surface  F  has  the  form 

exp[-i4^]  = 

f -^dQ|P,Q,)C(P,Q,f)  expfe(P,Q,ol(PQI  (7) 

{IjihY  Ln  J 

where  the  coordinate  state  representation  of  the  time  dependent 
coherent  state  basis  set  elements  used  in  this  description  are 
the  Gaussian  functions 

<x|P,Q,>  =  g)"''  exp[-y(x  -  Q/  +  ^P,-(x  -  Q,)]  (8) 

whose  time  dependent  center  position  Q^,  and  phase  P/ 
parameters  are  the  positions  and  momenta  of  simple  classical 
trajectories,  y  is  a  constant  arbitrary  width  parameter,  5(P,Q,0 
=  / dfPf(P,Q)/2M  —  £7r(Qf(P,Q))  is  the  classical  action  along 
the  trajectory  propagated  over  our  final  state  surface,  which 
depends  on  the  initial  position  Q,  and  phase  (momentum)  P  of 
the  given  basis  function,  and  the  function  C(P,Q,?)  is  related  to 
the  stability  of  the  classical  trajectory  with  respect  to  variations 
in  initial  conditions  as  measured  by  the  so-called  monodromy 
matrixes  whose  elements  have  the  form  M^g(P,Q,0  =  [dP\l 
9(2^] (P,Q,^),  for  example.  In  all  the  calculations  reported  in  this 
paper  we  have  used  ensembles  containing  1000  trajectories.  The 
quantity  C(P,Q,0  which  weights  each  trajectory’s  contribution 
to  the  semiclassical  propagator  in  eq  7  is  found  to  have  the 
form 

ap,Q,o  = 

{det[i(M,,  +  Mge  -  2yifMQ,  +  (9) 

The  monodromy  matrixes  can  be  computed  by  integrating  the 
following  auxiliary  equations  of  motion  which  are  determined 
by  the  time  dependent  local  curvature  of  the  potential  along 
the  classical  trajectory 
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Mqq  -  NMpg  =  -mMQQ  (10) 

Mqp  =  NMpp  Mpp  =  -D(0Mgp  (11) 

Where  N  is  a  diagonal  matrix  with  elements  equal  to  the  inverses 
of  the  masses  associated  with  the  different  particle  coordinates, 
and  D(r)  is  the  time  dependent  Hessian  matrix  D^^Xt)  =  [d^V/ 
dQ^d^](Qt)  computed  at  points  along  the  classical  trajectory. 

Using  the  excited-state  semiclassical  nuclear  propagator  in 
eq  7  we  can  express  the  correlation  functions  in  eq  6  as 

{27tn) 

exp  [^5(P,Q,o](PQI%/,)  (12) 

Here  the  classical  trajectories  swarm  over  the  potential  surface 
associated  with  the  final  electronic  state  F. 

With  the  assumptions  described  earlier,  our  vibrational 
eigenstates  on  surface  I  are  products  of  harmonic  oscillator 
eigenfunctions  in  the  symmetric  and  antisymmetric  coordinates. 
We  can  readily  calculate  the  projections  of  these  states  onto 
our  coherent  state  basis  set  in  these  coordinates  and  after  some 
algebra  we  find  for  a  given  mode 

Nvl2y\w 

{PQ\X,,)  =  -  —  exp[-ya'(5((2  -  Zo)']  x 

a  \  jr/ 

V 

exp[-(5pW]  exp[ia"^P((2  - 

n=0 

(13) 

where  the  harmonic  oscillator  wave  functions  have  the  form 
'ipvix)  =  NJiv{(x{x  —  xo))  exp[— a^(x  —  xo)V2]  with  a  = 
V mcolh,  Njj  =  (aV^^i/!)”^^^  is  a  normalization  constant, 
Hy(y)  =  XoCny"  are  the  hermite  polynomials,  and  <3  =  (2y 
+a^)"^  The  polynomials  Pn(g)  result  from  the  integrations  and 
generally  satisfy  the  recursion  relation  F„+i(g)  =  gPnig)  +  (« 

-  l)P„-i(g)  with  Po  =  1  and  Pi  =  g  and  g  =  V^[2y((2  -  xo) 

-  iP/h]. 

Despite  the  appeal  of  obtaining  semiclassical  quantum 
dynamical  effects  by  just  averaging  various  dynamical  quantities 
over  an  ensemble  of  classically  propagating  trajectories  labeled 
by  their  initial  conditions  as,  for  example,  in  eq  12,  the 
implementation  of  such  semiclassical  expressions  is  plagued 
with  many  serious  numerical  “traps  for  new  players”.  In  the 
discussion  that  follows  we  show  how  these  problems  arise  in 
our  application  to  the  dynamics  of  I3  excited  in  the  photoelectron 
ejection  experiments  on  I3". 

The  main  difficulty  with  implementing  these  semiclassical 
methods  arises  due  to  the  rapid  oscillation  of  the  integrand  in 
eq  12,  for  example,  between  positive  and  negative  values  in 
various  regions  of  initial  phase  space  point  (P,Q).  In  these 
rapidly  oscillatory  regions  contributions  from  near-by  trajectories 
should  add  destructively  to  give  only  a  vanishingly  small 
contribution  to  the  final  integral.  The  integration  over  points 
(P,Q)  which  we  accomplish  by  summing  over  the  ensemble  of 
trajectories  thus  requires  a  sufficiently  dense  packing  of 
trajectories  in  such  regions  to  accurately  represent  this  cancel¬ 
lation.  The  primitive  implementation  of  a  grid  or  Monte  Carlo 
based  approach  thus  wastes  much  effort  propagating  trajectories 
from  such  regions  only  to  have  them  add  destructively  to 
represent  zero. 
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Figure  3.  Propagation  of  initial  harmonic  h~  ground  vibrational  state  on  the  photoexcited  I3  DIM  potential  surface.  Surface  of  solid  lines  is 
propagated  using  the  bare  Herman-Kluk  semiclassical  algorithm.  The  dashed  surface  is  the  full  quantum  wave  function  propagated  using  split 
operator  FFT  methods.  The  wave  functions  are  plotted  as  functions  of  symmetric  and  antisymmetric  stretch  normal  modes  in  Angstroms. 


The  situation  with  a  semiclassical  integrand  like  that  in  eq 
12  is  even  more  troublesome.  The  phase  factor  in  the  integrand 
exp[/0(P,Q)/?i],  say,  becomes  a  rapidly  oscillatory  function  of 
(P,Q)  because  the  phase,  0(P,Q),  varies  with  (P,Q)  and  dividing 
by  a  small  h  amplifies  these  variations  into  rapid  oscillations 
of  the  phase  factor.  In  stationary  phase  regions  where  the  rate 
of  change  of  0(P,Q)  with  (P,Q)  remains  sufficiently  small  there 
will  be  constructive  interference  between  trajectories  giving 
nonvanishing  contributions.  Outside  these  stationary  phase 
regions,  however,  the  phase  starts  to  change  and  the  lowest  order 
variation  in  phase  is  easily  shown  to  be  determined  by  the 
monodromy  matrixes  Mq,p  =  9Q79P,  for  example.  In  the 
classical  dynamics  of  anharmonic  many-body  systems  such 
quantities  can  become  very  large  very  quickly  as  trajectories 
become  exponentially  unstable  with  respect  to  variations  in  their 


initial  conditions  in  classically  chaotic  regions^’ Semiclas¬ 
sical  expressions  like  that  in  eq  12  usually  involve  weighting 
trajectory  contributions  by  quantities  such  as  C(P,Q)  which 
depend  on  potentially  diverging  monodromy  factors.  As  dis¬ 
cussed  above  these  explosive  monodromy  factors  also  appear 
exponentially  in  the  phase  factor  so  the  cancellation  of  their 
contribution  is  crucial. 

Several  approaches  for  handling  the  cancellation  of  nonsta¬ 
tionary  trajectories  and  removing  their  explosive  consequences 
in  systems  exhibiting  strongly  chaotic  classical  dynamics  have 
recently  been  presented. All  these  methods  are  based  on 
the  ideas  of  stationary  phase  filtering  which  were  developed 
during  the  1980’s  when  attempts  were  made  to  use  path  integral 
Monte  Carlo  methods  to  compute  fully  quantum  real  time 
correlation  functions. 
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Figure  4.  Classical  trajectory  energy  distributions  for  various  values 
of  coherent  state  parameter  y  for  propagation  on  I3  surface.  The  I3 
potential  minimum  is  zero  energy  and  the  negative  energies  are  due  to 
the  low  energy  resolution  of  our  histogram.  The  dissociation  energy 
of  our  model  is  indicated  by  the  arrow.  Values  of  y  in  displayed 
are  y  =  25.  (solid),  y  —  125.  (long  dashes),  y  =  525.  (short  dashes), 
y  =  825.  (dots).  In  our  calculations  we  employ  a  value  of  y  ~  125, 
which  gives  a  trajectory  energy  distribution  with  a  smaller  high  energy 
tail  to  reduce  the  rapid  growth  of  chaotic  trajectories  in  our  ensemble. 

The  particular  method  we  have  found  convenient  to  imple¬ 
ment  is  that  due  to  Herman^^’^^  and  we  now  present  a  brief 
summary  of  the  approach  and  demonstrate  how  it  remedies  the 
serious  problems  arising  from  classical  chaos  even  in  a  system 
as  simple  as  the  two  coupled  anharmonic  stretching  modes  of 
I3. 

The  disasterous  effects  of  classical  chaos  on  the  straightfor¬ 
ward  implementation  of  semiclassical  expressions  such  as  that 
in  eq  12  for  I3  can  be  seen  very  clearly  in  Figure  3  where  we 
compare  the  full  quantum  and  semiclassical  time  dependent 
normalized  wave  function  densities  for  symmetric  and  anti¬ 
symmetric  stretch  coordinates  of  I3  produced  after  photoelectron 
ejection  from  13".  The  initial  Gaussian  density  produced  during 
the  Franck— Condon  excitation  of  our  harmonic  model  of  I3” 
starts  out  on  the  attractive  wall  of  the  I3  surface  with  the 
symmetric  stretch  coordinate  extended  relative  to  the  equilibrium 
geometry  of  I3  due  to  the  differences  in  equilibrium  bondlength 
for  the  ionic  and  neutral  species  which  are  accurately  produced 
by  our  model  surfaces. 

This  nonequilibrium  excited  state  distribution  thus  first 
compresses  in  the  symmetric  stretch  and  then  as  it  extends  in 
this  direction  the  density  also  shows  elongation  in  the  antisym¬ 
metric  stretch  direction  due  to  the  strong  anharmonic  couplings 
between  these  modes  present  in  our  DIM  model  I3  surface. 

In  Figure  4  we  present  the  distribution  of  classical  trajectory 
energies  for  various  coherent  state  basis  set  width  parameters 
y.  We  see  that  as  this  basis  set  width  parameter  is  varied,  the 
energy  distribution  of  our  classical  trajectory  ensemble  changes 
considerably.  The  value  of  this  parameter  we  used  in  most  of 
our  calculations  was  y  =  125  A“^.  This  value  gives  a  narrow 
energy  distribution  with  a  small  tail  extending  above  the  smallest 
dissociation  energy  of  our  potential  (Danti  0.2  eV). 

The  longer  time  wave  functions  (t  >  400  fs)  presented  in 
Figure  3  show  a  serious  discrepancy  between  the  wave  function 
obtained  from  the  bare  application  of  the  semiclassical  coherent 
state  basis  set  approach  and  the  exact  wave  function.  These 
semiclassical  results  at  the  longer  times  show  wave  function 
fragmentation  resulting  from  a  few  trajectories  in  the  high  energy 
tail  of  the  distribution  in  Figure  4  exhibiting  large  amplitude 
motions.  These  high  energy  trajectories  rapidly  become  unstable 
with  respect  to  variations  in  their  initial  conditions  so  the 
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Figure  5.  (a)  Comparison  of  time  dependence  of  total  quantum  system 
energy  and  kinetic  and  potential  components  computed  using  full 
quantum  propagation  (curves  add  to  give  total  energy  conservation), 
and  results  computed  using  the  bare  Herman-Kluk  semiclassical 
approach  which  show  serious  energy  conservation  problems  and 
divergence  from  exact  quantum  results  beyond  300—400  fs.  (b)  Similar 
comparison  to  a  only  here  results  from  preaveraging  semiclassical 
calculations  show  much  better  energy  conservation  and  comparison 
with  full  quantum  results. 

magnitudes  of  their  C(P,Q,0  weights  in  the  bare  semiclassical 
expression  (eq  12)  become  overwhelming.  In  Figure  5a  we  show 
the  time  history  of  the  kinetic,  potential,  and  total  energy 
computed  using  the  bare  semiclassical  wave  function  and  the 
fully  quantum  result.  As  expected,  beyond  400  fs,  the  semiclas¬ 
sical  energy  components  deviate  dramatically  from  the  exact 
results  and  the  total  energy  of  the  bare  semiclassical  propagated 
wave  function  shows  serious  conservation  problems.  Not 
surprisingly,  since  the  ensemble  average  is  becoming  dominated 
by  the  unstable  high  energy  components  due  to  their  rapidly 
growing  C(P,Q,0  factors,  the  energy  trends  upward  to  the 
average  of  these  high  energy  trajectories  (see  Figure  4). 

If  we  were  free  to  increase  the  ensemble  size  without  bound 
the  contribution  from  these  unstable  trajectories  would  eventu¬ 
ally  be  approximately  canceled  by  interference  with  other 
unstable  trajectories  since  they  eminate  from  nonstationary 
regions  of  phase  space  as  discussed  earlier.  Such  an  approach 
is  in  general  numerically  impractical  as  it  requires  the  cancel¬ 
lation  of  very  large  weights  with  different  signs. 

The  approach  adopted  in  the  so-called  “integrand  condition¬ 
ing”  or  “preaveraging”  methods  attempts  to  average  these  large 
interferring  weights  over  many  close  lying  trajectories  by 
assuming  a  linear  or  quadratic  variation  of  the  phase  around  a 
trajectory,  and  within  this  approximation  intergrating  the  weight 
analytically  to  obtain  a  “pre- averaged”  weight  which  no  longer 
oscillates  wildly. Typically  these  methods  first 
multiply  the  integral  being  evaluated  by  unity  represented  as  a 
normalized  integral  of  a  Gaussian  in  the  difference  between  the 
original  integration  variables  and  the  preaveraging  Gaussian 
integral  variables.  If  the  widths  of  these  preaveraging  Gaussians 
are  made  small  enough,  the  phase  of  the  original  integrand 
can  be  expanded  to  low  order  in  the  difference  variables  and 
the  resulting  Gaussian  integrals  performed  analytically  to  give 
an  averaged  weight  (see  for  example  refs  22  and  23  for  de¬ 
tails). 
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The  main  advantage  of  the  specific  preaveraging  approach 
developed  by  Herman^^’^^  is  that  it  preserves  the  shape  of  the 
fixed  width  coherent  state  basis  set  used  to  represent  the  time 
evolving  wave  function.  This  is  accomplished  by  changing  the 
integration  variables  in  the  semiclassical  expression  like  eq  12 
from  the  trajectory  initial  phase  space  point  (P,Q)  to  the  final 
point  variables  (P/,Q/),  the  Jacobian  of  this  transformation  is 
unity.  The  integrand  conditioning  Gaussian  integrals  are  then 
introduced  in  displacements  of  the  final  points  of  the  trajectories. 
Thus  we  multiply  our  semiclassical  expression  by  the  following 
representation  of  unity 


1/2 

/d/7f/d^fexp[-4(Pf-pf)^]  X 


exp[-4((2?  -  q';f]  =  1  (14) 


By  choosing  these  preaveraging  Gaussians  to  be  sufficiently 
narrow  (making  the  Cp  and  Cq  appropriately  large  for  the 
various  degrees  of  freedom,  k)  we  can  truncate  the  expansion 
of  the  phase  of  the  semiclassical  integrand  in  final  point 
displacements  to  low  order  and  perform  the  preaveraging 
integrals  analytically.  The  final  result  is  obtained  by  returning 
to  m  expression  involving  integrals  over  trajectory  initial 
conditions  but  the  weights  of  the  different  trajectories  must  be 
determined  by  reverse  propagating  the  auxiliary  trajectory 
stability  equations  from  the  final  points  reached  by  each 
trajectory.  For  the  results  reported  here  we  have  employed 
Herman’s  first  order  preaveraging  form  in  which  an  initial 
function  whose  coherent  state  representation  has  the  form 
(PQI^o)  =  KPQlV^o)!  Qxp[i6o/h]  is  propagated  according  to  the 
result 


ments  resulting  in  a  travelling  coherent  state  basis  set  in  which 
the  coherent  state  widths  vary  in  different  ways  along  different 
trajectories.  If  the  coherent  state  basis  elements  get  very  narrow 
many  trajectories  may  be  needed  to  represent  the  dynamical 
wave  function  in  these  regions.  Generally  with  this  approach, 
however,  the  preaveraged  weights  of  the  trajectories  associated 
with  these  narrow  coherent  state  basis  elements  are  small  so 
they  make  little  contribution  anyway.  This  deterioration  of  the 
basis  set  is  avoided  with  Herman’s  frozen  Gaussian  approach. 

The  approach  we  use  to  implement  preaveraging  can  thus  be 
summarized  as  follows:  (1)  Trajectory  initial  conditions  (P,Q) 
are  first  sampled  from  the  distribution  [(PQlV^o)!-  Each  initial 
condition  generated  in  this  way  is  given  an  initial  weight 
exp[/0o(P,Q)/^].  (2)  Next  these  trajectories  are  evolved  classi¬ 
cally  to  phase  space  points  (Pr,Qr)  at  time  t.  At  this  point  we 
evaluate  the  coherent  state  representation  of  whatever  function 
concerns  us  for  our  time  correlation  function.  Along  each 
trajectory  we  compute  the  classical  action  S  and  weight  each 
trajectory’s  contribution  by  cxp[iS/h].  (3)  Now  we  must  compute 
the  preaveraging  weight  based  on  the  time  reversed  monodromy 
factors  appearing  in  eq  17.  This  is  accomplished  by  setting  the 
monodromy  matrixes  to  the  appropriate  unit  or  zero  matrixes 
at  time  t  and  reverse  time  integrating  eq  10  back  t  —  0.  This 
reverse  time  integration  requires  the  evaluation  of  the  Hessian 
at  all  points  along  each  classical  trajectory.  It  can  be  shown^^’^"^ 
that  the  C(P,Q,?)  weighting  factors  can  be  computed  from  these 
reverse  propagated  monodromy  matrixes  according  to  the 
following  result 

C(P,Q,0  = 

{det[|(Mpp  +  Mqq  +  lyihMQp  - 


IV-,)  =  /^^dQ|P„QX(P,Q4)  exp[|5(P,Q,0j  x 

exp[-A0'(P,Q,O](PQIV’o)  (15) 

Here  the  exponent  in  the  preaveraging  weight  factor  has  the 
form 


(16) 


For  the  coherent  state  basis  set  we  find  that  the  phase  derivatives 
in  the  above  expression  are  the  components  of  the  following 
vectors 


and 


In  these  expressions  we  assume  that  all  terms  which  do  not 
contain  the  time  reversed  monodromy  matrixes  (9Q/9Pf,  for 
example)  are  small  and  can  be  ignored  compared  to  these  factors 
which  grow  exponentially  in  systems  exhibiting  chaotic  dynam¬ 
ics. 

The  more  conventional  approach,^®  on  the  other  hand, 
introduces  the  preaveraging  Gaussians  in  initial  point  displace¬ 


with  Mgp  dQldPj  for  example.  With  this  result  the  mono¬ 
dromy  matrixes  need  only  be  propagated  in  the  reverse  direction. 
We  can  thus  finally  weight  each  trajectory’s  contribution  by 
the  C(P,Q,^)  and  preaveraging  weight  factors  according  to  eq 
15  to  obtain  our  final  results. 

In  strongly  chaotic  systems  it  may  prove  more  fruitful  to 
incorporate  the  positive  definite,  rapidly  damping  preaveraging 
weight  factor  exp[“A0^(P,Q)]  into  the  importance  sampling 
Monte  Carlo  procedure  which  we  use  to  integrate  over  trajectory 
initial  conditions.  We  are  currently  exploring  such  an  approach 
for  application  to  many  body  systems. 

For  studying  our  excited  I3  vibrational  dynamics  probed  in 
13“  photodetachment  experiments;  however,  the  straightforward 
preaverage  weighting  procedure  described  above  provides  a 
reliable  way  to  implement  semiclassical  expressions.  In  Figure 
6,  for  example,  we  show  that  the  spurious  fragmentation  of  the 
wave  function  observed  with  the  bare  application  of  semiclas¬ 
sical  propagation  is  completely  remedied  by  use  of  the  preav¬ 
eraging  procedures  discussed  above.  The  spurious  effects  of  the 
high  energy  components  of  our  ensemble  which  should  be  con¬ 
trolled  by  interference  are  effectively  removed  by  the  preaverage 
weighting  procedure.  We  also  see  from  Figure  5b  a  dramatic 
improvment  in  the  time  dependence  of  the  energy  components, 
and  in  energy  conservation  using  this  preaveraging  approach. 

We  conclude  this  section  with  an  observation  on  the  relative 
amount  of  work  involved  in  the  semiclassical  calculation  of  the 
thermal  averaged  time  correlation  given  in  eqs  5  and  12  as 
compared  to  its  fully  quantum  mechanical  calculation.  As  a 
result  of  our  assumption  that  the  initial  states  are  prepared  by 
exciting  a  thermal  distribution  of  harmonic  oscillator  vibrational 
states  in  the  ground  electronic  state  well,  each  of  these  initial 
states  has  the  form  of  a  product  of  Gaussians  times  polynomials 


t=400.  fs 


t=1000.  fs 


Figure  6.  Propagation  of  initial  harmonic  I3  ground  vibrational  state  on  the  photoexcited  I3  DIM  potential  surface.  Surface  of  solid  lines  is 
propagated  using  the  preaveraging  approach  for  semiclassical  algorithm.  The  dashed  surface  is  the  full  quantum  wavefunction  propagated  using 
split  operator  FFT  methods.  The  wavefunctions  are  plotted  as  functions  of  symmetric  and  antisymmetric  stretch  normal  modes  in  Angstroms. 


in  the  various  normal  modes  of  the  ground  state  surface.  For 
the  full  quantum  calculation  of  the  thermally  weighted  sum  of 
correlation  functions  in  eq  5  we  must  take  each  of  the  different 
thermally  accessible  initial  states,  evolve  them  subject  to  the 
nuclear  Hamiltonian  of  the  excited  electronic  state,  and  finally 
overlap  the  evolved  function  at  time  t  with  its  initial  state  to 
obtain  the  component  signal  associated  with  this  particular  initial 
state.  Correlation  functions  computed  in  this  way  must  finally 
be  weighted  with  the  appropriate  Boltzman  factors  and  added 
to  give  the  total  correlation  function  as  in  eq  5.  Thus  if  there 
are  n  thermally  accessible  states,  we  need  to  perform  n 
propagations  to  construct  our  fully  quantum  thermal  average. 

For  the  semiclassical  calculation  described  above,  on  the  other 
hand,  the  propagation  of  all  the  different  harmonic  oscillator 


initial  states  can  be  accomplished  by  a  SINGLE  semiclassical 
propagation  from  the  product  Gaussian  ground  state  initial  dis¬ 
tribution  of  position  and  momentum  parameters  (see  the  expo¬ 
nential  factors  in  eq  13).  Each  of  the  different  state  contributions 
in  this  semiclassical  representation  of  the  dynamics  is  simply 
obtained  by  multiplying  each  trajectory’s  contribution  by  the 
appropriate  product  polynomials  (see  the  polynomial  factors  in 
eq  13),  and  their  complex  conjugates,  in  the  initial  and  final 
phase  space  points  of  the  given  trajectory  and  adding  these 
trajectory  contributions  to  the  ensemble  average.  There  is  thus 
a  qualitatively  different  amount  of  effort  required  for  these  quan- 
tal  and  semiclassical  calculations  due  to  fundamental  differences 
in  the  nature  of  the  quantal  and  semiclassical  propagators  and 
how  they  evolve  wave  functions.  The  same  potential  for  savings 
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Figure  7.  Parts  a  and  b  show  real  and  imaginary  parts  of  thermal 
averaged  time  correlation  function  (j)iF{t\P)  defined  in  eq  5  for  T  =  205 
K.  Solid  curves  are  full  quantum  calculations  and  dashed  curves  are 
preaveraged  semiclassical  calculations.  Part  c  compares  real  part  of 
correlation  function  computed  with  full  quantum  (solid  curve),  preav- 
eraged  semiclassical  (dashed  curve),  and  results  obtained  when  the 
trajectory  stability  factors  are  ignored  (dotted  curve). 

in  the  semiclassical  calculation  of  thermal  averaged  time 
correlation  functions  exists  when  ever  the  initial  states  can  be 
written  as  a  product  of  functions  in  the  various  coordinates  and 
fast  varying  pieces  of  these  functions  can  be  pulled  out  as  an 
initial  phase  space  distribution  for  the  parameters  in  a  coherent 
state  basis  set  representation  and  the  remainder  of  the  initial 
state  functions  are  incorporated  in  multiplicative  quantities  to 
be  averaged  over  initial  and  final  points  of  classical  trajectories 
as  in  eq  12.  In  future  work  we  will  explore  the  application  of 
these  ideas  to  study  rotational  dynamics,^^ 

3.  Results  and  Discussion 

In  Figure  7  we  present  our  calculated  thermal  averaged  time 
correlation  functions  as  defined  in  eq  5  for  the  ground-state  I3 
vibrational  dynamics  excited  as  a  result  of  photoeiectron 
detachment  from  ground-state  13“.  For  comparison  we  present 
the  correlation  function  obtained  from  full  quantum  calculations 
as  well  as  our  preaverage  weighted  semiclassical  results. 
Generally,  the  agreement  between  these  calculated  correlation 
functions  is  very  good  with  the  semiclassical  results  reproducing 


E/eV 


Figure  8.  (a)  Comparison  of  h~  photoeiectron  spectrum  calculated 
with  full  quantum  nuclear  propagation  (solid  curve),  preaveraged 
semiclassical  nuclear  propagation  (dashed  curve),  and  experimental 
curves  (dotted  curve  with  +  symbols),  (b)  Comparison  of  full  quantum 
and  preaveraged  semiclassical  contributions  to  total  signal.  Upper  curves 
are  total  signals,  the  three  sets  of  component  curves  below  these  are 
contributions  starting  from  the  ground  vibrational  state  (»SA)  =  (0,0) 
(largest  components),  contributions  from  low  initial  symmetric  stretch 
excitations,  i.e.,  S^=i(n,0)  (bimodal  contributions),  and  contributions 
from  low  initial  anti-symmetric  stretch  excitations,  i.e.,  Z^=i(0,n) 
(band  with  shifted  peaks),  (c)  Same  as  that  in  part  a  only  here  we  also 
include  the  result  obtained  when  trajectory  stability  factors  are  ignored 
(shifted  dotted  curve). 

the  general  periodicity  very  accurately  and  smoothing  out  some 
of  the  finer  details  of  the  fully  quantum  signal.  In  the  bottom 
part  c  of  this  figure  we  also  compare  the  real  part  of  the 
correlation  function  obtained  by  setting  the  C  factor  trajectory 
stability  weights  to  unity.  This  is  a  commonly  used  approxima- 
tion^^”^^  which  gives  considerable  numerical  savings  in  semi¬ 
classical  calculations.  Unfortunately,  as  we  see  from  this  figure, 
the  time  correlation  function  obtained  with  this  approximation 
for  the  vibrational  dynamics  of  our  I3  system  is  really  quite 
poor. 

The  time  signals  presented  in  Figure  7  can  be  transformed  to 
energy  space  according  to  eq  4  giving  the  distributions  of  pho- 
toejected  electron  kinetic  energies  which  we  compare  with  the 
experimental  results  of  Neumark  and  co-workers  in  Figure  8a. 
The  calculated  spectra  presented  in  this  figure  were  generated 
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assuming  a  Gaussian  photoexcitation  pulse  width  of  r  =  100 
fs.  The  peak  positions  and  band  shape  of  the  full  quantum  and 
semiclassical  results  agree  with  one  another  very  closely  and 
the  overall  shape  of  these  calculated  curves  is  in  near  quantitative 
agreement  with  the  experimental  results.  The  main  deviations 
between  the  calculated  and  experimental  results  apparent  in  this 
figure  are  on  the  low  energy  side  of  the  band  where  the 
calculated  curves  display  a  little  too  much  structure  and  the  peak 
positions  may  be  shifted  slightly.  Generally,  however,  the  close 
agreement  with  experiment  is  quite  good. 

In  part  b  of  Figure  8  we  show  a  break  down  of  our  calculated 
signals  into  contributions  from  various  initial  states  with  in  the 
thermal  distribution.  We  see  that  the  general  shape  of  the  final 
band  results  not  only  from  contributions  from  the  (5  =  0,  A  = 
0)  or  (0,0)  ground  vibrational  state  but  there  are  also  significant 
contributions  from  symmetric  stretch  excitations  (n,0)  which 
tend  to  broaden  the  band  as  they  give  contributions  on  either 
side  of  band  center,  and  antisymmetric  stretch  excitations  (0,n) 
which  give  slightly  shifted  contributions  near  the  middle  of  the 
band.  On  the  basis  of  these  observations  it  is  clear  that  several 
factors  could  be  contributing  to  the  small  differences  between 
the  experimental  and  calculated  spectra  described  above:  First, 
with  in  the  harmonic  13“  initial  surface  approximation  the  hot 
bands  line  up,  rather  than  being  displaced  due  to  anharmonici- 
ties.  This  will  of  course  result  in  too  much  structure  in  the  final 
spectrum.  Next,  uncertainty  in  the  difference  between  the 
symmetric  and  antisymmetric  stretch  frequencies  of  the  13“ 
initial  surface  can  lead  to  an  inaccurate  representation  of  the 
interference  between  the  peaks  and  troughs  of  the  various 
contributions  to  the  spectrum.  Further,  we  have  ignored  the 
bending  motions  of  the  molecule  and  overlapping  different  bend 
vibration  progressions  could  easily  fill  in  the  spaces  between 
the  bands  we  see  in  our  restricted  calculation  results,  thus 
smearing  much  of  the  detailed  structure  we  observe.  Our  neglect 
of  molecular  rotations  of  course  has  a  similar  effect  and 
including  such  motions  would  further  smear  out  the  features 
leading  to  closer  agreement  with  experiment.  Finally,  if  the 
shape  of  our  DIM  I3  surface  was  inaccurate,  our  dynamics  over 
this  surface  would  fail  give  a  good  representation  of  the  Franck— 
Condon  factors  responsible  for  controlling  the  amplitude  of  the 
various  hot  band  contributions  to  the  spectrum.  Given  all  these 
potential  problems,  the  fact  that  we  get  a  spectrum  which  so 
closely  resembles  the  experimental  results  is  quite  remarkable. 

In  the  bottom  part  c  of  Figure  8  we  compare  the  spectra  from 
our  quantum  and  semiclassical  calculations  with  that  obtained 
from  ignoring  the  C  trajectory  stability  factors.  Not  surprisingly, 
just  as  with  the  time  correlation  functions,  leaving  out  these 
factors  which  account  for  the  variation  in  semiclassical  path 
space  volume  around  each  classical  trajectory  leads  to  significant 
errors. 

4.  Conclusions 

In  this  paper  we  have  presented  a  model  potential  describing 
the  symmetric  and  antisymmetric  stretch  motions  of  a  linear  I3 
molecule  obtained  from  a  semiempirical  diatomics-in-molecules 
approach.  This  model  system  has  been  employed  as  a  test  of 
various  semiclassical  methods  for  propagating  nuclear  vibra¬ 
tional  wavefunctions  over  this  highly  anharmonic,  weakly  bound 
potential  surface. 

We  have  demonstrated  the  problems  with  implementing  a 
bare  semiclassical  approach  which  involves  a  straightforward 
weighting  of  the  contributions  from  various  trajectories  by  a 
semiclassical  approximation  to  the  volume  of  path  space  around 
each  classical  trajectory.  These  approximate  path  space  volumes 


J,  Phys,  Chem.  A,  Vol  103,  No,  47,  1999  9561 

are  related  to  trajectory  stability  with  respect  to  changes  in  initial 
conditions.  In  regions  where  the  classical  trajectories  become 
chaotic  this  semiclassical  approximation  to  the  local  path  space 
volume  thus  diverges  and  we  have  demonstrated  the  disasterous 
effect  of  these  chaotic  trajectories  at  longer  times  in  the 
application  of  the  bare  semiclassical  approach  with  a  finite 
ensemble  of  trajectories  to  this  realistic  two-dimensional  model 
problem. 

Contributions  from  these  unstable  trajectories  should  interfere 
destructively  with  other  trajectories  eminating  from  these  chaotic 
regions  as  the  integrand  is  highly  nonstationary  with  respect  to 
variations  in  trajectory  initial  conditions  over  which  we  integrate 
to  obtain  the  semiclassical  propagator.  We  have  shown  through 
comparison  with  exact  full  quantum  calculations  that  the  first 
order  stationary  phase  filtering  or  preaveraging  approach 
proposed  by  Herman^^’^^  provides  a  simple  to  implement, 
potentially  quite  general,  and  extremely  effective  solution  to 
this  problem  for  our  model  system.  We  have  further  shown  that 
the  alternative  approach  to  handling  the  contributions  from 
chaotic  trajectories  in  which  we  simply  assume  that  the  path 
space  volume  associated  with  all  trajectories  is  a  constant, 
independent  of  trajectory,  yields  poor  dynamical  results  for  this 
realistic  problem. 

Finally  by  comparing  the  ejected  photoelectron  kinetic  energy 
distributions  calculated  from  our  semiclassical  and  quantum 
calculations  with  the  experimental  results  of  Neumark^  we  have 
demonstrated  the  remarkable  accuracy  of  our  semiempirical  I3 
potential  which  gives  reasonable  estimates  of  the  binding 
energies  and  stretch  vibrational  frequencies  with  no  adjustable 
parameters. 
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6.  Appendix 

The  time  dependent  perturbation  theory  approach  we  outline 
here  to  obtain  the  expression  we  use  to  calculate  the  photo¬ 
electron  spectrum  is  very  similar  to  that  presented  by  Heller 
for  the  calculation  of  the  Raman  spectrum.^^  This  approach  is 
commonly  used  in  many  spectroscopic  applications."^^ 

The  time  dependent  Hamiltonian  describing  the  molecular 
ion  in  a  classical  radiation  field  is  H(t)  =  ^moiec  ~  where 
ft,  for  our  molecular  photoionization  example,  is  the  molecular 
ion  dipole  operator,  6(0  is  the  time  dependent  electric  field, 
and  ^Tmoiec  =  ^v(P)  +  Hei(p,f,R)  is  the  molecular  ion  Hamil¬ 
tonian  composed  of  the  usual  nuclear  kinetic  and  electronic 
contributions.  As  usual  we  employ  the  Bom— Oppenheimer 
adiabatic  electronic  eigenstates  <I>7(r,R)  defined  for  a  given 
nuclear  configuration  by  Hei{p,r;R)^j(r,R)  =  £'XR)^Xr,R)  as 
a  basis  set  to  represent  the  electronic  distribution  for  nuclear 
configuration  R.  ' 

The  time  dependent  wave  function  of  the  molecular  ion 
coupled  to  the  radiation  field  W(r,R,t)  satisfies 

jh|w(r,R,r)  =  Hitmr,Rj)  (20) 
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Writing  the  solution  of  this  equation  in  terms  of  the  above 
adiabatic  electronic  basis  set  as 

iP(r,R,0  =  (21) 

J 

and  making  the  Bom— Oppenheimer  approximation  we  find  that 
if  we  arrange  the  nuclear  coefficient  functions  %XR,0  into  a 
vector  X(R,0  they  satisfy  the  following  matrix  equation 

ih^X(R,t)  =  H(0X(R,0  (22) 

ot 

where  H(r)  =  Ho  +  V(0  is  a  matrix  of  nuclear  Hamiltonians, 
the  time  independent  part  of  which  has  elements  [Ho]/a:  =  HfcdjK 
where  Hk~  Km  ^  Ek(R)  is  the  Hamiltonian  governing  nuclear 
motion  over  the  Bom— Oppenheimer  surface  Ek(R)^  The  time 
dependent  part  of  the  matrix  has  elements[V(r)]/A:  =  -6(0*M//XR) 
which  describe  how  the  radiation  field  couples  the  nuclear 
coefficient  functions  on  different  electronic  surfaces.  Here 

M/XR)  = 

The  first  order  time  dependent  perturbation  theory  solution 
of  this  system  of  equations  is  readily  obtained  as 

X(R,0  =  exp[-  -  ^o)]x(R,^o)  +  x 

exp[-  ^Ho(f exp[-  -  fo)]x(R,g  (23) 

We  assume  that  the  system  is  prepared  in  some  initial  Bom— 
Oppenheimer  vibronic  eigenstate  %iv(R)Oi(r,R)  where  xi\  are 
the  vibrational  eigenstates  of  the  nuclear  Hamiltonian  (specified 
by  the  vector  v  of  vibrational  quantum  numbers)  for  electronic 
state  I,  i.e.,  Hi(R)xiv(R)  =  E/yXiyiR)  so  the  initial  nuclear 
coefficient  vector,  X(R,0)  has  only  a  single  nonzero  entry,  %/v(R) 
as  the  lih  component  function.  Thus  to  first  order  in  perturbation 
theory  eq  23  gives  that  the  nuclear  coefficient  function  for  the 
yth  electronic  state  at  time  t  will  be 

Xj(R,t)  =  exp[-  ^H,{t  -  fo)]fo(R)<5zy  +  x 

exp[-  ^Hj{t  -  ?')]v,/(r')  exp[-  ^H,{f  -  fo)];t,,(R)  (24) 

For  our  photoelectron  experiment  described  in  subsection  2.2 
so  Hj{R)  =  Hf{R)  +  e.  Thus  the  probability  of 
observing  a  photoelectron  with  kinetic  energy  e  and  depositing 
the  system  in  neutral  state  F  at  time  t  from  a  molecular  ion 
prepared  in  state  /v  before  time  to  when  a  radiation  field  was 
applied  is  obtained  from  the  square  of  the  above  amplitude  as 

P{F€jy,t) 

(%/v|exp[-|H^(^"-fO]|z/v)  (25) 

In  writing  this  result  we  have  made  the  Condon  approximation 
and  assumed  that  the  dipole  matrix  elements  vary  weakly  with 
nuclear  configuration  so  Vjf^,  etc.,  is  approximately  independent 
ofR. 

We  further  suppose  that  the  excitation  pulse  at  frequency  (o 
has  a  Gaussian  time  profile  with  experimental  width  parameter 
r,  so  that  V/Fe(0  =  Ajf^  exp[— rV2T^]  cos  ojt.  Transforming  the 
double  time  integral  to  sum  and  difference  times,  and  extending 


?o  to  —t,  we  can  perform  the  integration  over  the  sum  variable 
analytically  and  keeping  only  the  resonant  term  we  find  the 
infinite  time  probability  of  observing  a  photoelectron  with 
energy  e  resulting  from  the  transition  F  /v  is  obtained  as 

P(F6,/v,oo)  exp  -  -(e  ~  Ej^  -  h(o)s  x 

exp  -  ^  {xh  exp[-  %/v)}  (26) 

Finally  the  total  probability,  P^(e)  of  observing  ejected 
photoelectrons  with  kinetic  energy  e  at  long  time  if  the 
molecules  are  initially  in  thermal  equilibrium  at  a  temperature 
r,  which  is  proportional  to  the  signal  in  these  experiments,  is 
obtained  by  summing  over  a  Boltzman  distribution  of  initial 
states  and  adding  the  signal  contributions  from  all  possible  final 
states,  thus 

P/e)  =  X  exp[-ySP,,]^P(Pe,/v,oo)  (27) 

I\  F 

where  ^  =  1/^bT. 

In  our  calculations  we  assume  that  the  ground  electronic  state 
of  our  molecular  anion  system  is  well  separated  from  any  excited 
electronic  states  so  the  Boltzman  contributions  from  these  higher 
energy  electronic  states  can  be  ignored  and  we  need  only  sum 
over  initial  excited  vibrational  states  on  the  ground  electronic 
state  surface.  Further,  we  will  suppose  that  the  final  excited 
electronic  states  of  interest,  which  involve  only  the  ground  state 
of  the  neutral  molecule  and  the  ejected  electron  with  various 
amounts  of  kinetic  energy,  are  sufficiently  well  separated  from 
other  excited  neutral  states  so  these  higher  excited  final  states 
can  be  neglected  for  the  ground-state  to  ground-state  band  we 
wish  to  study. 

Note  in  this  work  we  assume  that  the  quantities  IA/f^P  are 
weakly  varying  functions  of  electronic  kinetic  energy  e, 
compared  to  the  time  integral  in  eq  26.  Finally,  we  have  adjusted 
our  calculated  spectrum  so  that  its  peak  amplitude  matches 
experiment  for  purpose  of  comparison. 
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